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Preface

The workshop on Computability and Complexity in Analysis, CCA 2000, was
hosted by the Department of Computer Science of the University of Wales
Swansea, September 17–19, 2000. It was the fourth workshop in a successful
series of workshops: CCA’95 in Hagen, Germany, CCA’96 in Trier, Germany,
and CCA’98 in Brno, Czech Republic. About 40 participants from the countries
United Kingdom, Germany, Japan, Italy, Russia, France, Denmark, Greece, and
Ireland contributed to the success of this meeting. Altogether, 28 talks were pre-
sented in Swansea. These proceedings include 23 papers which represent a cross-
section through recent research on computability and complexity in analysis.
The workshop succeeded in bringing together people interested in computability
and complexity aspects of analysis and in exploring connections with numeri-
cal methods, physics and, of course, computer science. It was rounded off by a
number of talks and papers on exact computer arithmetic and by a competition
of five implemented systems. A report on this competition has been included in
these proceedings. We would like to thank the authors for their contributions
and the referees for their careful work, and we hope for further inspiring and
constructive meetings of the same kind.

April 2001 Jens Blanck
Vasco Brattka
Peter Hertling
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Effectivity of Regular Spaces

Jens Blanck?

University of Wales Swansea, Singleton Park, Swansea, SA2 8PP, UK

Abstract. General methods of investigating effectivity on regular Haus-
dorff (T3) spaces is considered. It is shown that there exists a functor
from a category of T3 spaces into a category of domain representations.
Using this functor one may look at the subcategory of effective domain
representations to get an effectivity theory for T3 spaces. However, this
approach seems to be beset by some problems. Instead, a new approach
to introducing effectivity to T3 spaces is given. The construction uses
effective retractions on effective Scott–Ershov domains. The benefit of
the approach is that the numbering of the basis and the numbering of
the elements are derived at once.

1 Introduction

Domain theory has been used as a successful means to study effectivity on vari-
ous spaces via domain representations of the spaces. This is due to the natural
effectivity theory for domains and the inherit notion of approximation that exists
within domains.

Representations of topological spaces by domains or embeddings of topolog-
ical spaces into domains have been studied by several people. Weihrauch and
Schreiber [21] considered embeddings of metric spaces into cpos with weight
and distance. Stoltenberg-Hansen and Tucker [17, 18] introduced the notion of
domain representability. Edalat [4–7] has used embeddings into continuous dc-
pos to study integration, measures and fractals. Edalat and Heckmann [8] and
di Gianantonio [3] among others have also studied similar notions. Ershov’s [9]
representation of the Kleene–Kreisel continuous functionals is an early example
of a domain representation.

A result by the author [2] characterises the T3 spaces as exactly the ones that
have a certain type of domain representations. It is therefore a natural desire
to study the effectivity theory induced by this class of domain representations.
This is the main aim of the paper.

Investigations of effectivity on topological spaces, even much weaker topolo-
gies, has been studied by Spreen [15] and Kreitz and Weihrauch [11, 20] among
others. An effective regularity condition has been considered by Schröder in [13].
However, that condition was strong enough to imply that the space had an
effective metric.
? Supported by STINT, The Swedish Foundation for International Cooperation in

Research and Higher Education.
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Section 2 gives some basic definitions and recalls some results. Section 3 gives
a lifting result for continuous functions to countable based domain representa-
tions. Section 4 gives a full and faithful functor from a category of topological
spaces into a category of domain representations. The problem here is that there
is no canonical choice of a numbering for the basis. Section 5 is the main sec-
tion introducing the new approach to constructing domain representations and
in particular effective domain representations. The effective representations that
are considered are those that can be obtained from effective retractions on effec-
tive domains. The primary benefit of this approach is that it gives numberings
for both the elements and for a basis for the topology. Although it is shown
that any space has representations constructed according to this approach, it is
not clear that every interesting effective representation can be obtained in this
manner. For the effective representations of T3 spaces obtained some effective
properties are investigated. For example, it is not always possible to compute
the operation that takes an index of a filter base of a point to an index of the
point.

During the preparation of this script I have benefitted from conversations
with Andrej Bauer, Ulrich Berger, Pino Rosolini, Dieter Spreen, Viggo Stolten-
berg-Hansen, and John V. Tucker.

2 Preliminaries

A space is T3 if it is regular and T1. Thus, any T3 space is Hausdorff. The
topological closure and interior of a set S is denoted by S and S◦ respectively.

We will use 〈·, ·〉 to denote some standard recursive pairing operation on the
natural numbers ω. The recursive projections π0 and π1 are assumed to satisfy
π0〈m, n〉 = m and π1〈m, n〉 = n. Fix (Wn)n∈ω to be a standard enumeration of
the r.e. sets.

We assume familiarity with the notion of domain representations [2, 18] and of
domain theory, in particular, the theory of effective domains [16]. By a domain in
this paper is meant a Scott–Ershov domain, i.e., a consistently complete algebraic
cpo. We denote the compact elements of a domain D by Dc.

Definition 2.1. A domain representation of a topological space X is a tuple
(D,DR, ρ) such that D is a domain, DR is a subset of D, and ρ:DR → X is a
quotient map.

A domain representation is upwards-closed if DR is an upper subset of D,
and if x v y and x ∈ DR implies y ∈ DR and ρ(x) = ρ(y).

If (D,DR, ρ) is a domain representation of X and there exists an topolog-
ical embedding η:X → DR then the tuple (D,DR, ρ, η) is a retract domain
representation of X.

We will usually consider only upwards-closed retract domain representation.
The following two theorems are proven in [2].

Theorem 2.2. Any T3 space has a dense upwards-closed retract domain repre-
sentation.
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In fact, the proven result is stronger in that the obtained domain representa-
tion has further nice properties. These extra properties will not be used in this
paper, however.

Theorem 2.3. Let (D,DR, ρ, η) be an upwards-closed retract representation of
X. Then X is T3.

The following easy result shows that functions induced from domain repre-
sentations are continuous.

Proposition 2.4. Let (D,DR, ϕ) and (E,ER, ψ) be domain representations of
X and Y respectively. Let f̄ :D → E be continuous such that f̄ [DR] ⊆ ER and
assume f̄ respects the equivalence relations induced by ϕ and ψ. Then f̄ induces
a unique continuous function f :X → Y .

3 Liftings of Functions to Non-dense Representations

It is known that a continuous functions defined on a dense subset of a domain
D into a Scott–Ershov domain can be extended to the domain D. See for exam-
ple [10]. Following an idea of Geir Waagbø [19], we show that denseness is not
needed for countably based coherent domains. The actual proof is a generalisa-
tion of the proof given by Dag Normann [12].

Definition 3.1. A domain representation is coherent if the domain is coherent,
i.e., if any inconsistent finite set of elements contains an inconsistent pair of
elements.

Examples of coherent domain representations include the flat domain rep-
resentation of any countable set, and the usual interval representation of the
reals.

Lemma 3.2. Let D be a domain and E a coherent domain, then the function
space [D→ E] is coherent.

Proof. Let F = {f1, . . . , fn} be a finite pairwise consistent set of functions in
[D→ E]. Define a function g:D → E by

g(x) =
⊔

1≤i≤n

fi(x) .

Since F is pairwise consistent, it follows that {fi(x) : 1 ≤ i ≤ n} is a pairwise
consistent set in the coherent domain E and therefore consistent. Hence g(x) is
well-defined for all x ∈ D. Clearly, fi v g for all i = 1, . . . , n. Let h:D → E be
an upper bound of F . For all i = 1, . . . , n and all x ∈ D we have fi(x) v h(x),
and hence g(x) =

⊔
1≤i≤n fi(x) v h(x). Thus g v h, i.e., g is the supremum⊔

1≤i≤n fi.
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It remains to show that g is continuous. Assume that x v y. By monotonicity
of the function fi it follows that

g(x) =
⊔

1≤i≤n

fi(x) v
⊔

1≤i≤n

fi(y) = g(y) .

Assume that A is a directed subset of D and let x =
⊔

D A. Then

g(x) =
⊔

1≤i≤n

fi(
⊔
D

A) =
⊔

1≤i≤n

⊔
E

fi[A] =
⊔
E

⊔
1≤i≤n

fi[A] =
⊔
E

g[A] .

ut
Let (D,DR, ν) be a countably based domain representation ofX and (E,ER,

ρ, η) be a coherent retract domain representation of Y . Let ϕ:X → Y be a
continuous function. We will lift ϕ to a domain function g:D→ E.

Define f :DR → ER by f = ηϕν . We will show that there exists a function
g:D → E such that f = g|DR . Let (an, bn)n∈ω be an enumeration of all pairs
(an, bn) such that

(i) ↑an ∩DR 6= ∅, and
(ii) f [↑an ∩DR] ⊆ ↑bn.

Let Γ be the set of all basic step functions 〈a; b〉 for which there exists an n
such that

(i) an v a and b v bn, and
(ii) for all i < n, bi and bn inconsistent implies that a and ai inconsistent.

Lemma 3.3. Any finite subset of Γ is consistent.

Proof. By coherency it is sufficient to show that any 〈a; b〉 and 〈a′; b′〉 in Γ are
consistent. There exists n and n′ witnessing that the step functions belong to
Γ . If n = n′ then b v bn and b′ v bn′ = bn showing that the step functions
are consistent. Assume that n < n′, the remaining case is symmetric. Suppose b
and b′ are inconsistent. Since b v bn and b′ v bn′ we have that bn and bn′ are
inconsistent. By condition (ii) in the definition of Γ it follows that an and a′ are
inconsistent. Hence, since an v a, we have that a and a′ are inconsistent. Thus,
the step functions are consistent. ut

Define g to be the function obtained from the ideal generated by Γ .

Lemma 3.4. The function g is an extension of f.

Proof. Clearly, g|DR v f . Let x ∈ DR, and let b v fx. By continuity, the
preimage f−1[↑b] is open. Thus, there exists a v x such that ↑a ⊆ f−1[↑b].
Hence, the pair (a, b) belongs to the enumeration. Let n be the least index such
that (a, b) = (an, bn).

We will now find c such that the step function 〈c; b〉 belongs to Γ .
Let i < n. Assume that bi and b are inconsistent. Then ai and x must

be inconsistent, since if they are consistent, then f(ai t x) = f(x) ∈ ↑bi ∩ ↑b
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contradicting that bi and b were inconsistent. Choose ci ∈ approx(x) such that
ai and ci are inconsistent. Let

c = a t
⊔
i∈I

ci ,

where I is the set of all i < n such that bi and b are inconsistent. The supremum
exists since x is an upper bound. The step function 〈c; b〉 belongs to Γ . Thus,
gx = fx. ut
Proposition 3.5. Let (D,DR, ν) be a countably based domain representation of
X and (E,ER, ρ, η) be a coherent upwards-closed retract domain representation
of Y . Then any continuous function ϕ:X → Y can be lifted to a domain function
g:D→ E.

Proof. Define a function f :DR → ER by f = ηϕν . By Lemmas 3.3 and 3.4 the
function f can be extended to a function g:D→ E. ut

4 The Category DR

We introduce the category DR of upwards-closed retract domain representations
and show that there exists a functor from a category of topological spaces into
this category. We start by defining our categories.

The category DR is the category of upwards-closed retract domain represen-
tations [2]. Formally, the category DR of domain representations has as objects
all tuples (D,X,DR, ρ, η) where D is a domain, X is a topological space, DR is
an upper set of D, and (ρ:DR → X, η:X → DR) is a retraction-embedding pair
between DR and X such that if y is above some x ∈ DR then ρy = ρx. Another
way of expressing the requirements is to say that the space X is the retract of
an upper set DR where the retraction ρ is order-collapsing. By Theorem 2.3, the
space X must be T3. The retraction ρ induces an equivalence relation ∼D on
DR by

x ∼D y ⇐⇒ ρx = ρy .

Let (D1, X1, D
R
1 , ρ1, η1) and (D2, X2, D

R
2 , ρ2, η2) be domain representations.

Consider the set

F =
{
f :D1 → D2 | f [DR

1 ] ⊆ DR
2 and x ∼D1 y =⇒ fx ∼D2 fy

}
.

Define an equivalence relation ∼ on F by

f ∼ g ⇐⇒ ∀x ∈ DR
1 (fx ∼D2 gx) .

A morphism of the category DR is an equivalence class with respect to ∼.
Let T3 be the category of all pairs (X,S), where X is a T3 topological space

and S is a subbase for the topology on X. A morphism of T3 is a continuous
function.
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The forgetful functor U : DR→ T3 is defined as follows. Let the object part
of U be (D,X,DR, ρ, η) 7→ (X,B), where the base B is {η−1[↑a] : a ∈ Dc}. By
Proposition 2.4 we have that each morphism [f̄ ]:D1 → D2 uniquely determines
a morphism f :X1 → X2. Let the morphism part of U be the map that takes [f̄ ]
to the uniquely determined f .

4.1 The Functor R: T3 → DR

In this section we show that there exists a full and faithful functor from the
category T3 of topological spaces to the category DR of domain representations.

Let (X,S) ∈ T3. The family

P = {S1 ∩ · · · ∩ Sn : n < ω, Si ∈ S, S1 ∩ · · · ∩ Sn 6= ∅}

is a neighbourhood system in the sense of [2]. Define v on P by a v b ⇐⇒ b ⊆ a.
The ideal completionDX,S = Idl(P,v) is a domain andDX,S = (DX,S , X,DR

X,S ,
ρDX,S , ηDX,S ) is a domain representation of X. (This is the construction used in
the proof of Theorem 2.2). The set of representing elements is

DR
X,S = {I ∈ DX,S :

⋂
I = {x} for some x ∈ X} .

The retraction ρDX,S is defined by

ρDX,S (I) = x ⇐⇒
⋂
I = {x} ,

and the embedding ηDX,S is defined by

ηDX,S (x) = {a ∈ P : x ∈ a◦} .

The representation DX,S is, in fact, dense, i.e., DR
X,S is dense in DX,S .

Let R denote the map (X,S) 7→ DX,S .

Definition 4.1. Let X be a T3 space and let S be a subbasis for the topology
on X. The standard domain representation of (X,S) is R(X,S) = DX,S .

If the subbase is clear from the context we will sometimes say that we have
a standard domain representation of the space X.

Given a morphism f :X1 → X2 in T3 we can construct a continuous domain
function f̄ , from a standard domain representation of X1 to a standard domain
representation of X2, such that the morphism [f̄ ]:R(X1,S1) → R(X2,S2) sat-
isfies fρX1 = ρX2 [f̄ ]. We call such an f̄ a representation or a lifting of f . The
function f̄ is defined as the extension of η2fρ1 :DR

1 → DR
2 to D1. The extension

exists since η2fρ1 is a continuous function from a dense subset of D1 into an
injective space D2, see [10].

Let R map a morphism f to the morphism [f̄ ].

Proposition 4.2. The map R: T3 → DR is a full and faithful functor.
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Proof. The choice of base for the domain representations is irrelevant for this
argument and is dropped for readability.

A function f in the equivalence class R idX maps each element in (RX)R =
DR

X to an element equivalent (∼) to itself. Thus, R idX clearly acts as the identity
with respect to composition, i.e., [idRX ] = R idX .

Let f :X1 → X2 and g:X2 → X3. We have

ρX3 ◦Rf ◦Rg = f ◦ ρX2 ◦Rg = f ◦ g ◦ ρX1 = ρX3 ◦R(f ◦ g) ,

that is, compositions are preserved by R.
Recall that each morphism [f̄ ] in DR uniquely determines a morphism f

between the underlying topological spaces. Clearly, Rf must be [f̄ ]. Hence, the
functor R is full.

If Rf1 = Rf2 then the uniquely determined functions on the underlying
spaces must be identical, i.e., f1 = f2. Hence, R is faithful. ut

The functor R is not an isomorphism since not all domain representations
can be obtained as RX for some X, e.g., representations that are not dense.

It is true that the space X is preserved by the composition UR. However,
the base B obtained from the standard domain representation R(X,S) is not
necessarily the base B′ obtained by taking all finite intersections of sets in S.
The base B consists of interiors of the closures of sets in B′, which are the same
only if the sets in B′ are regular (B

◦
= B).

The existence of a full and faithful functor is encouraging as a basis for in-
troducing effectivity. However, the effectivity introduced would depend both on
the subbasis chosen to build the domain representation and the derived basis ob-
tained from this representation. This would probably lead to an unwieldy theory
of effectivity, so we will look for an alternative way of introducing effectivity.

5 An Approach to Effectivity on Regular Spaces

Upwards-closed retract domain representations can be derived from any retrac-
tion on a domain. This construction is general in the sense that all T3 spaces can
be given representations. However, it may be the case that a particular retract
domain representation cannot be reconstructed from a retraction on a domain.
In particular, there might exist a non-dense representation that cannot be con-
structed from a retraction. For countably based domain representations we can
show, using Proposition 3.5, that any coherent upwards-closed retract domain
representation can be reconstructed from a domain retraction. Hence, we know
that any effective coherent domain representation may be obtained using this
construction. Although this is encouraging, one should note that the domain
retraction need not be effective, even if the domain representation is effective,
since Proposition 3.5 is non-effective.
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5.1 Deriving Domain Representations from Retractions

Definition 5.1. A retraction on a domain D is a continuous function r such
that r ◦ r = r.

Let r be a retraction on a domain D. We aim to construct upwards-closed
retract domain representations of subsets of D using the retraction r and the
inclusion map.

The set Fix(r) of all fixed points under r is clearly equal to the forward
image r[D]. Hence, the subsets of D that get representations must in particular
be subsets of r[D]. Let X be a subset of fixed points, and let DR = r−1[X]. If
for some x ∈ X there exists a x′ ∈ r[D] such that x v x′ then the representation
cannot be upwards-closed, since x clearly is a representation of itself and x′ is
above x but not an approximation of x. We will therefore require the set X to
consist of maximal fixed points.

The intended domain representation of the space X is (D,X,DR, r, ι). The
function r:DR → X is continuous if the topology on X is weaker than the
quotient topology. On the other hand, the inclusion ι:X → DR is continuous if
the topology on X is stronger than the relative topology. The topology on DR

is taken to be the relative topology from the Scott topology on D.

Lemma 5.2. The quotient topology on X induced by r is weaker than the rela-
tive topology on X.

Proof. Let U be an open set in the quotient topology on X. Then r−1[U ] is
open. For x ∈ X we have that x ∈ U if, and only if, x ∈ r−1[U ], since x is a
fixed point under r. Thus, U = X ∩ r−1[U ], which shows that U is open in the
relative topology. ut

The above proof does not use any information about the domain structure so
the result could be stated in a more general setting. Now, somewhat surprisingly,
the two topologies coincide.

Lemma 5.3. The relative topology on X is weaker than the quotient topology
on X induced by r.

Proof. A basic open set in the relative topology is of the form ↑a ∩ X for some
compact a ∈ D. Let y ∈ r−1[↑a∩X]. Clearly, ry ∈ ↑a∩X. By continuity of r inD
there exists a compact b v y such that a v rb. Thus, y ∈ ↑b∩DR ⊆ r−1[↑a∩X].
So y is in the interior of r−1[↑a ∩X]. ut
Theorem 5.4. Let D be a domain and r a retraction on D. Choose a subset
X of maximal fixed points and let DR = r−1[X]. Let the topology on X be the
quotient topology induced by r. Then (D,X,DR, r, ι) ∈ DR.

Proof. The composition rι:X → X is the identity, since the elements of X are
fixed under r. Since the quotient and relative topologies coincide on X both ι
and r are continuous. Hence, the retract property is satisfied.

Assume that d ∈ DR and that d v d′. By monotonicity of r, rd v rd′. The
element rd′ is a fixed point of r, but rd is a maximal fixed point, hence rd′ = rd
and d′ ∈ DR = r−1[X]. Thus, the representation is upwards closed. ut



Effectivity of Regular Spaces 9

For any a ∈ Dc, ι−1[↑a] is open, so B = {ι−1[↑a] : a ∈ Dc} = {↑a ∩ X : a ∈
Dc} is a base for the topology on X.

The following result shows that it is sufficient to consider domain represen-
tations obtained in the above manner.

Proposition 5.5. Let (D, Y,D′, ρ, η) be a dense upwards-closed retract domain
representation. Then there exists a retraction r on D such that the domain rep-
resentation constructed from D and r, as in Theorem 5.4, represents a space
homeomorphic to Y .

Proof. Assume that d ∈ D′ and ηρd v ηρd′. By upwards-closed,

ρd′ = ρηρd′ = ρηρd = ρd ,

and hence ηρd = ηρd′. That is, all elements in the image ηρ are maximal (in the
image of ηρ, not in D′).

The composition ηρ can be extended to a continuous function r on D since
it is a continuous function from a dense subset of D into an injective space.

Let X = ηρ[D′]. By the above, X is a subset of the maximal fixed points of
r = ηρ. Let DR = r−1[X]. By Theorem 5.4, (D,X,DR, r, ι) is an upwards-closed
retract domain representation. Since X = η[Y ], X and Y are homeomorphic. ut

Since each T3 space X has a dense upwards-closed retract domain representa-
tion we have that there exists a domain representations of a space homeomorphic
to X constructed from a retraction on a domain.

The above result also holds for all countably based coherent upwards-closed
retract domain representations (even where DR is not dense in D) by Proposi-
tion 3.5.

Definition 5.6. A domain representation (D,X,DR, ρ) has the closed image
property if ρ[↑a ∩DR] is closed for all a ∈ Dc.

The closed image property implies that ρ[↑d ∩DR] is closed for any d ∈ D.

Proposition 5.7. A retract domain representation (D,X,DR, ρ, η) ∈ DR has
the closed image property.

Proof. Let x ∈ X belong to the complement of ρ[↑a∩DR], that is ρ−1[x]∩ ↑a =
∅. For each x̄ ∈ ρ−1[x] there exists a bx̄ ∈ Dc such that a and bx̄ v x̄ are
inconsistent. The set

U =
⋃

x̄∈ρ−1 [x]

↑bx̄

is open. Clearly, η−1[U ] and ρ[↑a ∩ DR] are disjoint and x is in the open set
η−1[U ]. Hence, the complement of ρ[↑a] is open, i.e., ρ[↑a] is closed. ut

Let (D,X,DR, ρ, η) be a retract domain representation. Clearly, η−1[↑a] ⊆
ρ[↑a ∩ DR]. However, the above result does not entail that ρ[↑a ∩ DR] is the
closure of η−1[↑a].
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5.2 Effective Domain Representations

We use the above approach of constructing domain representations from retrac-
tions to define a notion of effective domain representations.

Definition 5.8. A domain representation (D,X,DR, r, ι) constructed from a
retraction r on D is effective if D is an effective domain and r is effective.

Theorem 5.9. Let (D,X,DR, r, ι) be an effective domain representation. Then
X is metrizable.

Proof. The domain D is effective, so D is countably based. Since X is a retract
of a countably based space, X is countably based, in fact, the base B is count-
able. The space X is T3 by Theorem 2.3. The result now follows by Urysohn’s
metrization theorem. ut

It also follows that the space X is normal and hence T4.
An effective domain representation gives rise to two numberings, one of the

space X, and one of a base for the topology on the space X.
For the rest of the section let (D,X,DR, r, ι) be an effective domain repre-

sentation, where (D, α) is the effective domain. We can without loss of generality
assume that α is total, i.e., domα = ω. There exists a canonical total numbering
ᾱ of the constructive subdomain Dk consisting of all α-computable elements of
D. If S = α[Wn] is a consistent set, then ᾱn is defined to be the supremum of S;
otherwise, ᾱn is the supremum of a consistent finite subset of S. For the detailed
construction and proof, see [16, Theorem 4.4]. Let r̂ be the recursive function
tracking r with respect to ᾱ.

An element x ∈ X is computable if there exists an ᾱ-index n such that x =
rᾱn. Let Xk be the set of all computable elements of X. Define the numbering
ξ of Xk to be the numbering ᾱr̂ restricted to the indices that correspond to
elements in DR.

In general there exists no bound on the complexity of determining if an index
belongs to DR since X is an arbitrary subset of maximal fixed points.

We will now look at the problem of determining if two ξ-indices represent the
same element of Xk. Recall that ≡ᾱ is Π0

2 . Compare the work by Spreen [14].

Proposition 5.10. The relation ≡ξ is Π0
2 relative to dom ξ.

Proof. Assume that m, n ∈ dom ξ. We have

m ≡ξ n ⇐⇒ ξm = ξn ⇐⇒ ᾱr̂m = ᾱr̂n ⇐⇒ r̂m ≡ᾱ r̂n .

The result follows since r̂ is recursive and ≡ᾱ is Π0
2 . ut

The following example shows that the reals have an effective representation
constructed from a domain and a retraction such that dom ξ is Π0

2 and equality
is co-r.e. relative to dom ξ.
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Example 5.11. Let D be the interval domain with rational intervals as compact
elements. Let ν be a standard numbering of the rational numbers. We note
that subtraction and comparisons are computable on rational numbers with
respect to the numbering ν . Let α be defined by α(〈m, n〉) = [νm, νn], where
domα = {〈m, n〉 : νm ≤ νn}. Clearly, (D, α) is an effective domain.

Define a retraction r on Dc by

r([a, b]) =
⊔
{[c, d] : c < a ≤ b < d} ,

and extend r to a continuous function on D. Clearly, r is an effective function.
Let X be all maximal fixed points of r.

A d in D belongs to DR if, and only if, for all k there exists [a, b] ∈ Dc such
that [a, b] v d and b− a ≤ 2−k, so DR is Π0

2 .
There exists a recursive function f that takes an ᾱ-index n of an element

x ∈ DR and a natural number k and returns an α-index of a compact element
[a, b] such that αf(n, k) v ᾱn and b − a ≤ 2−k. The compact approximations
of ᾱ can be enumerated uniformly in the index n. So to compute f(n, k) one
enumerates the compact elements until a suitable approximation is found.

Now, to decide if two ξ-indices m and n are equivalent, it is sufficient to
decide if Cons(αf(m, k), αf(n, k)) holds for all k ∈ ω. Thus, ≡ξ is co-r.e.

The base B = {↑a ∩X : a ∈ Dc} has a numbering β defined by

βn = ↑(αn) ∩X .

Define a recursive relation ≺ on dom β by

m ≺ n ⇐⇒ αm w αn .
Assume that m ≺ n. Then αm w αn so ↑(αm) ⊆ ↑(αn), and hence

βm = ↑(αm) ∩X ⊆ ↑(αn) ∩X = βn .

Thus, m ≺ n implies βm ⊆ βn.

Lemma 5.12. There exists a recursive function f taking two β-indices of inter-
secting basic open sets and returning a β-index for the non-empty intersection.

Proof. For any x ∈ X, x ∈ βm ∩ βn if, and only if, αm v x and αn v x. Hence,
αm t αn v x. Thus, if βm ∩ βn 6= ∅ then

βm ∩ βn = ↑(αm t αn) ∩X = βt̂(m, n) ,

where t̂ is the recursive function tracking the computable binary supremum
operation on Dc.

Define f by

f(m, n) =
{ t̂(m, n), if Cons(αm, αn);
↑, otherwise .

ut
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In the terminology of Spreen [15] the base B is a strong basis and this holds
effectively with respect to ≺.

In fact, the function f of the above lemma computes an index for the inter-
section as soon as αm and αn are consistent. If there exists a known β-index of
∅ then intersection is computable.

Lemma 5.13. Let k be a β-index for ∅. Then intersection is computable with
respect to β.

Proof. Define the tracking function f by

f(m, n) =
{ t̂(m, n), if Cons(αm, αn);
k, otherwise .

ut
In general, ≡β is not decidable, in particular, there exists no general way of

determining if βn = ∅. However, for certain domain representations ≡β might
be decidable. This is the case for the interval domain representation of the reals
discussed in Example 5.11. For the interval domain we have that a β-index n
represents the empty set if, and only if, αn = [a, a] for some a.

Lemma 5.14. An index of an r.e. set V can be computed, uniformly in n, such
that for all i ∈ dom ξ, i ∈ V ⇐⇒ ξi ∈ βn.
Proof. For any index i of a computable x ∈ Xk we have

ξi ∈ βn ⇐⇒ ξi ∈ ↑(αn) ∩X
⇐⇒ ξi ∈ ↑(αn)
⇐⇒ αn v ξi
⇐⇒ αn v rᾱi
⇐⇒ αn v ᾱr̂i .

The compact approximations of ᾱr̂i can therefore be enumerated. The set V
is obtained by enumerating all i such that αn is a compact approximation of
ᾱr̂i. ut

The above lemma states in the terminology of Spreen [15] that the numbering
ξ is computable. Moreover, since B is an effectively strong basis with respect to
β we have that X is an effective T0 space.

Let us now look at effectivity of topological convergence with respect to our
numberings.

Definition 5.15. If the r.e. set Wn enumerates β-indices of a neighbourhood
base for a point x ∈ Xk then we say that n is a neighbourhood index of x.

Lemma 5.16. Let n be a ξ-index of a point x ∈ Xk. Then r̂n is a neighbourhood
index of x.
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Proof. Assume that U is an open set containing x. Then there exists a basic
open set B ∈ B such that x ∈ B ⊆ U . The set B is of the form ↑a ∩X for some
a v x. By definition of ξ, r̂n is an ᾱ-index of x. Hence there exists an α-index
b ∈Wr̂n such that a v αb v x. Clearly, x ∈ βb ⊆ ↑a ∩X ⊆ U . ut

We are interested in when a converse of the above result exists, i.e., when
ξ-indices can be computed from neighbourhood indices.

Definition 5.17. The numberings ξ and β allows effective limit passing if a
ξ-index effectively and uniformly can be computed from a neighbourhood index.

This is closely related to acceptable numberings as defined by Spreen [15]
and to admissible numberings as defined by Kreitz and Weihrauch [11, 20]. The
main difference is that while the numbering β is fixed in their settings, β is
derived along with the numbering ξ in our case. That is, they investigate different
numberings of the elements with respect to some numbering β of a base.

Let n be a neighbourhood index of x ∈ Xk. For all m ∈ Wn we have x ∈
βm = ↑(αm)∩X. If m,m′ ∈Wn then x ∈ βm∩βm′ , and hence Cons(αm, αm′).
Thus, the set {αm : m ∈Wn} is directed and bounded by x, so the supremum

d =
⊔

m∈Wn

αm

exists and d v x. Note that n is an ᾱ-index of d.

Lemma 5.18. Let n be a neighbourhood index of x ∈ X, and let d = ᾱn. If
d ∈ DR, or, equivalently, if n ∈ dom ξ, then r̂n is a ξ-index of x.

Proof. Since the representation is upwards-closed and x is a fixed point we have
rd = rx = x. ut
Proposition 5.19. Let an effective domain representation be derived from a
domain D and a retraction r on D. If, for any d ∈ D, ↑ d ∩X = {x} =⇒ d ∈
DR, then the derived ξ and β allows effective limit passing.

Proof. Let n be a neighbourhood index of x ∈ X, and let d = ᾱn. Since n is a
neighbourhood index of x it follows that ↑d ∩ X = {x}. By the condition and
Lemma 5.18 we have that r̂ uniformly computes effective limit passing.

Even if the condition in the proposition above is not satisfied it is often pos-
sible to find some effective function computing effective limit passing. However,
for certain cases this is impossible.

Example 5.20. Let D be the domain depicted in Figure 1. The retraction r is
the identity and the set X is the set of all maximal points. The set X will get
the discrete topology. Any ᾱ-index n of aω is a neighbourhood index of x. But
in order to check that n is a neighbourhood index of x it is necessary to check
that Wn contains indices of infinitely many ai. This is clearly not effective.
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Fig. 1. Domain representation without effective limit passing.

6 Conclusions

In the search for a general effectivity theory to be given to T3 spaces one problem
that arises is the choice of base. It becomes visible in the competing bases that
we get from the functor R of Section 4. Studying the effectivity in that setting
would probably be ad hoc and confusing.

We suggest a different way of building domain representations which has
the benefit that it simultaneously gives numberings of both the base and the
elements. These two numberings usually work well together, although some lim-
itations exist. For example, the numberings do not always allow effective limit
passing.

Many open questions remain. We know that the effectively represented spaces
must be T3, in fact they are metrizable. The represented spaces will be effectively
Hausdorff. However, I conjecture that some spaces will fail to be effectively
regular, that is, given a point in a Lacombe set, it is in general not possible to find
an open set containing the point and whose closure is a subset of the Lacombe
set. Is there a characterisation of the representations that will be effectively
regular? Which representation are effectively metrizable?

References

1. J. Blanck. Domain representability of metric spaces. Annals of Pure and Applied
Logic, 83:225–247, 1997.

2. J. Blanck. Domain representations of topological spaces. Theoretical Computer
Science, 247:229–255, 2000.

3. P. di Gianantonio. Real number computability and domain theory. Information
and Computation, 127:11–25, 1996.

4. A. Edalat. Domain theory and integration. Theoretical Computer Science, 151:163–
193, 1995.

5. A. Edalat. Dynamical systems, measures, and fractals via domain theory. Infor-
mation and Computation, 120:32–48, 1995.

6. A. Edalat. Power domains and iterated function systems. Information and Com-
putation, 124:182–197, 1996.

7. A. Edalat. Domains for computation in mathematics, physics and exact real arith-
metic. Bulletin of Symbolic Logic, 3(4):401–452, 1997.



Effectivity of Regular Spaces 15

8. A. Edalat and R. Heckmann. A computational model for metric spaces. Theoretical
Computer Science, 193:53–73, 1998.

9. Y. L. Ershov. Model c of partial continuous functionals. In R. O. Gandy and
J. M. E. Hyland, editors, Logic Colloquium 76, volume 87 of Studies in Logic and
Foundations in Mathematics, pages 455–467. North-Holland, 1977.
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13. M. Schröder. Effective metrization of regular spaces. In K.-I. Ko et al., edi-
tors, Computability and Complexity in Analysis, volume 235 of Informatik-Berichte,
pages 63–80. FernUniversität Hagen, August 1998. CCA Workshop, Brno, Czech
Republic, August, 1998.

14. D. Spreen. On some decision problems in programming. Information and Com-
putation, 122(1):120–139, 1995. (Corrigendum: Inform. and Comp. 148, 241–244,
1999).

15. D. Spreen. On effective topological spaces. The Journal of Symbolic Logic,
63(1):185–221, 1998.

16. V. Stoltenberg-Hansen, I. Lindström, and E. R. Griffor. Mathematical Theory of
Domains. Cambridge University Press, 1994.

17. V. Stoltenberg-Hansen and J. V. Tucker. Complete local rings as domains. Journal
of Symbolic Logic, 53:603–624, 1988.

18. V. Stoltenberg-Hansen and J. V. Tucker. Effective algebra. In S. Abramsky et al.,
editors, Handbook of Logic in Computer Science, volume IV, pages 357–526. Oxford
University Press, 1995.

19. G. A. Waagbø. Domains-with-totality semantics for Intuitionistic Type Theory.
PhD thesis, University of Oslo, 1997.

20. K. Weihrauch. An Introduction to Computable Analysis. Springer, 2000.
21. K. Weihrauch and U. Schreiber. Embedding metric spaces into cpo’s. Theoretical

Computer Science, 16:5–24, 1981.



The Degree of Unsolvability of a Real Number
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Abstract. Each real number x can be assigned a degree of unsolvability
by using, for example, the degree of unsolvability of its binary or decimal
expansion, or of its Dedekind cut, or of some other representation of x.
We show that the degree of unsolvability assigned to x in any such way
is the same regardless of the representation used. This gives to each real
number a unique degree of unsolvability. If x is of computably enumerable
degree, there is a computable sequence of rationals which converges to x
with a modulus of convergence having the same degree of unsolvability as
x itself. In contrast, if x is computable relative to the halting set but is not
of computably enumerable degree, this is not true. Specifically, if {rn} is
any computable sequence of rationals converging to such a real number
x, the modulus of convergence of {rn} must have degree of unsolvability
strictly higher than that of x. Thus there is an inherent gap between the
degree of unsolvability of such an x and the degree of unsolvability of
the modulus of convergence of an approximating computable sequence
of rationals; this gap is bridged (in the sense of the “join operator” of
degree theory) by a set of natural numbers which measures the twists
and turns of the computable sequence {rn}.

1 Introduction

In classical computability theory, degrees of unsolvability arise in the context of
sets of nonnegative integers. This paper introduces the study of the degrees of
unsolvability of real numbers.

The notion of a computable real number is well-understood [2], [3]. A real
number x is computable if there is a computable sequence of rational numbers
which converges to x with a computable modulus of convergence. All other defini-
tions, involving Dedekind cuts, nested intervals, etc., are known to be equivalent.

In section 2 of this paper, we relativize this idea to arrive at a precise char-
acterization of the degree of difficulty of computing an arbitrary real number.
We will see that any real number can be associated, in a natural way, with a
degree of unsolvability. This association is then independent of the particular
way (Dedekind cut, Cauchy sequence, etc.) in which we represent the number.
So every real number is given a unique degree of unsolvability.
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When it comes to real numbers which are computable relative to the halt-
ing problem for Turing machines, however, things are less simple. An obvious
definition of a real number computable relative to the halting problem is this: x
is computable relative to the halting problem if there is a sequence of rational
numbers, computable relative to the halting problem, which converges to x with
a modulus of convergence which is also computable relative to the halting prob-
lem. It is easy to see that the modulus of convergence can be subsumed into the
sequence itself, so that x is computable relative to the halting problem if and only
if there is a sequence of rationals, computable relative to the halting problem,
which converges to x with a computable modulus. On the other hand, Ho has
shown [1] that a real number x is computable relative to the halting problem if
and only if there is a computable sequence of rational numbers which converges
to x, and that there is always a modulus of convergence for this sequence which
is computable relative to the halting problem.

Thus there are three things to consider. We have the real number x, a se-
quence of rational numbers converging to x, and a modulus of convergence for
that sequence. Each of these has a degree of unsolvability. One might expect
that the degree of the sequence combines with the degree of the modulus to give
exactly the degree of x. We show, in section 3 of the paper (theorem 4), that this
does not happen in general. In particular, we show the existence of a real number
x such that, for any computable sequence of rationals converging to x, the mod-
ulus of convergence of that sequence must have degree strictly higher than the
degree of x itself. Thus the sequence and the modulus combine to “overshoot”
the degree of unsolvability of x. This happens whenever the degree of unsolv-
ability of x is below the degree of the halting problem, but is not the degree
of any computably enumerable set. By contrast, we show (theorem 3) that x
is computable relative to a computably enumerable set A if and only if there
is a computable sequence of rational numbers converging to x with a modulus
of convergence which is computable in A. In general, though, we must expect
an inherent gap between the degree of unsolvability of x and the degree of the
modulus of convergence of a computable sequence of rationals converging to x.
We conclude by exhibiting a set of natural numbers which serves to “bridge”
this gap, in the sense of the degree-theoretic join operator ⊕. This set measures
the extent to which the approximating computable sequence of rationals “jumps
back” away from x during the convergence process.

We now introduce some notation, which is standard in the literature of com-
putability theory. ∅′ denotes the halting set for Turing machines, and 0′ rep-
resents the degree of unsolvability for that set. For any A ⊆ IN, a denotes the
degree of unsolvability of A.

One remark: Since the integer part of a real number x is finite, the degree of
unsolvability of x is completely determined by its decimal part. For this reason,
we consider only reals in the unit interval [0, 1], with no loss of generality.
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2 The Degree of Unsolvability of a Real Number

The equivalence of all standard definitions of a computable real number rela-
tivizes directly, to give a stable definition of an A-computable real number, for
any A ⊆ IN.

Definition 1. A sequence {rn} of rational numbers is A-computable if there
exist functions s, a, b ≤T A such that b(n) 6= 0 for all n, and such that rn =
(−1)s(n) a(n)

b(n) .

Theorem 1. Let A ⊆ IN, and let x ∈ [0, 1]. Then the following are equivalent:

1) (Cauchy function.) There exists an A-computable sequence {qn} of rational
numbers in [0,1] such that, for all n ∈ IN, we have |qn − x| < 2−n.

2) (Dedekind cut.) There exists a function D : Q ∩ [0, 1] → {0, 1} such that
D ≤T A and such that, for all q ∈ Q ∩ [0, 1], we have

D(q) =
{

1 if q < x
0 if q > x.

3) (p-ary expansion.) For every p ∈ {2, 3, · · ·}, there exists a function Ep : IN→
{0, 1, · · ·, p− 1} such that Ep ≤T A and such that x =

∞∑
k=1

Ep(k) · p−k.

4) (nested interval.) There exist functions l, r : IN→ Q∩ [0, 1] such that l, r ≤T
A, such that l(1) ≤ l(2) ≤ · · · ≤ l(n) ≤ · · · ≤ r(n) ≤ · · · ≤ r(2) ≤ r(1), and such

that {x} =
∞⋂
n=1

(l(n), r(n)).

The proof is a relativization of the well-known analogous result about com-
putable real numbers (see, e.g., [3] or [6]), and is omitted.

We may now do better than relative computability. Namely, we may ascribe
to each real number x a degree of unsolvability, in a natural way. Note that, if
x is rational, then x is computable, and its degree of unsolvability is 0. Ratio-
nal numbers here are analogous to finite sets in classical computability theory.
If x is irrational, then its Dedekind cut representation is unique and, for each
p ∈ {2, 3, · · ·}, its p-ary expansion is unique. By theorem 1, the functions defining
these representations all belong to the same degree of unsolvability. However, for
each x ∈ [0, 1], there are uncountably many Cauchy sequence representations,
and there are uncountably many nested interval representations. The next theo-
rem tells us that both the set of Cauchy sequence representations for x and the
set of nested interval representations for x have members of least Turing degree,
and that this degree coincides with the degree of those representations of x which
are unique. It is this degree which gives the natural degree of unsolvability for
x.
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Theorem 2. Let x ∈ [0, 1]. Then there is a unique degree of unsolvability a such
that, for any A ∈ a, x is A-computable, and for any A ∈ a and for any B ⊆ IN,
if x is B-computable, then A ≤T B.

Informally, then, a is the least degree (in their usual ordering) which is required
to obtain a computation of x.

Proof. Let Ã ⊆ IN be such that x =
∞∑
k=1

χÃ(k) · 2−k, and let a=deg(Ã). Then

for any A ∈ a, we have Ã ≤T A, so that by (3) of theorem 1, x is A-computable.
Now let B ⊆ IN such that x is B-computable, and let A ∈ a. By (3) of

theorem 1, we have Ã ≤T B. Since A ≡T Ã, it follows that A ≤T B.
To establish the uniqueness of a, suppose b is any degree of unsolvability

which satisfies the two above conditions. Then let A ∈ a and B ∈ b. By the
second condition of the theorem, since A ∈ a and x is B-computable, we have
A ≤T B; since B ∈ b and x is A-computable, we have B ≤T A. Hence A ≡T B,
so a=b. This proves theorem 2. ut

Definition 2. Let x ∈ [0, 1]. Then the degree of unsolvability of x is the
unique degree of unsolvability satisfying the two conditions in theorem 2.

3 Approximating a ∅0-Computable Real with a
Computable Sequence of Rationals

Definition 3. Suppose {xn} is a sequence of real numbers which converges to
some limit x. Then a function m : IN→ IN is a modulus of convergence for
{xn} if |xn − x| < 2−p whenever n ≥ m(p).

Chun-Kuen Ho has shown in [1] that a real number x is ∅′-computable if and only
if there is a computable sequence {rn} of rational numbers which converges to x.
Ho also showed that any convergent computable sequence of rational numbers
has a modulus of convergence which is computable in ∅′. The degree of this
modulus can be pushed downward if x is A-recursive, where A is a c.e. set with
A <T ∅′. Later we will see that an analogous result does not hold if x is a real
number of degree a, where a<0′ but a is not a computably enumerable degree.

Theorem 3. Let x ∈ [0, 1], and let A ⊆ IN be a computably enumerable set.
Then x is A-computable if and only if there is a computable sequence {rs} of
rational numbers, and an A-computable function m : IN → IN such that, for all
s ∈ IN and all p ∈ IN, if s ≥m(p), then |rs − x| < 2−p.

In particular, then, if x is a real number of c.e. degree, the degree of unsolvability
of x can be exactly transferred to the modulus of convergence of a computable
sequence of rational numbers which converges to x. We will see that this fails if
x is a ∅′-computable real number which does not have c.e. degree.
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Proof. ⇐: Suppose {rs} is a computable sequence of rationals, and m ≤T A
has the property that s ≥ m(p) implies |rs − x| < 2−p, for all s and p. Then
let r∗s = rm(s). Then {r∗s} is an A-computable sequence of rationals with the
property that, for all s ∈ IN, we have |r∗s − x| = |rm(s) − x| < 2−s, so x is
A-computable, since it satisfies condition (1) of theorem 1.
⇒: Suppose x is A-computable. If x is computable, then there is nothing to
prove. So suppose x is not computable. This implies that A is a noncomputable
c.e. set. Let a : IN→ IN be a one-to-one computable function which enumerates
A, and let As = {a(0), · · · , a(s)}.

Since x is A-computable, it follows that there is a B ⊂ IN such that B ≤T A
and x =

∑
k∈B

2−k. Let e ∈ IN such that χB = ΦAe , and define the set Bs by

χBs (k) =
{

ΦAse,s(k) if ΦAse,s(k) ↓
0 otherwise.

(Here Φe denotes the eth oracle Turing machine, and Φe,s denotes the machine
running for s steps.) Then let rs =

∑
k∈Bs

2−k. Clearly {rs} is a computable se-

quence of rational numbers converging to x. We define a modulus of convergence
m as follows:

On input p ∈ IN, use the set A as an oracle to determine the largest N ∈ IN
for which A(N) is queried in the computations ΦAe (k), 0 ≤ k ≤ p + 1. Then
define m(p) to be the smallest n ∈ IN for which the following hold:
• ΦAne,n(k) ↓ for 0 ≤ k ≤ p + 1;
• An � N = A � N, where A � N refers to the (characteristic function of the) set
A, restricted to the first N arguments.

The only noneffective parts of the computation of m(p) involve queries to the
oracle A, so m ≤T A. Also, if s ≥ m(p), we know that χBs(k) = χB(k) for 0 ≤
k ≤ p + 1, since χBs(k) = ΦAse,s(k) and, since s ≥ m(p), As = A for all elements
actually used in the computation of ΦAse,s(k), whence ΦAse,s(k) = ΦAe (k) = χB(k).
It follows that

|rs − x| = |
∞∑
k=0

χBs(k)2−k −
∞∑
k=0

χB(k)2−k|

= |
∞∑

k=p+2

(χBs (k)− χB(k))2−k|

≤
∞∑

k=p+2

2−k = 2−(p+1) < 2−p,

so m is a modulus for rs → x. This proves theorem 3. ut
The preceding theorem does not generalize to arbitrary A ≤T ∅′. If a is the

degree of unsolvability of x ∈ [0, 1], and if a < 0′ but a is not c.e., then for
any computable sequence {rn} of rational numbers which converges to x, the
degree of unsolvability of any modulus of convergence of {rn} must necessarily



The Degree of Unsolvability of a Real Number 21

be strictly greater than a. Hence for x computable in ∅′ but not of c.e. degree,
there is an inherent gap between deg(x) and the degree of unsolvability of a
modulus of convergence for a computable sequence of rationals converging to x.

Definition 4. Let x ∈ [0, 1] and let a be a degree of unsolvability. Then x is an
a-computable real number if there is some A ∈ a for which x is A-computable.
Equivalently, x is a-computable if deg(x)≤a in the usual ordering of the degrees
of unsolvability.

Definition 5. Let f : IN→ IN and let a be a degree of unsolvability. Then f is
a-computable if deg(f)≤a.

Theorem 4. Let x ∈ [0, 1]. Suppose the degree of unsolvability of x is a, where
a<0′ but a is not computably enumerable. Then there is no computable sequence
{rn} of rational numbers such that rn → x with an a-computable modulus of
convergence. Furthermore, for any computable sequence {rn} of rational numbers
converging to x, any modulus of convergence for {rn} must have degree strictly
higher than a.

Proof. The proof follows from two lemmas.

Lemma 1. Suppose x ∈ [0, 1] is a noncomputable, 0′-computable real number.
Let {rn} be a computable sequence of rational numbers which converges to x.
Then there is a modulus of convergence m : IN→ IN for rn → x such that, if m̃
is any other modulus of convergence for rn → x, we have m ≤T m̃. Furthermore,
m has computably enumerable degree of unsolvability.

Proof. We define m as follows:

m(p) = µn((∀k ≥ n)|rn − rk| < 2−(p+1)).

To see that m is a modulus of convergence for rn → x, let p ∈ IN be given,
let n ≥ m(p), let ε > 0, and let N ∈ IN be large enough that N ≥ m(p) and
|rN − x| < ε. Then

|rn − x| ≤ |rn − rm(p)|+ |rm(p) − x|
< 2−(p+1) + |rm(p) − x| (since n ≥m(p))

≤ 2−(p+1) + |rm(p) − rN |+ |rN − x|
< 2−(p+1) + 2−(p+1) + ε (by choice of N)
= 2−p + ε.

Since ε > 0 is arbitrary, it follows that |rn − x| ≤ 2−p; but since x is noncom-
putable, and hence irrational, it follows that |rn−x| < 2−p whenever n ≥ m(p),
so that m is indeed a modulus of convergence for rn → x.

Now the following claims prove lemma 1:
Claim 1. If m̃ is any modulus of convergence for rn → x, then m ≤T m̃.



22 Anthony J. Dunlop and Marian Boykan Pour-El

Proof. Let m̃ be any modulus of convergence for rn → x, and let M(p) =
m̃(p + 2). Clearly M ≡T m̃. We show that m ≤T M , and this will establish
claim 1.

To see that m ≤T M , first we note that, if k ≥M(p), we have

|rM(p) − rk| ≤ |rM(p) − x|+ |x− rk| < 2−(p+2) + 2−(p+2) = 2−(p+1),

so we know that m(p) ≤M(p) for all p. Now we use M as an oracle to determine
which of the finitely many numbers {0, 1, · · · , M(p)} is the correct value of m(p).

We use the fact that x is noncomputable, and hence irrational, and hence that
either |rM(p)−1−x| < 2−(p+1) or |rM(p)−1−x| > 2−(p+1) is true. Using this fact,
we produce two M -effective procedures. Procedure (1) halts if |rM(p)−1 − x| >
2−(p+1), and procedure (2) halts if |rM(p)−1 − x| < 2−(p+1). Dovetailing these
two procedures for successively decremented variables will allow us to determine
the correct value of m(p), as described and explained below.
Procedure (1). For k = M(p) − 1, M(p), M(p) + 1, · · ·, compute |rM(p)−1 − rk|.
If we find such a k with |rM(p)−1 − rk| ≥ 2−(p+1), then this says that

(∃k ≥M(p)− 1)|rM(p)−1 − rk| ≥ 2−(p+1).

By definition of m(p), this says that m(p) 6= M(p) − 1. We then halt both
procedures, store the information m(p) 6= M(p) − 1, and go to the next stage
(using M(p)− 2 in place of M(p) − 1).
Procedure (2). Using a computable pairing < ·, ·> of natural numbers, look for
a pair <k0, s> such that the following conditions hold:
• s > p + 1,
• k0 ≥ max{M(p), M(s)}, and
• |rM(p)−1 − rk0| < 2−(p+1) − 2−s.
First let us see why such a pair < k0, s > will exist if |rM(p)−1 − x| < 2−(p+1).
The fact that |rM(p)−1 − x| < 2−(p+1) means that there exists some s > p + 1
such that |rM(p)−1− x| < 2−(p+1) − 2−(s−1). Then take the least such s, and let
k0 = max{M(s), M(p)}. Then |rk0 −x| < 2−(s+2) < 2−s, so for this k0 and s we
have

|rM(p)−1 − rk0 | ≤ |rM(p)−1 − x|+ |x− rk0 |
< 2−(p+1) − 2−(s−1) + 2−s

= 2−(p+1) − 2−s.

This pair <k0, s> thus exhibits the three bulleted properties above. Hence this
search for <k0, s> will always terminate if |rM(p)−1 − x| < 2−(p+1).

If and when such a pair <k0, s> is found, do the following: For k ∈ {M(p)−
1, M(p), · · ·, k0}, compute |rM(p)−1 − rk|. If one of these finitely many k has
|rM(p)−1− rk| ≥ 2−(p+1), then we know (by the definition of m(p)) that m(p) 6=
M(p)−1. We then halt both procedures, store the information m(p) 6= M(p)−1,
and go to the next stage.
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Otherwise, that is if we find that |rM(p)−1−rk| < 2−(p+1) for all k ∈ {M(p)−
1, M(p), M(p)+1, · · ·, k0}, we know that m(p) < M(p), for the following reason.
Suppose k ≥ M(p)− 1. If k ≤ k0, we know that |rM(p)−1 − rk| < 2−(p+1) since
we have just done the computations. If k > k0, we have

|rM(p)−1 − rk| ≤ |rM(p)−1− rk0 |+ |rk0 − rM(s)|+ |rM(s) − rk|
< 2−(p+1) − 2−s + |rk0− x|+ |x− rM(s)|+ |rM(s)− x|+ |x− rk|
< 2−(p+1) − 2−s + 2−(s+2) + 2−(s+2) + 2−(s+2) + 2−(s+2)

= 2−(p+1),

where the last inequality holds because k0 was chosen to satisfy k0 ≥M(s) and
M(s) = m̃(s+2), where m̃ was our arbitrary modulus of convergence for rn → x.
In short, then, we have |rM(p)−1 − rk| < 2−(p+1) whenever k ≥ M(p) − 1. By
definition of m, this means that m(p) ≤M(p)−1. We then halt both procedures,
store the information m(p) ≤M(p)− 1, and go to the next stage.

After dovetailing procedures (1) and (2), and after one of them halts, we
know one of two things: Either m(p) 6= M(p) − 1, or else m(p) ≤ M(p) − 1. In
either case, we re-start the process of dovetailing procedures (1) and (2), except
this time we compute |rM(p)−2 − rk| for k ≥M(p)− 2 instead of |rM(p)−1− rk|
for k ≥M(p)− 1. This time, procedure (1) halts if |rM(p)−2 − x| > 2−(p+1) and
procedure (2) halts if |rM(p)−2 − rk| < 2−(p+1). At the end of this process, we
will have determined either that m(p) 6= M(p)− 2 or that m(p) ≤M(p)− 2.

Continuing this process for j = 3, 4, · · · , M(p), one of two things will happen:
Case 1: Some j = 0, 1, · · · , M(p) − 1 is found such that m(p) ≤ M(p) − j
and m(p) 6= M(p) − ` for j < ` ≤ M(p). That is, m(p) ≤ M(p) − j but
m(p) 6= 0, 1, · · · , M(p)− (j + 1). Of course this means that m(p) = M(p)− j, so
in this case we output m(p) = M(p)− j.
Case 2: The process of running procedures (1) and (2) for j = 0, 1, · · · , M(p)
terminates, telling us that m(p) ≤ 0. But since m : IN→ IN, of course this means
that m(p) = 0. So in this case we output m(p) = 0.

We are now done, having determined the correct value of m(p). Since the
only noneffective part of the above process is the use of the function M , we have
shown that m ≤T M ; since M ≡T m̃, it follows that m ≤T m̃. This proves claim
1.

Claim 2. m has computably enumerable degree of unsolvability.

Proof. Recall that m(p) = µn((∀k ≥ n)|rn − rk| < 2−(p+1)). Now let M =
{(p, n) : m(p) > n}. Since (p, n) ∈M if and only if (∀j ≤ n)(∃k ≥ j)(|rj − rk| ≥
2−(p+1), and since {rn} is a computable sequence of rational numbers, M is a
c.e. set. Further, M ≡T m. To see this, note that to compute m(p) one may
generate (p, 0), (p, 1), · · · until (p, n) 6∈ M ; then m(p) = n, so m ≤T M . The
other reducibility is even more trivial. Hence our function m has c.e. degree, so
that claim 2 is proved.

With the proof of claims 1 and 2, lemma 1 is proved. ut
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Lemma 2. Let x ∈ [0, 1] be a noncomputable, ∅′-computable real number. Let
{rn} be any computable sequence of rational numbers which converges to x, and
let m : IN → IN be the least-Turing-degree modulus of convergence for rn → x,
as found in lemma 1. Then deg(x)≤ deg(m).

Proof. The sequence {rm(n)} is an m-computable sequence of rational numbers.
For all n ∈ IN, we have |rm(n) − x| < 2−n, since m is a modulus of convergence
for rn → x. By the equivalence of the definitions in theorem 1, this says that x is
an m–computable real number. By the definition of the degree of unsolvability
of a real number as the least Turing degree required to compute arbitrarily good
approximations of x, this means that deg(x)≤deg(m), so lemma 2 is proved. ut

Now we can complete the proof of theorem 4. Suppose, as in the statement of
theorem 4, that x ∈ [0, 1] has degree of unsolvability a, where a≤0′, but a is not
computably enumerable. Let {rn} be any computable sequence of rationals which
converges to x, and let m be a least-degree modulus of convergence for rn → x,
as in lemma 1. Lemma 1 also guarantees that m has computably enumerable
degree, and lemma 2 asserts that deg(x)≤deg(m). But the fact that m has c.e.
degree, but x does not, forces the inequality to be strict, i.e. deg(x)<deg(m).

Now let m̃ : IN→ IN be any modulus of convergence for rn → x. Since m is a
least-degree modulus, we have m ≤T m̃. Since deg(x)<deg(m), it follows that
deg(x)<deg(m̃). Hence m̃ is not a-computable. Since m̃ was an arbitrary modu-
lus of convergence, it follows that there is no a-recursive modulus of convergence
for rn → x.

This proves theorem 4. ut

We now turn our attention to filling in the gap between the degree of unsolvability
of a noncomputable, ∅′-computable real number, and that of the least-degree
modulus of convergence of an approximating computable sequence of rational
numbers. The idea is that, if we could control the sequence so that consecutive
entries get successively closer to the limit x, then we could use any representation
of x to compute a modulus of convergence. Hence the gap is filled by a set
which tells us when a term in the sequence jumps further away from x than its
predecessor was. Since we are concerned with numbers which are noncomputable,
and hence irrational, we begin by showing that we lose very little generality if
we assume that our approximating sequence is nonrepeating. If anything, this
assumption shrinks the gap between deg(x) and the degree of a least-degree
modulus, as the following lemma shows. For technical reasons, it is preferable to
use a nonrepeating sequence.

Lemma 3. Let x ∈ [0, 1] be 0′-computable but noncomputable. Let {rn} be
any computable sequence of rational numbers which converges to x, and let
m : IN → IN be a least-degree modulus of convergence for rn → x. Then there
is a computable subsequence {r∗n} of {rn} such that r∗n 6= r∗m for n 6= m and
such that, if m∗ is a least-degree modulus of convergence for r∗n → x, we have
m∗ ≤T m.
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Proof. We define {r∗n} inductively:
Set r∗1 = r1. Now by induction suppose we have defined r∗n = rk for some

k ≥ n. To define r∗n+1, simply find the least t > k such that rt 6= r∗m for all
m ≤ n, and set r∗n+1 = rt. (Such a t exists, since otherwise {rm} fluctuates
between the finitely many values r∗1 , · · · , r∗n for m > k, which implies, since {rm}
is convergent, that it is eventually constant. This would mean its limit x is
rational. But we are assuming x is noncomputable, hence irrational.)

To prove the claim about the modulus of convergence, let m∗ be a least-
degree modulus of convergence for r∗n → x, as in lemma 1. Then if M : IN→ IN
is any other modulus of convergence for {r∗n}, we have m∗ ≤T M . Now let m be
a least-degree modulus of convergence for {rn}. We will construct an m-recursive
modulus M for {r∗n}, and then the fact that m∗ ≤T M will give m∗ ≤T m.

Here is the construction of M : Let p ∈ IN be given. To compute M(p), first
compute m(p). Now, the construction of {r∗n} shows that there is an increasing,
computable function d : IN → IN such that r∗n = rd(n) for all n. So we compute
d(1), d(2), · · ·, until some n is found with d(n) > m(p). For the first such n, we
set M(p) = n. Then since {r∗n}n≥M(p) is a subsequence of {rn}n≥m(p), we will
have n ≥ M(p) implies |r∗n − x| < 2−p, so M is a modulus of convergence for
r∗n → x. This proves lemma 3. ut

Now we show how to “bridge the gap” between the degree of unsolvability of
a real number, and that of the modulus of convergence of any nonrepeating
computable sequence of rationals which converges to it.

Theorem 5. Let x ∈ [0, 1] be a noncomputable, ∅′-computable real number. Sup-

pose A ⊆ IN has the property that x =
∞∑
k=1

χA(k) · 2−k, so that a= deg(A) is the

degree of unsolvability of x. Suppose {rn} is a computable, nonrepeating sequence
of rational numbers which converges to x. Let m : IN→ IN be a least-degree mod-
ulus of convergence for rn → x, as in lemma 1. Finally, define G ⊆ IN as
follows:

G = {n ∈ IN : (∃k > n)|rk − x| > |rn − x|}.
Then m ≡T G⊕A.

Proof. The proof of this Turing equivalence will be broken down into three re-
ducibilities, as follows:
(a) A ≤T m;
(b) G ≤T m;
(c) m ≤T A⊕G.
Proof of (a): This is nothing but lemma 2.
Proof of (b): Let n ∈ IN be given. We give an m-effective procedure for deter-
mining whether n ∈ G or n 6∈ G:

Since x is noncomputable, and hence irrational, we know that |rn−x| 6= 2−p

for all p; since |rn − x| > 0, there exists some p ∈ IN such that |rn − x| > 2−p.
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We may find such a p, using m as an oracle, as follows.For k = n + 1, n + 2, · · ·,
compute |rn − rk| until we find integers k, p, s such that

k > n, s > p, k ≥ m(s), and |rn − rk| > 2−p + 2−s. (?)

To see that such a triple does, in fact, exist, suppose p ∈ IN is such that |rn −
x| > 2−p. Then there exists some s > p such that |rn − x| > 2−p + 2−s. Since
|rn − rk| → |rn − x| as k → ∞, there exists some k0 such that k ≥ k0 implies
|rn − rk| > 2−p + 2−s. Eventually some k ≥ max{k0, n} has k ≥ m(s). Then
this triple (k, p, s) satisfies (?). Hence if we conduct an effective search through
all triples (k, p, s) ∈ IN3 such that k > n and s > p, using the m-oracle to check
whether k ≥ m(s) and checking effectively whether |rn − rk| > 2−p + 2−s, we
may m-computably find a triple (k, p, s) satisfying (?).

Once we find such a triple, we know that |rn − x| > 2−p, as follows:

|rn − rk| ≤ |rn − x|+ |x− rk| < |rn − x|+ 2−s (since k ≥m(s))

so that
|rn − x| > |rn − rk| − 2−s > 2−p + 2−s − 2−s = 2−p.

Hence we have m-effectively found a p ∈ IN such that |rn − x| > 2−p.
Now to continue with the process of determining whether n ∈ G, i.e. whether

(∃k > n)|rk − x| > |rn − x|.
Certainly if k ≥ m(p), then |rk − x| < 2−p < |rn − x|, so we only need to

determine whether |rk − x| > |rn − x| for the finitely many k ∈ {n + 1, n +
2, · · · , m(p)− 1}. If |rk−x| < |rn−x| for every k ∈ {n +1, n +2, · · · , m(p)− 1},
then n 6∈ G; and if we find some k ∈ {n + 1, n + 2, · · · , m(p) − 1} such that
|rk − x| > |rn − x|, then n ∈ G.

The next step, then, is to describe an m-effective procedure which determines,
for any given pair n, k of natural numbers, whether or not |rk−x| > |rn−x|. First
we note that, since {rn} is nonrepeating and x is irrational, we have |rk − x| 6=
|rn− x| whenever k 6= n; for if we had k 6= n but |rk− x| = |rn− x|, then either
rk = rn, which is impossible since {rn} is nonrepeating, or else we would have
x = 1

2 (rk + rn), which is impossible since x is irrational. To determine whether
|rk−x| < |rn−x| or |rk−x| > |rn−x|: By the above reasoning, we know that one
inequality or the other must hold. We produce an m-effective procedure which
tells us that |rk − x| < |rn − x|, if this is indeed the case. Since there are no
assumptions about the indices other than k 6= n, we can simultaneously apply
the procedure to the question “|rn− x| < |rk − x|?” Since one inequality or the
other must hold, one of these procedures will eventually halt, telling us which
inequality holds. Then carrying out this procedure for k = n + 1, · · · , m(p) − 1
will, finally, tell us whether n ∈ G or not.

Here is the m-effective procedure which, if |rk− x| < |rn−x|, halts and tells
us so. Note that, if |rk − x| < |rn − x|, then there is some s ∈ IN such that
|rk − x| < |rn − x| − 2−s. With this in mind, we do the following:

For l = k + 1, k + 2, · · ·, compute |rk − rl| and |rn − rl| until we find a pair
(l, s) such that l ≥ m(s+1) and |rk−rl| < |rn−rl|−2−s. Such a pair (l, s) exists
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whenever |rk−x| < |rn−x|, because if s ∈ IN is such that |rk−x| < |rn−x|−2−s,
then the fact that |rk−rl| → |rk−x| and |rn−rl| → |rn−x| as l →∞ implies that
there exists some l0 ∈ IN such that, if l ≥ l0, then |rk−rl| < |rn−rl|−2−s. Then
if l ≥ l0 is the first such integer with l ≥ m(s + 1), (l, s) is a pair of the desired
type. Hence if we list, in an effective way, all pairs (l, s) ∈ IN2 with l > k, we will
eventually find a pair satisfying l ≥m(s +1) and |rk− rl| < |rn− rl|− 2−s. But
once we find such a pair (l, s), we know that |rk−x| < |rn− x|, as the following
string of inequalities shows:

|rk − x| ≤ |rk − rl|+ |rl − x|
< (|rn − rl| − 2−s) + 2−(s+1)

≤ |rn − x|+ |x− rl| − 2−s + 2−(s+1)

< |rn − x|+ 2−(s+1) − 2−s + 2−(s+1)

= |rn − x|.

Hence once we have found a pair (l, s) as in the preceding procedure, we know
that |rk−x| < |rn−x|. If no such pair exists, then it must be true that |rn−x| <
|rk − x|, and we can m-computably find a pair (l, s) which tells us so, using
exactly the same procedure with k and n reversed. By running both m-recursive
procedures simultaneously, we may determine whether |rk − x| < |rn − x| or
|rk − x| > |rn − x|.

We make this determination for k = n + 1, · · · , m(p) − 1, where n was the
original input to our algorithm and p was found earlier in the proof. If we find
such a k ∈ {n+1, · · · , m(p)−1} with |rk−x| > |rn−x|, we halt and say “n ∈ G”.
Otherwise, we halt and say “n 6∈ G”. The only noneffective part of this decision
procedure is the use of the function m as an oracle, so that G ≤T m. This proves
(b).
Proof of (c): We must show that m ≤T A ⊕ G. We prove this reducibility as
follows: A modulus m∗ : IN→ IN of convergence for rn → x will be constructed,
using A and G as oracles, giving m∗ ≤T A⊕G. Since m is a least-degree modulus
of convergence, we know that m ≤T m∗, which in turn gives m ≤T A ⊕G.

First recall that x is irrational, so that we have |rn−x| 6= 2−p for all n, p ∈ IN.
Here is an A-effective procedure for determining whether |rn − x| < 2−p or
|rn − x| > 2−p, for any given pair (n, p).

Recall x =
∞∑
k=1

χA(k) · 2−k. Set qj =
j∑

k=1

χA(k) · 2−k, so that qj < x and

|qj − x| = x− qj =
∞∑

k=j+1

χA(k) · 2−k <

∞∑
k=j+1

2−k = 2−j

for all j. Also, {qj} is obviously an A-recursive sequence of rational numbers.
We use A as an oracle to compute |rn − q1|, |rn− q2|, · · ·, until some pair (j, s)
is found such that j ≥ s and one of the following holds:
(i) |rn − qj| < 2−p − 2−s, or
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(ii) |rn − qj| > 2−p + 2−s.
To see that some such pair (j, s) exists, recall that |rn−x| 6= 2−p. If |rn−x| <

2−p, (i) will hold for some (j, s), and if |rn − x| > 2−p, (ii) will hold for some
(j, s).

We effectively generate all pairs (j, s) with j ≥ s, until either (i) or (ii) holds.
If (i) holds, we know that |rn − x| < 2−p, as follows:

|rn − x| ≤ |rn − qj|+ |qj − x| < (2−p − 2−s) + 2−j

≤ 2−p − 2−s + 2−s (since j ≥ s)
= 2−p.

On the other hand, if (ii) holds, we know that |rn− x| > 2−p, as follows: We
have

|rn − qj| ≤ |rn − x|+ |x− qj| < |rn − x|+ 2−j ≤ |rn − x|+ 2−s,

so that
|rn − x| > |rn − qj| − 2−s > (2−p + 2−s) − 2−s = 2−p.

Hence we may A-effectively tell whether |rn − x| < 2−p or |rn − x| > 2−p.
Now we define the modulus of convergence, m∗, which was referred to at the

beginning of the proof. We set

m∗(p) = µn(|rn − x| < 2−p ∧ n 6∈ G).

Since the predicate “|rn−x| < 2−p” is A-computable, we see that, if m∗ is total,
then m∗ ≤ A⊕G.

To see that m∗ is total, we must show that some n ∈ IN exists such that both
|rn − x| < 2−p and n 6∈ G are true. Towards this end, we first note that, since
rn → x, we have |rn − x| < 2−p for all but finitely many n. We then observe
that G is coinfinite. To see this, recall that

G = {n ∈ IN : (∃k > n)|rk − x| > |rn − x|}.
If G were cofinite, there would be some N such that n ≥ N ⇒ n ∈ G. Then
N ∈ G, so there exists some k1 > N such that |rk1 − x| > |rN − x|. But k1 is
also in G, so there is some k2 > k1 such that |rk2 − x| > |rk1 − x|. Similarly,
there is some k3 > k2 with |rk3−x| > |rk2−x|, and so on. In this way, we obtain
a subsequence {rkj}∞j=1 of {rn} such that {|rkj − x|} is a strictly increasing
sequence. But this is impossible, since rn → x. This contradiction means that G
must be coinfinite.

So let n0 be large enough that |rn − x| < 2−p for n ≥ n0, and let n be the
first n ≥ n0 with n 6∈ G. Then this n has (|rn − x| < 2−p ∧ n 6∈ G), so m∗(p) ↓
(and m∗(p) ≤ n for this n).

Finally, we show that m∗ is a modulus of convergence for rn → x. Suppose
k ≥ m∗(p). Then |rm∗(p) − x| < 2−p and, since m∗(p) 6∈ G means that (∀k ≥
m∗(p))(|rk − x| < |rm∗(p) − x|), we have |rk − x| < |rm∗(p) − x| < 2−p, so that
m∗ is indeed a modulus of convergence.
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So we have m∗ ≤T A⊕G, and since (as was discussed at the beginning of the
proof of (c)) we have m ≤T m∗, it follows that m ≤T A ⊕ G. So (c) is proved,
and hence theorem 5 is proved. ut
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Abstract. This paper provides a survey of practical systems for exact
arithmetic. We describe some of the methods used in their implemen-
tation, and suggest reasons for the performance differences displayed by
some of the competing systems at this years CCA Exact Arithmetic
Competition.
Because the practical aspects of the field of exact arithmetic are at an
early stage, and many of the systems are prototypes, we have not dis-
cussed: portability, user-interfaces, and general usability. It is to be hoped
that these aspects might be addressed by participants in any further com-
petitions organised by the CCA committee.

1 Introduction

An exact arithmetic is one where the results of a sequence of calculations can
be trusted. In this paper we wish to distinguish exact arithmetics from general
variable (or multiple) precision arithmetics, by considering their behaviour. If the
user does not need to provide details of the accuracy required of intermediate
results, then the system is an exact arithmetic; alternatively, if whenever the
user provides correct details of the accuracy required of intermediate results, the
results of a sequence of calculations can be relied upon to be accurate, then the
system is a variable precision arithmetic.

Since most of the currently competitive systems for exact arithmetic are im-
plemented as C or C++ libraries, we have chosen not to concentrate on the issue
of portability. Equally, there is little point in discussing most of the algorithms
used in these systems, because they are mostly built on top of GNU GMP 3.0,
and largely use similar algorithms for their operations. The CCA2000 arithmetic
competition [Bla01] was intended to stimulate development of exact arithmetic
systems, as well as to increase the range of operations provided and improve the
usability of the systems. The intention was that competing systems should be
able to perform the basic rational operations of +, − ×, and ÷, along with the
elementary functions of sin, cos, tan−1, exp and log.

In Section 2, we provide an example that shows the need for exact arithmetic.
In Section 3 we describe the relevant theory that we will use in the remainder of
the article. In Section 4 we discuss IEEE floating point numbers, showing how
they can be extended to provide: firstly, variable precision arithmetic in Section 5,
and secondly, exact arithmetic in Section 6. Section 7 provides a conclusion.
? Supported by an EPSRC PhD studentship.
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2 The Need for Exact Calculations

Exact arithmetic is not intended to be a complete replacement for the floating
point arithmetic, simply because the floating point standard is so much faster
and more memory efficient than the multi-precision packages. There are many
applications where using an exact arithmetic package is unnecessary and would
significantly reduce performance. There is however a growing need for arithmetic
with a user-defined variable precision and a guaranteed level of error. Problems
in numerical analysis such as root finding and solving ODE’s can require very
high precisions, and the answers to such problems can be nonsensical if a large
precision is not used. Presented here is an example taken from [Krä98]. Solving
a system of linear equations Ax = b in floating point double precision:

Example 1.

A = aij :=
(

64919121 −159018721
41869520.5−102558961

)
, b :=

(
1
0

)

The results are given by

x1 = a22/(a11a22 − a12a21), x2 = −a21(a11a22 − a12a21)

and the floating point operations give

x1 = 102558961.0, x2 = 41869520.5.

Every digit is wrong, the correct results are

x1 = 205117922, x2 = 83739041.

As stated in the paper “Although the data are exactly representable and only 5
floating point operations are done, the computed “solution” has nothing to do
with the exact solution”.

3 Theoretical Approaches to the Real Numbers

In many approaches to computable analysis, for example those of Grzegorczyk
[Grz55,Grz57,Grz59], Ko [Ko91], Lacombe [Lac55a,Lac55b,Lac55c,Lac58], Pour-
El and Richards [PER89], and Weihrauch [Wei00], we are able to investigate
computable functions over arbitrary real numbers. There are variations: Bishop
and Bridges [BB85] take an intuitionistic approach to analysis, whilst Markov
[Mar54] restricts attention to an analysis over the computable reals.

To make an efficient exact arithmetic we would like to be able to read and
write real numbers to and from memory, and this makes it natural to consider
the computable reals as a replacement for the reals; we will be particularly
concerned with the details of their representation. There are a number of well
known methods of constructing the real numbers from the rationals, amongst
which there are:
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– Nested intervals,
– Radix expansions,
– Signed digit sequences,
– Dedekind cuts,
– Continued fractions, and
– Cauchy sequences.

Some explanation of each representation will be necessary so that we may
decide which are the most practical.

3.1 Nested Intervals

Nested intervals are much as they sound, they are a sequence of intervals with
rational end points such that each interval is a subset of the previous one and
the length of the intervals tends to zero.

3.2 Radix Expansions

Definition 1. Radix Expansions are of the form:

x =
∞∑
n=1

ψ(n)
βn

and ψ(n) < β for n = 1, 2, 3 . . .

(Definition from [Mos57]).

With β = 10 we have the standard decimal representation of the real numbers.
Whilst these systems have an admirable simplicity, many of the arithmetic op-
erations we desire – such as addition and multiplication – are not available; see
for example [Wei00, Example 2.1.4.7] or [Myh72]. In hardware engineering terms
the reason is that to give the correct leading digit may involve an arbitrarily long
carry propagation.

3.3 Signed Digit Expansions

To solve the carry propagation problem involved in radix expansions we can
permit the expansions to have negative digits.

Definition 2. Signed digit expansions are of the form:

x =
∞∑
n=1

ψ(n)
βn

and |ψ(n)| < β for n = 1, 2, 3 . . .

With this small change the arithmetic operations we might expect (addition,
multiplication etc.) are available.
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3.4 Dedekind Cuts

Definition 3. There are 2 Dedekind cuts for a real number x, formulated as
follows:

– A Dedekind left cut is the set of all rationals strictly less than x.
– A Dedekind right cut is the set of all rationals strictly greater than x.

While this representation is of interest mathematically, and has been used by
Harrison for mechanical theorem-proving [Har98], we know of no implementation
that uses this form directly.

3.5 Continued Fractions

Definition 4. Continued fraction expansions are of the form:

x = ψ(0) +
1

ψ(1) + 1

...+ 1
ψ(n)+ 1

.. .

and 1 ≤ ψ(n) for n = 1, 2, 3 . . .

Hurwitz has shown that it is possible to represent the reals as continued frac-
tions [Hur88,Hur89]. Gosper [Gos72,Gos77] has shown how to implement the
operations of addition and multiplication on the continued fraction represen-
tations of the rationals. If we consider operations over the reals, we find that
we have introduced an analogue of the carry propagation problem seen in the
radix expansions [LL90,KM88]. Various attempts have been made to overcome
this defect. In effect the solutions attempt to do for Hurwitz’s continued frac-
tions, what signed-digit expansions do for the radix expansions; see for example
[KM90,Les01,MM94,Vui88]

3.6 Cauchy Sequences

Finally we have the Cauchy sequences. The definition differs slightly from paper
to paper [Mos57,Ric54,Rob51], the version used in [GL00] is as follows:

Definition 5. A computable real number x can be represented as an Effective
Cauchy Sequence if there is an infinite computable sequence of rationals{

n0

d0
,
n1

d1
, . . . ,

np
dp
, . . .

}
,

with dp > 0, and a modulus of convergence function e : N → N which is
recursive, such that for all p ∈ N :

k ≥ e(p) implies
∣∣∣∣x− nk

dk

∣∣∣∣ < 2−p

(Definition from [PER89]).

This forms the basis of most implementations of exact arithmetic. We note
that it is possible to make the representation more dense by considering the inte-
ger nk to be a function n(k) with an implicit denominator of 2k [WK87,Wei87].
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4 Standard Floating Point Arithmetic

Floating point arithmetic is of course how computers deal with the real numbers
and a great deal of effort has gone into developing them. The IEEE floating point
standards have been adopted almost universally, giving a portable fixed precision
representation of the real numbers. It is a compromise between the need for a
fast efficient representation and the need for accuracy. The IEEE 754 standard
[IEE85] was developed in 1985 and has been updated to the more generalised
854 standard [IEE94] which removes the dependencies on radix and wordlength
[Pop95].

The standard float consists of 32 bits, 24 bits for the sign and mantissa, 8 bits
for the exponent. There are actually four floating point precisions defined in the
standard: single (24 bit mantissa/significand), single-extended (32 bit), double
(53 bit), double-extended (64 bit); the extended type also allows for a bigger
exponent range. These extra precisions allow libraries to compute expressions in
a higher precision internally and correctly round the result that is outputted. The
standard aims to decrease the rounding errors by computing internal calculations
to an accuracy of 80 bits and then performing rounding at the final step, this
increases the chance of the number being correctly rounded while using the same
amount of storage. The philosophy of implementing the operations is described
in the statement of the standard:

“Every operation is performed as if it first produced an intermediate
result correct to infinite precision and with unbounded range and then
rounded accordingly.”

There is no scope for dealing with the possibility of incorrectly rounded num-
bers, however IEEE incorporates other characteristics to over-come this failing,
many of which are useful in numerical methods. IEEE features 4 different round-
ing modes including directed roundings, handling of exceptions and the NaN
(Not a Number) special character. NaN’s appear when an operation does such
things as divide by zero, this special character can either propagate through the
code or raise an exception. One standard concept in floating point arithmetic is
that of normalised numbers, this is where the leading digit of the mantissa is
non-zero. Requiring floats to be normalised makes the representation unique for
each real number but it also means that zero cannot be represented.

Rounding error is always a factor in floating point arithmetic as we are often
trying to represent an infinite quantity within a finite space, this error can be
measured as the number of units in the last place (ulp’s) or as the relative
error; but ulp’s are generally considered to be the most natural quantity. It is
impossible to eliminate rounding error totally but it can certainly be decreased,
one method used in the floating point standards is the guard digit. This can be
used for example when subtracting numbers of different size, if an accuracy of p
digits is required then each number is truncated to p+1 digits before calculation;
thus greatly reducing the error without significantly affecting efficiency. Using
one guard digit may still give a different answer than if the result was calculated
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exactly and then rounded, so more guard digits can be used without damaging
the performance noticeably.

Work has been done on finding the worst case errors that can appear in float-
ing point arithmetic [Krä98]. Algebraic properties of the floating point numbers
have also been proved [Mul00a], it is therefore possible to work with floating
point arithmetic achieving meaningful results and predicting it’s behaviour when
problems occur. However as we have seen in Section 2 many applications need
a higher level of accuracy and often a variable precision in their calculation.
Example 1 shows how completely inadequate floating point arithmetic can be
when used for certain mathematical problems.

As one would expect, research has been done on adding to the floating point
standard in order to overcome the problems of rounding error, fixed precision
and underflow/overflow etc. We shall look at some of these in order to get a full
overview of the current state of computer arithmetic. [Hul82] gives a proposal
of what is required of a floating point arithmetic.

“Involving clean arithmetic, complete precision control, and convenient
exception handling properties.”

They define some capabilities required by floating point arithmetic in order for
it to be used in numerical algorithms, they are as follows:

– The first capability is to carry out different parts of a calculation in
different precisions.

– The second capability is to carry out a portion of a calculation in
more than one precision. Determining the effect of round-off error
on a calculation is just one situation in which this need arises.

– The third capability is to have control over what is done in case of
exceptions such as overflow or underflow. If underflow occurs we may
wish to set the result to zero and carry on with the calculation. On
the other hand, we may instead wish to repeat the calculation with a
wider exponent range.

5 Variable Precision Arithmetic

We would like to distinguish between two broad categories of computer im-
plementations of accurate arithmetic. The first is variable precision arithmetic,
where an individual calculation is performed to a certain accuracy and then
truncated to a rational number. It is then the responsibility of the user to ensure
that a sequence of such calculations retains sufficient intermediate accuracy for
the final results to be relied upon. An example of such a problem is the logistic
map problem used in the exact arithmetic competition at CCA2000 [Bla01].

x : = 1/π;
for i : = 1 to 1000 do

x : = 15x(1− x)/4;
println (x);
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Although we only desire 10 decimal places of the answer, depending on the
algorithms used we will require at least 5000 decimal places of 1/π to generate
the correct answer.

Many symbolic systems e.g. Mathematica, Maple, Maxima/Macsyma, and
Pari-gp are able to give answers, but require the user to specify the desired
accuracy for each of the assignments:

x : = 15x(1− x)/4.

Two early approaches to the provision of a multiple precision Fortran library
are those of Brent [Bre78] and Smith [Smi91]. More recently there have been
other approaches developed for dealing with the variable precision arithmetic
and we will give a brief overview of each.

5.1 ARIΘMOΣ

We start with the ARIΘMOΣ package as describe in [CKVV00]. Version 2 of
ARIΘMOΣ is a class of libraries that offers multi-precision floating point (IEEE
compliant), floating slash, rational interval and complex arithmetic. Their rea-
sons behind this project are:

In short, for the numerical programmer who wants to make use of
several of the alternatives above, there is no single platform that offers
the best of all worlds. The new rational class library that we describe
in this paper must be seen in this context, it accompanies a recently de-
veloped and very perfomant multiprecision class library, that fully com-
plies with the principles of the IEEE 754-854 standards for floating point
arithmetic.

This library features:

– Exactly rounded conversions from and to hardware and multiprecision floats
and hence more constructors.

– Special values like signed infinities, Non-integer and Non-rational values.
– The unordered relation to compare with Non-integer and Non-rational val-

ues.
– The power function for rational operands.
– A rational control word and status word among other things for exception

handling and to prepare for rational interval arithmetic.

The library encompasses all types of arithmetic apart from the Cauchy se-
quence method and provides a useful platform for numerical analysis. The per-
formance tests are impressive although there is only a small improvement over
GNU MP 2.0.2 library and version 3.0 of this multiple precision package is now
available that should be even faster.
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5.2 MPFR

This system is also built on top of the GNU MP library, and is intended to
provide a very fast multiprecision floating point library, and also follows the
principles of the IEEE 754-854 standards for floating point arithmetic [Zim00].
As can be seen by the competition results obtained at CCA2000 [Bla01], this sys-
tem is very competitive from an efficiency point of view. It utilizes Brent’s AGM
algorithm to perform the transcendental functions [Bre76]; further details of the
implementation are in [BEIR00]. To perform the tests required by the CCA2000
competition, Zimmermann set up his system to be an interval arithmetic.

6 Exact Arithmetic

Exact arithmetic is an extension to variable precision arithmetic in which the
system ensures that sequences of calculations generate correct answers. In this
respect we are aiming to provide the primitive operations used by Blum, Shub
and Smale [BS86,BSS89] in their ‘Real RAM’ machine. In this machine rational
operations are available on arbitrary real numbers and are considered to take unit
time to perform. As previously discussed there are problems with arranging for
the storage of arbitrary real numbers, and for this reason one wishes to restrict
attention to feasible machines such as those described by Brattka and Hertling
[BH98] and Müller [Mül00b], in which only computable reals can be stored in the
cells of the RAM. There are many different approaches to the implementation
of exact arithmetic, and we begin with that of Boehm.

6.1 Boehm’s Functional Approach

[BC90]
Having dismissed the signed digit representation as inefficient, Boehm went

on to show how a reasonably efficient exact arithmetic system could be built
using a ‘functional representation’ [BC90]. In this work a computable real was
a function from the desired precision of the answer to a rational approximation.
There are many optimisations that can be applied to this representation [BC90]:

“First, we maintain the best computed approximation for a number
as part of it’s representation. This information permits less accurate ap-
proximations to be computed trivially and provides an estimate (required
by the reciprocal operation for example) as a seed for more accurate ap-
proximations.

Second, we compute floating-point interval bounds as part of the rep-
resentation of every constructive real number. These bounds eliminate
the need to apply the functional representation to the demanded toler-
ance if the bounded interval is sufficiently small.

Third, we represent hereditarily rational numbers explicitly as pairs
of unbounded integers. In computations that rely exclusively on the basic
arithmetic and relational operations, this optimisation reduces the imple-
mentation of the constructive reals to conventional rational arithmetic.”
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This work is continued in [LB90], giving a detailed description of how to
implement exact arithmetic from a functional point of view. They explain the
problems of top down propagation of precision, this is when an expression is
evaluated to a certain accuracy then each of it’s sub-expressions needs to have
a little extra accuracy added to it. If several requests are made of differing
accuracy a large amount of computation is necessary. As an alternative bottom
up propagation of available accuracy is used by implementing an interval based
representation. [LB90] makes 2 statements that have profound effects to the way
Exact arithmetic is implemented, these are:

1. Doubling the precision of a calculation at least doubles the number of
significant digits determined by the result.
2. Doubling the number of significant digits determined by both operands
of an operation, and thus by the result, at least doubles the time required
to perform the operation.

The second statement in particular does not bode well for some of the packages
described in Section 6. In [BD97,Mül98], the cost of re-calculation is obviously
quite high and perhaps another method of evaluating the precision would be
more efficient.

6.2 Ménissier-Morain

This research leads onto the work of Ménissier-Morain [MM94], in this thesis a
functional approach is taken and implementations based on Cauchy sequences,
signed digit and continued fractions are compared. A proof of correctness is also
given for the Cauchy sequence approach. A real number r can be represented as
a sequence of integers (cn)n∈N with an implicit denominator β−n such that:

∣∣∣∣r − cn
βn

∣∣∣∣ < β−n

i.e. satisfying definition 5. The treatment in [MM94] goes on to prove properties
about this representation before implementing the standard arithmetical opera-
tions. This work is related to that of [GL00]. It would appear, however, that she
intended the package to be used as part of a floating point rather than a fixed
point implementation. Her algorithms depend on the calculation of:

msd (x) = minn∈ℵ(|xn| > 1) = −blog2(x)c.

This is undefined for x = 0 and relies implicitly on the arguments to the
arithmetic being in the range

x ∈ (−1, 1), x 6= 0.

The implementation of [GL00] is based on Cauchy sequences in a similar way
to [MM94] however it is not limited to numbers in the range x ∈ (−1, 1), x 6= 0
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the library is valid for x ∈ (−∞,∞). The implementation is based on the prin-
ciple of top-down propagation of accuracy, when an operation is evaluated to a
precision p each argument is evaluated to a higher accuracy in order to achieve
this error bound and this propagates down through the expression tree. The ad-
vantage of this is that unlike [Mül86] the calculation will not need to be repeated
at any stage to get the correct error bound, thus reducing the time complexity
of the algorithms. The downside is that the arguments could be evaluated to a
higher precision than might be needed, increasing space consumption occasion-
ally. There is no definite answer yet as to which method is better; it depends
mainly on the requirements of the user, is space or time efficiency more impor-
tant?

[LB90] states that the main problem for top-down propagation of accuracy
is that when repeated calls with different levels of accuracy occur, an expression
could be evaluated to a high level of accuracy at one point and then time could
be wasted evaluating the expression to a lower level of precision. The imple-
mentation in [GL00] overcomes this by only re-evaluating an expression if the
accuracy is increased, when a low level of precision is required a quick calculation
is done on the number stored to return the correct answer.

The approach to implementing the transcendental functions in [GL00] differs
to [MM94] in that several functions are implemented separately; exp(x), sin(x),
etc. are defined and then used in the implementation of other functions. [GL00]
instead defines a power series algorithm and builds everything from this. Hence
it is necessary to prove the correctness of just one function, making for a less
complicated proof and reduced scope for human error.

6.3 Continued Fractions

We move on to a different philosophy of representing the real numbers, that of
infinite streams. Although first described by Hurwitz in [Hur88,Hur89], and with
basic rational arithmetic operations described by Gosper in [Gos72,Gos77], we
quote the definition of continued fractions used in Vuillemin’s paper [Vui88].

“The first n terms of such a stream are integers, and the last one r(n)
is a continuation, also commonly called closure in the Lisp community.
This continuation is a function, finitely represented in a language L,
which is capable of evaluating the next integer term zn, as well as the
next continuation r(n+ 1).

In the decimal system, the value (interpretation) V of such a stream
is given by:

V 〈z0z1 · · · zn−1r(n)〉 =
∑

0≤i<n
zi10−i +

V 〈r(n)〉
10n

.

With Continued Fractions, we have:

V [z0z1 · · · zn−1r(n)] = z0 +
1

z1 + 1

. ..+ 1
zn−1+ 1

V [rn]

.′′
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We rephrase this definition of a Continued Fraction as in [Les01].

Definition 6. A finite Continued Fraction representation of the number x is a
sequence of numbers

[z0, z1, . . . , zn],

satisfying:

x = z0 +
1

z1 + 1

. ..
+ 1
zn

Infinite streams are also allowed, it is a general rule that a rational number
can be represented by a finite stream; whereas a non-rational real number can
only be described by an infinite stream. As stated in [Les01]

“It is possible to calculate the values of the integers z0, z2 · · · , zn from
x in the following way. Let x = x0; we compute:

x0 = z0 +
1
x1
, x1 = z1 +

1
x2

. . . xn = zn

Where at each step we choose an integer zn that is close to xn. Ob-
vious candidates for this calculation are the rounding operations floor,
round, ceiling.”

Using floor leads to N-fractions and using round leads to Z-fractions, these
lead to specific definitions which we will not go in to here; there are also Euclidean
fractions (E-fractions). These fractions often lead to elegant representations of
certain “difficult” numbers such as

√
2, here are a few examples of N-fractions

taken from [Vui88]:

Example 2.

1+
√

5
2 = φ = [1 1 1 1 . . .] = [, 1]√

2 = [1 2 2 2 · · ·] = [1 , 2]√
3 = [1 1 2 1 2 1 2 · · ·] = [1 , 1 2]

e = [2 1 2 1 1 4 1 1 6 1 · · ·] = [2, 1 2n+ 2 1]
π = [3 7 15 1 292 1 1 1 2 1 · · ·]

Z-fractions also have some useful results e.g.
√

2 = [1 , 2] obviously more useful
than the infinite decimal expansion. Some more important properties of N and
Z fractions are summed up in Lagrange’s theorem:

Theorem 1. Let r = [z0, z1, . . . , zn, . . .] be the N-fraction or Z-fraction expan-
sion of some finite number. Then:

1. The continued fraction has only one term if and only if r ∈ Z is an integer.
2. The continued fraction is finite if and only if the number r ∈ Q is rational.
3. The continued fraction is eventually periodic if and only if r ∈ √Q>0 is the

irrational square root of a positive rational.
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4. The continued fraction approximants rn = [z0, z1, . . . , zn] converge to r with
speed:

|r− rn| < φ−n,

where φ = 1.618 . . . is the golden ratio.

One of the main problems with continued fractions is that it is very difficult to
determine the underlying complexity of their basic operations as can be seen in
[Ko86]:

“We give some evidence for the common intuition that there is no
efficient (polynomial-time) algorithm that maps two Continued Fractions

x = [a0, a1, . . .] and y = [b0, b1, . . .]

to a third Continued Fraction [c0, c1, . . .] which represents x+ y.”

Theorem 2. There exist two real numbers x and y such that LCx (Left
Cut of x) and LCy are polynomial-time computable, but LCx+y is not
polynomial-time computable.

There is an equivalence between Dedekind left cuts and continued fractions.
Work has been done on improving these efficiency problems [Vui88,Les01], but
the algorithms are still not straightforward, unlike other representations. An
area in which continued fractions have some pleasing properties is with the tran-
scendental functions as given in [Les01], following Gauss [Gau12] and Vuillemin
[Vui88], the stream representation of exp and log can be easily calculated to any
accuracy required as can be seen in their definitions:

Definition 7.

exp(r) =
[
1, ,

1
r
, 2,

3
r
, −2,

5
r
, 2,

7
r
, −2, . . .

]

and

log(r) =
[
0,

1
r − 1

,
2
1
,

3
r − 1

,
2
2
,

5
r − 1

,
2
3
, . . .

]
.

A method to implement exact arithmetic using Continued Fractions is de-
scribed in [Les01]. This uses the lazy functional style of Haskell in order to
implement the infinite streams involved. The library in [GL00] was preceded by
this implementation of Continued Fractions, however it was decided that a full
proof of it’s correctness would be difficult, so the current (fast Cauchy sequence)
implementation was developed.

6.4 Linear Fractional Transformations

We move on to Linear Fractional Transformations as a representation of the real
numbers, this method is described in [EP97]:
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A sequence of shrinking nested intervals is then represented by an
infinite product of matrices with integer coefficients such that the first
so-called sign matrix determines an interval on which the real number
lies. The subsequent so-called digit matrices have non-negative integer
coefficients and successively refine that interval.

This seems to be a clever way of encoding the real numbers although it
is possibly slightly over-complicated. The rational arithmetic operations are
implemented in a similar fashion to Gosper’s continued fraction algorithms
[Gos72,Gos77], with the transcendental functions being implemented using vari-
ations on the methods of Gauss [Gau12]. Full details of these features of the
system are in [Pot99]. The paper goes on to describe properties of this represen-
tation. Furthermore, its stream-based nature appears to be one of the reasons
for the system’s performance in the CCA2000 competition [Bla01].

6.5 Berthelot and Daumas’ Interval Arithmetic

Interval arithmetic is often seen as an efficient useful way of dealing with the
real numbers. The basic idea is that the 2 end points of the interval in which
the real number lies are stored as exact rationals or floats, and all calculations
are done on these 2 numbers. When the results need to be rounded, they are
usually rounded away from the centre of the interval so as to ensure that the
real number is still confined by these 2 values. We now formulate the interval
arithmetic described in [BD97].

“In our library, we define a real number X as a double infinite se-
quence of numbers

(an, βn) ∈ Z ×R∗+
such that

|an| ≤ βn−1

βn
− 1 and

∞∑
n+1

βi ≤ βn.

The nth embedded interval Xn is defined from it’s midpoint xn as

Xn = [xn − βn, xn + βn], where xn =
n∑
i=0

anβn.
′′

The usual problem with interval arithmetic is that the size of the interval
will obviously grow during each calculation and often the resulting interval is
too large. When this happens the computations have to be repeated to a greater
accuracy, wasting time. In [BD97] the programme backtracks increasing the pre-
cision where needed, this is more efficient, but it is still open to debate if this
method of re-calculation to a higher precision is more efficient than other meth-
ods.
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6.6 iRRAM

We now discuss iRRAM [Mül98]. In this approach the program is executed with
a with all variables held to a precision (p) and the error in the answer (ε) is
determined. In this respect it is much like an interval arithmetic. If the desired
maximum error of the answer (ε′) is smaller than the actual error (ε), then
the program is executed again at a higher precision (p′ = p ε

′
ε
). This process

continued until an answer is generated that is accurate enough. In discussions
with Müller, he reports that ‘usually’ only the second iteration of the program
is required.

“Instead of using signed digits, the iRRAM is based on a simplified
interval arithmetic. Additionally it avoids storing intermediate results as
often as possible. Both modifications drastically reduce memory require-
ments for large computations. E.g. the package is capable to do numerical
inversion of (badly conditioned) Hilbert matrices of size 200× 200 using
about 90MB with Gauss’ method, where storing the input matrix with the
necessary precision needs about 40MB (to compute results with an error
of at most 2−50).”

This is very efficient when one considers that using signed digits increases
the memory consumption by a factor of 400. iRRAM works in the same way
as the package mentioned in [BD97], the result is computed and if the error is
too large then the result is repeated with a higher precision. It might be the
case that many iterations are needed before the correct accuracy is reached, but
the advantage is that each variable is only calculated to the minimum accuracy
required.

There are a number of reasons for the impressive display this system produced
at the CCA2000 competition. Firstly, the error propagation involves not just bit-
at-a-time loss of precision as exhibited by the MAP package, but a more precise
measure of the error using two 32 bit machine words, one as a mantissa, and
the other as the exponent to give the error in an iRRAM variable. Secondly,
elementary transcendental functions are implemented using the AGM method
[Bre76], with aggressive range-reduction applied.

6.7 MAP

In this approach, Lester works backwards from the desired accuracy of the answer
to the required accuracy of the initial values. To avoid problems at 0, all numbers
are held as fixed-point rather than floating-point entities. Underlying the package
is the GNU GMP 3.0 library of integer operations. The elementary functions are
calculated using Taylor series (rather than the more efficient AGM algorithm
[Bre76]), but all arguments are range-reduced to give very small values (typically
2−96) on which the Taylor series expansions are required to work. One small
optimization is that a small number of frequently used irrational constants –
such as π and log(2) – are initialized to 30, 000 bits accuracy. It is this that
allows the system to perform as well as it does against MPFR and iRRAM.
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A comparison of the execution speeds of some of these systems can be found
in Jens Blanck’s paper [Bla01] in these proceedings.

7 Conclusion

We have discussed the current state of research in exact arithmetic trying to be
as thorough as possible but no doubt there are things that have been left out.

The main approaches involve extending current floating point standards to
reduce their inherent problems and introducing multiple precision to the format.
Or completely separate implementations using infinite streams, rational approx-
imations, linear fractional transforms or floating point interval calculations. No
method is perfect, all trying to balance the need for space and time efficiency
with the need for accuracy.

There is a lot of research into the theoretical properties of the real numbers
but here we have concentrated on implementation rather than theory, particu-
larly concerning the example in Section 2. There is an increasing need for exact
arithmetic and increases in computing power to some extent negate the inherent
efficiency problems of such packages.

References

BB85. Errett Bishop and Douglas S. Bridges. Constructive Analysis, volume 279 of
Grundlehren der mathematischen Wissenschaften. Springer, Berlin, 1985.

BC90. H. Boehm and R. Cartwright. Exact real arithmetic: Formulating real num-
bers as functions. In D.A. Turner, editor, Research Topics in Functional
Programming, University of Texas at Austin Year of Programming, pages
43–64. Addison-Wesley, 1990.

BD97. D. Berthelot and M. Daumas. Computing on sequences of embedded inter-
vals. Reliable Computing, 3(3):219–227, 1997.

BEIR00. J.-C. Bajard, M.D. Ercegovac, L. Imbert, and F. Rico. Fast evaluation of
elementary functions with combined shift-and-add polynomial methods. In
Fourth Conference on Real Numbers and Computers, pages 75–87, Schloss
Dagstuhl, Saarland, Germany, April 2000.

BH98. Vasco Brattka and Peter Hertling. Feasible real random access machines.
Journal of Complexity, 14(4):490–526, 1998.

Bla01. J. Blanck. Exact real arithmetic systems: results of competion. In Jens
Blanck, Vasco Brattka, and Peter Hertling, editors, Computability and Com-
plexity in Analysis 2000, Berlin, 2001. Springer.

Bre76. R.P. Brent. Fast multiple precision evaluation of elementary functions. Jour-
nal of the ACM, 23:242–251, 1976.

Bre78. R.P. Brent. A Fortran multiple precision package. ACM Transactions on
Mathematical Software, 4:57–70, 1978.

BS86. L. Blum and M. Shub. Evaluating rational functions: Infinite precision is
finite cost and tractable on average. SIAM Jounal of Computing, 15(2):384–
398, 1986.



A Survey of Exact Arithmetic Implementations 45

BSS89. L. Blum, M. Shub, and S. Smale. On a theory of computation and com-
plexity over the real numbers: NP-completeness, recursive functions and
universal machines. Bulletin of the American Mathematical Society, 21(1),
July 1989.

CKVV00. A. Cuyt, P. Kuterna, P.B. Verdonk, and J. Vervloet. The class library for
exact rational arithmetic in ARIΘMOΣ. In Proceedings of the Fourth Real
Numbers and Computers, pages 141 – 160, 2000.

EP97. Abbas Edalat and Peter John Potts. A new representation for exact real
numbers. Electronical Notes in Theoretical Computer Science, 6:14 pp.,
1997. Mathematical foundations of programming semantics (Pittsburgh,
PA, 1997).

Gau12. C.F. Gauss. Disquisitiones generales circa seriem infinitam 1 + αβ
1 . γ

x +
α(α+1)β(β+1)
1 . 2 . γ(γ+1) xx + α(α+1)(α+2)β(β+1)(β+2)

1 . 2 . 3 . γ(γ+1)(γ+2) x3 etc. pars prior. In Werke,
volume 3, pages 123–162. Königlichen Gesellschaft der Wissenschaften,
Göttingen, 1812.

GL00. P. Gowland and D. Lester. The correctness of an implementation of ex-
act arithmetic. In Proceedings of the Fourth Real Numbers and Computers
Conference, pages 125–140, 2000.

Gos72. R.W. Gosper. Continued fraction arithmetic. HAKMEM 101b, MIT, 1972.
Gos77. R.W. Gosper. Continued fraction arithmetic. Unpublished Draft Paper,

1977.
Grz55. Andrzej Grzegorczyk. Computable functionals. Fundamenta Mathematicae,

42:168–202, 1955.
Grz57. Andrzej Grzegorczyk. On the definitions of computable real continuous

functions. Fundamenta Mathematicae, 44:61–71, 1957.
Grz59. Andrzej Grzegorczyk. Some approaches to constructive analysis. In A. Heyt-

ing, editor, Constructivity in mathematics, Studies in Logic and The Foun-
dations of Mathematics, pages 43–61, Amsterdam, 1959. North-Holland.
Colloquium at Amsterdam, 1957.

Har98. J. Harrison. Theorem Proving with the Real Numbers. Springer-Verlag,
London, 1998.

Hul82. T.E. Hull. The use of controlled precision. The Relationship Between Nu-
merical Computation and Programming Languages, pages 71–84, 1982.

Hur88. A. Hurwitz. Über die Entwicklung Komplexer Grössen in Kettenbrüche.
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Abstract. Representations of effective metric spaces which are equiva-
lent to the normed Cauchy representations are called standard represen-
tations. They can be characterized by their computability properties, i.e.,
by having both computable extensions as well as inversions computable
as relations. Another characterization is given by many-sorted so-called
indicator functions. Under weak suppositions on the underlying spaces,
there are also single-sorted effectively categorical structures characteriz-
ing the standard representations. To this purpose, both basic constants
and infinitary basic functions of the structures are necessary.

1 Introduction

The approach to approximate computability between effective metric spaces we
introduced and applied in [3] is essentially based on the principles of Weihrauch’s
type two theory of effectivity, cf. [9,11]. Function-oracle Turing machines in the
sense of Ko and Friedman [6,7] are used to perform transformations between
sequences of natural numbers which are interpreted as index sequences of fast
converging Cauchy sequences of skeleton points within the metric spaces un-
der consideration. So we avoid the explicit use of representations by fixing the
normed Cauchy representations as the canonically given ones. Standard repre-
sentations are such ones which are computationally equivalent to the normed
Cauchy representations. In our approach, they can be characterized by their
computational properties as it has been done in [3] for the metric space of real
numbers.

In the present paper, we first generalize these results in order to characterize
the standard representations of arbitrary effective metric spaces. Then we deal
with the problem of characterizing the standard representations by requiring
the computability of finitely many so-called indicator functions. More precisely,
we ask for functions f1, . . . , fn which are computable with respect to a repre-
sentation % iff % is a standard representation. This problem was introduced by
Hertling’s paper [4] on an effectively categorical structure over the real num-
bers. Brattka [1] has applied closely related notions and techniques and has got
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similar results within his many-sorted approach to computability over topolog-
ical structures. Under rather weak suppositions on the underlying space, one
can show that there are effectively categorical single-sorted structures, including
basic constants and relations, which characterize the standard representations.
It can be shown that the use of constants and infinitary functions is not avoid-
able in this context. Unfortunately, the question if the task can be solved by a
single-sorted algebra, i.e., a structure without basic relations, remains open.

This paper is organized as follows. Section 2 reports the basic notions on ef-
fective metric spaces and approximate computability, also for infinitary functions
between products of spaces. Section 3 deals with computability w.r.t. represen-
tations and generalizes results from [3] to arbitrary spaces. In Section 4, sets
of many-sorted indicator functions are given, whereas Section 5 deals with ef-
fectively categorical single-sorted structures. Section 6 supplies counterexamples
showing that constants and infinitary functions are necessary in structures char-
acterizing the standard representations. Throughout the paper, proofs are only
outlined, since they are mainly based on standard techniques of the theory of
(approximate) computability. We shall include some hints to related notions and
results in the literature. General overviews to computability on metric spaces can
be found in [1,3,5,6,9,10,11].

2 Effective Metric Spaces and Approximate
Computability

We briefly recall some basic concepts and notations introduced and discussed in
more detail in [3].

Definition 1. An effective metric space (briefly: EMS) is a tripleX = (X, d, S),
where – (X, d) is a complete metric space and

– S = (sn)n∈N is a sequence of elements from X such that
• the range, ran(S) = {sn : n ∈ N}, is dense in (X, d) and
• the set D< = {〈m, n, k〉 : d(sm, sn) < qk } is r. e.

(i.e., recursively enumerable).
If, moreover,

• the set D> = {〈m, n, k〉 : d(sm, sn) > qk } is r. e.,

then X is said to be a strongly effective metric space (briefly: SEMS).

As usual, 〈n1, . . . , nk〉 denotes the Cantor number of a k-tuple (n1, . . . , nk) ∈ Nk,
and νQ = (qk)k∈N is a fixed (total) standard numbering of the set Q of all
rational numbers.

The sequence S = (sn)n∈N is called the skeleton of the EMS X . It gives
the basis for the application of recursion theory to the complete separable (i.e.,
Polish) space (X, d).

Examples of SEMSs we shall deal with in the sequel are the following:

1. Discrete EMSs are of the form (X, dX , SX), where dX(x, x′) = 1 for x 6= x′

and SX = (xn)n∈N gives a numbering of the finite or countably infinite set
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X = ran(SX). In particular, the discrete EMS over the natural numbers is
specified as (N, dN, idN).

2. (R, dR, SR) is the space of real numbers, with the natural distance function
dR and the standard numbering of the rational numbers, SR= νQ.

3. (B, dB , SB ) is the Baire space of binary sequences, B = {0, 1}ω. The Baire
metric dB is here defined by dB ((βn)n∈N, (β′n)n∈N) = 2−min{n:βn 6=β′

n}, for
(βn)n∈N 6= (β′n)n∈N, and the skeleton SB corresponds to an effective bijective
standard numbering of the binary sequences ultimately stationary with 0:
ran(SB ) = {(β0, β1, . . . , βl, 0, 0, . . . ) : β0, β1, . . . , βl ∈ {0, 1}, l ∈ N}.

4. (F, dF, SF) denotes the Baire space of sequences of natural numbers, i.e.,
F = Nω, the Baire metric dF is defined like dB , and SF is an effective bijective
standard numbering of the ultimately 0-stationary sequences, i.e., ran(SF) =
{(ν0, ν1, . . . , νl, 0, 0, . . . ) : ν0, ν1, . . . , νl ∈ N, l ∈ N}.

Notice that ω is the first infinite ordinal number, it characterizes the order
type of the (ordered set of) natural numbers, (N, <). In this sense, Mω can be
identified with MN, for any set M . The special SEMSs specified at 1., 2., 3. and
4., respectively, will also simply be denoted by N, R, B and F.

One easily sees that SEMSs are characterized by the approximate com-
putability of the distance functions on their skeletons, whereas EMSs are charac-
terized by the right-cut computability of the distance functions on the skeletons,
cf. Section 4. For these and some more details and further examples, we refer to
[3] and [10].

A natural notion of (approximate) computability for functions between EMSs
is introduced by means of classical recursion theory after representing the ele-
ments x ∈ X by index sequences σ = (i0, i1, i2, . . . ) ∈ F for which the corre-
sponding S-sequences, S ◦ σ = (si0 , si1 , si2 , . . . ) ∈ ran(S)ω , converge effectively
to x. The sequence S ◦ σ = (sim)m∈N is said to be effectively converging to x if
d(x, sim) < 2−m, for all m ∈ N. Then it is also called a standard Cauchy function
of x (with respect to the skeleton S). By CF(S)

x , we denote the set of all index
sequences σ whose S-sequences, S ◦ σ, converge effectively to x.

Correspondingly, an element x ∈ X is said to be computable on X if CF(S)
x

contains a recursive sequence (of natural numbers).
Generalizing the approach by Ko and Friedman [6,7] introduced for real func-

tions, approximate computability of partial functions f : X �−→ Y , for EMSs
X = (X, d, S) and Y = (Y, d′, S′), can naturally be defined by means of function-
oracle Turing machines (briefly: OTMs). They process natural numbers and ac-
cess to the arguments x ∈ X via arbitrary oracle sequences σ ∈ CF(S)

x . More
precisely, in the course of its work, a machine can put oracle queries of the form
“ m ? ” which are answered by the (m + 1)st index im of the oracle sequence
σ = (i0, i1, i2, . . . ).

To compute the function f , an OTMM has to produce an outputMσ(n) =
jn ∈ N, for any input n ∈ N, in such a way that (jn)n∈N ∈ CF(S′)

f(x) if σ ∈ CF(S)
x

and x ∈ dom(f). For all x ∈ X \ dom(f) and all oracles σ ∈ CF(S)
x , there has to

be an input n for which the machine never halts, i.e.,Mσ(n) remains undefined.
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Here we give the details of definition for the more general case of partial
functions between product sets,

f :
∏

κ<α Xκ �−→
∏

λ<β Yλ,

for (finite or infinite) arities α, β ∈ N+ ∪ {ω} and EMSs X κ = (Xκ, dκ, Sκ) and
Yλ = (Yλ, d′λ, S′λ). Thus,

∏
κ<α Xκ consists of all sequences of length α with

elements from Xκ in their (κ + 1)st components:
∏

κ<α Xκ = {x = (xκ)κ<α : xκ ∈ Xκ for all κ < α}.

For α ∈ N+ , we simply have the ordinary Cartesian product, i.e.,
∏

κ<α Xκ =
X0 ×X1 × . . .×Xα−1, and one canonically gets an EMS

X 0 × . . .× Xα−1 = (X0 ×X1 × . . .×Xα−1, dmax, Ŝ)

defined by the component spaces:

dmax( (x0, . . . , xα−1), (x′0, . . . , x
′
α−1) ) = maxα−1

κ=0 dκ(xκ, x′κ),

Ŝ = ( (s0,πα
1 (i), . . . , sα−1,πα

α(i)) : i ∈ N )

if Sκ = (sκ,n)n∈N and the πα
κ denote the projections corresponding to the Cantor

numbering of α-tuples (1 ≤ κ ≤ α).
For α = ω and SEMSs X κ, there is also a canonical way to define a SEMS

∏
κ<ω X κ = (

∏
κ<ω Xκ, d̃, S̃ ) :

d̃( (xκ)κ∈N, (x′κ)κ∈N ) =
∑

κ∈N 2−κ dκ(xκ, x′κ)
1 + dκ(xκ, x′κ)

,

and S̃ enumerates the sequences of skeleton points which are equal to Sκ(0), for
all κ ≥ κ0, with some κ0 ∈ N. For details, we refer to [1].

Even if the definition of approximate computability of partial functions of
form f :

∏
κ<α Xκ �−→

∏
λ<β Yλ could equivalently be reduced to computabil-

ity w.r.t. these canonically obtained product spaces, we prefer the following
explicit version of definition which directly refers to the component spaces.

Let x = (x0, x1, . . .) ∈
∏

κ<α Xκ. To compute f(x), an OTMM has access to
an arbitrary oracle σ = ((i0,µ)µ∈N, (i0,µ)µ∈N, . . .) ∈ F

α. The oracle queries have
to be of the form 〈κ, µ〉, κ < α, µ ∈ N, and they are answered by the indices iκ,µ.
The inputs under consideration are Cantor numbers of pairs, 〈λ, ν〉, for λ < β
and ν ∈ N. The related outputs of the machine,Mσ〈λ, ν〉, if they exist, have to
be indices jλ,ν yielding a sequence (jλ,ν)ν∈N ∈ CF(S′

λ)
yλ

if f(x) = (y0, y1, . . .).
Fig. 1 illustrates this concept which we are going to define precisely now.

Definition 2. For arities α, β ∈ N+ ∪ {ω} and EMSs X κ = (Xκ, dκ, Sκ) and
Yλ = (Yλ, d′λ, S′λ), a function f :

∏
κ<α Xκ �−→

∏
λ<β Yλ is said to be (approx-

imately) computable iff there is an OTMM such that
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1. for all x = (x0, x1, . . . ) ∈ dom(f), all σ ∈ ∏κ<α CF(Sκ)
xκ

and all λ < β,
ν ∈ N, the outputs Mσ〈λ, ν〉 always exist and fulfill the condition
((Mσ〈0, ν〉)ν∈N, (Mσ〈1, ν〉)ν∈N, . . .) ∈∏λ<β CF(S′

λ)
yλ

if f(x) = (y0, y1, . . .);
2. for all x = (x0, x1, . . . ) 6∈ dom(f) and all σ ∈ ∏κ<α CF(Sκ)

xκ
, there is an

input 〈λ, ν〉 with λ < β, ν ∈ N, for whichMσ〈λ, ν〉 is undefined.

For α = β = 1, the product sets
∏

κ<α Xκ and
∏

λ<β Yλ are identified with
X0 and Y0, respectively, and the notion of computability of partial functions
f :

∏
κ<α Xκ �−→

∏
λ<β Yλ according to Def. 2 coincides with the original one

for f : X0 �−→ Y0 w.r.t. the EMSs X 0 and Y0.

machine M

oracle � � = ( (i0,µ)
µ∈N, (i1,µ)

µ∈N, . . . )

∈ Qκ<α CF
(Sκ)
xκ

-〈λ, ν〉 -M�〈λ, ν〉 = jλ,ν ∈ N
such that (jλ,ν )

ν∈N ∈ CF
(S′

λ)
yλ

for f(x0, x1, . . .) = (y0, y1, . . .)

66

〈κ, µ〉 ?

??

iκ,µ

Fig. 1. Computation of a function f :
∏

κ<α Xκ �−→
∏

λ<β Yλ by an OTMM.

As usual, one shows that approximate computability is closed under the
composition of functions and that computable functions between EMSs are con-
tinuous.

Lemma 1. Let f :
∏

κ<α Xκ �−→
∏

λ<β Yλ and g :
∏

λ<β Yλ �−→
∏

µ<γ Zµ be
computable, for related EMSs Xκ, Yλ and Zµ. Then g ◦ f is computable too.
If f : X �−→ Y is computable with respect to the EMSs X and Y over X and
Y , respectively, then f is continuous on its domain. ut

3 Representations and Computability

In the previous section, approximate computability has been introduced without
speaking about representations explicitly. This just gives the opportunity to
investigate the representations of EMSs from the computability point of view,
as it has been demonstrated for the space of real numbers in [3].

Definition 3. Let X = (X, d, S) be an EMS. By a representation of X , we mean
a surjective partial function % : A �−→ X, where A ∈ {B, F}.
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The normed Cauchy representation of X is defined as %
nC

X : F �−→ X with
dom(%

nC
X ) =

⋃
x∈X CF(S)

x and %
nC

X (σ) = x iff σ ∈ CF(S)
x .

Representations % are applied in order to use the sequences from %−1(x) as
names for the elements x ∈ X, for example in order to reduce computability on
X to computability on the name spaces B or F. So an element x ∈ X is said to
be %-computable iff its name set, %−1(x), contains a computable sequence.

Definition 4. Let % : A �−→ X and %′ : A′ �−→ Y be representations of EMSs
X and Y , respectively. A function f : X �−→ Y is said to be (%, %′)-computable
iff there is a function g : A �−→ A′ computable with respect to the underlying
EMSs B or F according to Def. 2 such that f ◦ %(σ) = %′ ◦ g(σ), for all σ ∈
dom(f ◦ %), and dom(f ◦ %) = dom(g) ∩ dom(%).

Let α, β ∈ N+ ∪ {ω}, and X κ = (Xκ, dκ, Sκ) and Yλ = (Yλ, d′λ, S′λ) be
EMSs as in Def. 2. For representations %κ : Aκ �−→ Xκ and %′λ : A′λ �−→ Yλ, a
function f :

∏
κ<α Xκ �−→

∏
λ<β Yλ is called (

∏
κ<α %κ,

∏
λ<β %′λ)-computable

iff there is a computable function g :
∏

κ<α Aκ �−→
∏

λ<β A
′
λ such that f ◦

(
∏

κ<α %κ)((σκ)κ<α) = (
∏

λ<β %′λ) ◦ g( (σκ)κ<α), for all sequences (σκ)κ<α ∈
dom(f ◦ (

∏
κ<α %κ)), and dom(f ◦ (

∏
κ<α %κ)) = dom(g) ∩ dom(

∏
κ<α %κ).

Herein the products of mappings like
∏

κ<α %κ and
∏

λ<β %′λ are straight-
forwardly understood: they have to be applied component-wise to tuples or se-
quences of related lengths, their values have the same lengths and are defined
just if the values in all components exist. In the related way, notations like %1×%2

or %α will be used.
We remark that our definition of computability w.r.t. representations cor-

responds to the stronger variant of this notion according to [9,1]. This relates
better to partial functions than the weaker version preferably used in type two
computability, see [4,11]. It is essential for the proof of the following result.

Proposition 1. For α, β ∈ N+ ∪ {ω}, and EMSs X κ and Yλ as in Def. 2, a
function f :

∏
κ<α Xκ �−→

∏
λ<β Yλ is computable in the sense of Def. 2 iff it

is (
∏

κ<α %
nC

X κ ,
∏

λ<β %
nC

Yλ)-computable.

Proof. We give a sketch of proof for α = β = 1, X 0 = X = (X, d, S) and
Y0 = Y = (Y, d′, S′).

First let the OTM Mf compute the function f : X �−→ Y according to
Def. 2. In order to compute a function g : F �−→ F which proves that the func-
tion f is (%

nC
X , %

nC
Y )-computable, an OTMMg can work as follows on inputs

n and oracle sequences σ′ ∈ CF
(SF)
σ with σ ∈ (%

nC
X )−1(x) = CF(S)

x , x ∈ X:
By computing Mσ

f (m), for m = 0, 1, . . . , n′ with sufficiently great n′, an initial

part of some σ′′ ∈ CF(S′)
f(x) is obtained which is sufficiently large to compute

the element σ′′′(n), for some sequence σ′′′ ∈ CF
(SF)

σ′′ = (%
nC

Y )−1(f(x)). Now
put g(σ′) = σ′′′, which is defined just if Mσ

f (m) exists for all m ∈ N, i.e., iff
x ∈ dom(f). Thus, %

nC
Y ◦ g(σ) = f ◦ %

nC
X (σ) for all σ ∈ dom(f ◦ %

nC
X ) =

dom(g) ∩ dom(%
nC

X ).
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Notice that σ can successively be obtained from σ′ ∈ CF
(SF)
σ and σ′′′ ∈ CF

(SF)

σ′′
can be obtained from σ′′, since the skeleton SF is supposed to be effectively
computable.

Conversely, let be given an OTMMg computing a function g : F �−→ F such
that %

nC
Y ◦g(σ) = f ◦%

nC
X (σ), for all σ ∈ dom(f ◦%

nC
X ), and dom(f ◦%

nC
X ) =

dom(g) ∩ dom(%
nC

X ). Then an OTM Mf computing f on input n and oracle

σ ∈ CF
(SF)
σ can compute Mσ′

g (m), for all m = 0, 1, . . . , n′, with a sufficiently

great n′, which yields a related initial part of σ′′′ ∈ CF
(SF )

σ′′ , for σ′′ ∈ CF(S′)
f(x),

just if f(x) exists. Finally, it can output the element σ′′(n). ut

One easily shows

Lemma 2. Computability w.r.t. representations is closed under the composition
of functions: if f1 : X 1 �−→ X 2 is (%1, %2)-computable and f2 : X 2 �−→ X 3 is
(%2, %3)-computable w.r.t. EMSs X i = (Xi, di, Si) and their representations %i

(i = 1, 2, 3), then f2 ◦ f1 is (%1, %3)-computable.
The analogue holds for functions between products of EMSs. ut

Now let % and %′ be representations of an EMS X = (X, d, S). To require
that any (%1, %)-computable function f : X1 �−→ X , for any representation %1

of an arbitrary EMS X 1 = (X1, d1, S1), is also (%1 , %
′)-computable, is equivalent

to the condition that idX is (%, %′)-computable. On the other hand, any (%, %1)-
computable function f : X �−→ X1 is also (%′, %1)-computable iff idX is (%′, %)-
computable. This leads to the following concepts.

Definition 5. For representations % and %′ of an EMS X = (X, d, S), % is said
to be reducible to %′ (briefly: % ≤ %′) iff idX is (%, %′)-computable. % and %′ are
called equivalent (briefly: % ≡ %′) iff both % ≤ %′ and %′ ≤ %.

It should be noticed that, for representations % : A �−→ X , %′ : A
′ �−→ X ,

% ≤ %′ simply means that there is a computable function g : A �−→ A
′ satisfying

%(σ) = %′ ◦ g(σ), for all σ ∈ dom(%).

Lemma 2 shows that computability w.r.t. representations for functions be-
tween products of (carrier sets of) EMSs remains valid if representations %λ of
image spaces are replaced by representations %′λ with %λ ≤ %′λ. Analogously,
representations %κ of preimage spaces can be replaced by %′κ if %′κ ≤ %κ. In par-
ticular, equivalent representations can be replaced each by the other without
changing the validity of computability assertions.

Since the normed Cauchy representations are the most natural ones from the
viewpoint of approximate computability, cf. Proposition 1, it becomes a crucial
problem to characterize just those representations which are equivalent to %

nC
X .

Definition 6. A representation % of an EMS X is said to be a standard repre-
sentation iff % ≡ %

nC
X .



Standard Representations of Effective Metric Spaces 55

First we show that the characterization of the standard representations of
the space of real numbers which has been obtained in [3] can be generalized to
arbitrary EMSs. To this purpose, we have to recall the notion of computability
for relations between EMSs.

Definition 7. For EMSs X = (X, d, S) and Y = (Y, d′, S′), a relation R ⊆
X × Y is said to be computable iff there is an OTM M such that

1. for all x ∈ dom(R) and all index sequences σ ∈ CF(S)
x , Mσ(n) always exists

and it holds (Mσ(n))n∈N ∈ CF(S′)
y , for some y with (x, y) ∈ R;

2. for all (x, y) ∈ R there is a sequence σ ∈ CF(S)
x such that (Mσ(n))n∈N ∈

CF(S′)
y ;

3. for all x 6∈ dom(R) and all σ ∈ CF(S)
x , there is an input n ∈ N for which

Mσ(n) is undefined.

If R is a function, i.e., for any x ∈ X there is at most one y with (x, y) ∈ R,
then it is computable according to Def. 7 iff it is computable in the sense of
Def. 2. Unfortunately, for computable relations R ⊆ X × Y and Q ⊆ Y ×Z, the
composition Q ◦ R = {(x, z) : there is an y ∈ Y s.t. (x, y) ∈ R and (y, z) ∈ Q }
is not necessarily computable.

By an inversion of a relation R ⊆ X×Y , we understand a right–inverse with
respect to composition, i.e., a relation R← ⊆ Y ×X such that R ◦R← = idY . It
follows that dom(R←) = ran(R) = Y .

Lemma 3. For any EMS X , %
nC

X is computable with respect to F and X , and
there is an inversion (%

nC
X )← of %

nC
X which is computable as relation from X

to F .

Proof. To compute %
nC

X , let an OTM M produce the output sequence of the

form (Mσ(n))n∈N = σ′ ∈ CF(S)
x , for any oracle sequence σ ∈ CF

(SF)

σ′ . This
is possible since the skeleton SF is supposed to be effectively computable. The

only difficulty is to guarantee that, for all oracles σ ∈ F \ ⋃{CF
(SF)

σ′ : σ′ ∈
CF(S)

x for some x ∈ X}, Mσ(n) remains undefined for at least one input n.
To this purpose, on any input n, M ensures additionally that (σ(k))k≤n is the
initial part of a normed Cauchy sequence of some sequence from F, by checking
if
⋂n

k=0 BallF2−k(SF(σ(k))) 6= ∅. This non-emptiness holds iff there is a number
mn ∈ N satisfying dF(SF(mn), SF(σ(k))) < 2−k for all k ∈ {0, 1, . . . , n}. Using
the effective enumeration of the set D< for the EMS F, M can confirm this.
Otherwise, Mσ(n) remains undefined.

To compute an inversion (%
nC

X )← of %
nC

X , an OTM M′ has simply to

generate an index sequence (M′ σ′
(n))n∈N = σ ∈ CF

(SF)

σ′ , for an oracle σ′ ∈
CF(S)

x , x ∈ X. ut
With a slight modification, the properties of Lemma 3 characterize the stan-

dard representations.
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Proposition 2. For every representation % : A �−→ X of an EMS X , it holds:

i) % ≤ %
nC

X iff there is an extension % ⊇ % which is a computable function
(from A to X );

ii) %
nC

X ≤ % iff there is an inversion %← of % which is a computable relation
(from X to A).

This has been proved for X = R in [3], Proposition 7. Since the proof given
there doesn’t use any particular property of R, it applies to the general assertion
with only slight modifications. So it is omitted here. ut

It immediately follows

Corollary 1. A representation % of an EMS X is a standard representation iff
there are both an extension % ⊇ % computable as function and an inversion %←

of % which is computable as relation. ut
In [3] we have discussed the possibility to restrict the notion of standard

representation in such a way that they are required to be computable functions.
Then there would be only ℵ0 standard representations of any X , whereas in the
more general sense applied so far there are 22ℵ0 standard representations if the
EMS X contains an accumulation point.
By means of Lemma 1, Proposition 2 also yields

Corollary 2. If % ≤ %
nC

X for a representation % of X , then % is continuous
on its domain. ut

As a main tool in the proof of Proposition 2, the existence of so-called funnel
machines for the EMSs A ∈ {F, B} is used. These are OTMs M computing
the identical functions idA in such a way that, for any element σ ∈ A, only one
distinguished output sequence (Mσ′

(n))n∈N occurs, independently on the oracle

σ′ ∈ CF
(SA )
σ . One can prove that an EMS admits a funnel machine iff it has an

injective standard representation. Here we only show

Lemma 4. The identical functions idF and idB are standard representations of
the EMS F and B, respectively.

Proof. Let A ∈ {F, B}. To reduce idA to %
nC
A , an OTM M has to produce an

output sequence (Mσ′
(n))n∈N = σ′′ ∈ CF

(SF)
σ , for any σ′ ∈ CF

(SA )
σ , σ ∈ A. To

confirm that %
nC
A ≤ idA , an OTM M′ has to produce (M′ σ′

(n))n∈N = σ′′ ∈
CF

(SA )
σ , for any σ′ ∈ CF

(SF)
σ , σ ∈ F. Both these transformations are possible

because of the effectiveness of the skeletons SF and SA . ut
Thus, a function f : F �−→ F is computable according to Def. 2 iff it is

(idF, idF)-computable, and analogously for B. Quite similarly one sees that ap-
proximate computability of functions f : F �−→ F could equivalently be defined
by OTMs getting the elements σ ∈ F themselves as oracle sequences and putting
out the function values directly, i.e., (Mσ(n))n∈N = f(σ). In this direct way, the
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notion of computability in the name spaces F and B is usually defined in type
two theory of effectivity, and computability over R or other EMSs is reduced to
that over F or B via representations then, cf. [9,11]. In the present approach,
we prefer our slightly more complicated definition in order to get a notion of
approximate computability which is uniformly applicable to arbitrary EMSs.

By Corollary 1, we obtain

Corollary 3. An injective representation % of an EMS is a standard represen-
tation iff both % and its inverse %−1 are computable functions.

Proof. If an injective representation % is standard, both an extension % and the
only possible inversion %−1 must be computable functions. Then a computation
of % can easily be restricted to dom(%) = {σ : %−1 ◦ %(σ) = σ}. The converse
direction follows immediately. ut

Since computable functions are continuous, injective standard representa-
tions can only exist if the EMS X is homeomorphic to a subset of F or B w.r.t.
the restriction of its metric. In particular, X has to be totally disconnected then.
Brattka and Hertling [2] have shown that the set of elements x ∈ X that have
infinite name sets %−1(x), with respect to a standard representation %, is fat and
dense in (X, d) if it is a locally connected perfect Polish space. This holds by
topological reasons, even for all so-called admissible representations %.

4 Indicator Functions for Standard Representations

Now we are going to deal with the problem to specify a set of functions such
that a representation % of an EMS X is a standard representation if and only if
all these functions are computable w.r.t. %. Thus, they are indicator functions
of the property of representations to be standard.

It would be nice to have a finite set {f1, . . . , fn} of indicator functions fi, each
of a finite arity ki ∈ N+ and operating on the carrier X of X . This would define
a constant–free, single-sorted algebra over the universe X, (X; f1, . . . , fn), which
is effectively categorical in the sense of Hertling [4]. This means that it is effec-
tive w.r.t. a representation % iff % is a standard representation. Unfortunately,
the problem is not solvable in this strong sense. So we have also to accept 0-ary
indicator functions, i.e., constants of the structure, and even infinitary functions.
Moreover, relations are allowed whose computability w.r.t. representations is de-
fined in a rather special way. Such single-sorted effectively categorical structures
characterizing the standard representations will be specified in the next section.

In the present section, as a first attempt, we deal with many-sorted indicator
functions. This weak version of the problem is closely related to Brattka’s [1]
approach to an abstract characterization of computability in structures. He just
considered many-sorted structures with operations that can be infinitary and/or
even indeterministic.

By the remarks after Def. 5, standard representations have to share all com-
putability properties of the normed Cauchy representations. Thus, in order to
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solve the problem, one has to search for some typical functions which are com-
putable w.r.t. %

nC
X .

First we observe that %
nC

X allows to compute an index sequence σ′ ∈ CF(S)
x ,

for any x ∈ X: it even holds (%
nC

X )−1(x) = CF(S)
x . Of course, it depends on

the given name σ ∈ (%
nC

X )−1(x) which σ′ is obtained. Thus, one has also to
consider the computability of relations w.r.t. representations.

Definition 8. Let % : A �−→ X and %′ : A
′ �−→ Y be representations of EMSs

X and Y, respectively. A relation R ⊆ X × Y is said to be (%, %′)-computable iff
there is a relation Q ⊆ A×A′ computable with respect to the underlying EMSs B

or F according to Def. 7 such that R ◦ %(σ) = %′ ◦Q(σ), for all σ ∈ dom(R ◦ %),
and Q(dom(%)) ⊆ dom(%′).

Herein let R ◦ %(σ) denote the set {y : (σ, y) ∈ R ◦ %}, in the same way
%′ ◦Q(σ) stands for a subset of Y . Correspondingly, in equations between values
of functions and relations within the following sketch of proof for Proposition
3, functions have to be considered as relations. Q(dom(%)) stands for the set
{σ′ : (σ, σ′) ∈ Q for some σ ∈ dom(%)}. From Q(dom(%)) ⊆ dom(%′) and R ◦
%(σ) = %′◦Q(σ), for all σ ∈ dom(R◦%), it follows dom(R◦%) = dom(Q)∩dom(%).
Thus, if R and Q in Def. 8 are functions, we have the situation from Def. 4.

Proposition 3. For any representation % : A �−→ X of an EMS X , it holds:

i) % ≤ %
nC

X iff (%
nC

X )−1 is (%, idF)-computable (as relation from X into F);
ii) %

nC
X ≤ % iff %

nC
X is (idF, %)-computable (as function from F into X ).

Proof. We show assertion i), the proof for ii) goes by standard methods.
If % ≤ %

nC
X , then %(σ) = %

nC
X ◦g(σ), for all σ ∈ dom(%), with a computable

function g : A �−→ F. It follows (%
nC

X )−1 ◦ %(σ) = (%
nC

X )−1 ◦ %
nC

X ◦ g(σ) =
idF ◦ ( (%

nC
X )−1 ◦%

nC
X ◦ g ) (σ). The relation Q = (%

nC
X )−1 ◦%

nC
X ◦ g ⊆ A×F

turns out to be computable. Q(dom(%)) ⊆ dom(idF) = F holds trivially.
Conversely, let (%

nC
X )−1 be (%, idF)-computable, i.e., (%

nC
X )−1 ◦ %(σ) =

idF ◦Q(σ), for all σ ∈ dom((%
nC

X )−1 ◦%) = dom(%), with a computable relation
Q ⊆ A × F. Then %(σ) = %

nC
X ◦ (%

nC
X )−1 ◦ %(σ) = %

nC
X ◦ Q(σ), for all

σ ∈ dom(%). Unfortunately, Q is not necessarily a function. Using a funnel
machine for the space A, however, similarly to the proof of Proposition 2, one
gets a function g ⊆ Q such that %(σ) = %

nC
X ◦ g(σ) for all σ ∈ dom(%) too. ut

Corollary 4. A representation % of an EMS X is a standard representation iff
both %

nC
X is (idF, %)-computable and (%

nC
X )−1 is (%, idF)-computable, the latter

as a relation from X into F. ut
After this counterpart of Proposition 2, we are going to consider operations

canonically related to any EMS X = (X, d, S). Recall that the skeleton S =
(sn)n∈N is a sequence of points, i.e., it is a function S : N −→ X . Since the con-
stant sequences are %

nC
X -names of the skeleton points, %

nC
X (n, n, n, . . .) = sn,
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one easily shows that S is (%
nC
N, %

nC
X )-computable. Notice that, by our defi-

nition of the EMS N, SN = idN and %
nC
N is essentially an injective numbering:

(%
nC
N)−1(n) = {(n, n, n, . . .)}. So the (%

nC
N, %)-computability of the skeleton S

is a candidate of a many-sorted indicator condition.
As a second natural indicator condition, we are now going to consider the

right–cut computability of the distance function d : X2 −→ R. Right–cut com-
putability of real–valued functions can fair be defined via a suitable nonstandard
representation %R

rcut
of the reals: let

%R
rcut

((k0, k1, k2, . . .)) = inf({qki : i ∈ N})

if (k0, k1, k2, . . .) ∈ dom(%R
rcut

) = {(k0, k1, k2, . . .) ∈ F : inf({qki : i ∈ N}) ∈ R}.
Remember that νQ= (qk)k∈N is the fixed standard numbering of Q.

The property that D< = {〈m, n, k〉 : d(sm, sn) < qk } is r. e. is just equiva-
lent to the right–cut computability of function d restricted to the points of the
skeleton. More precisely, the function d0 : N2 −→ R, defined by

d0(m, n) = d(sm, sn),

is (%
nC
N × %

nC
N, %R

rcut
)-computable. If X is even a SEMS, then d0 is typically

(%
nC
N× %

nC
N, %

nC
R)-computable, cf. [3].

The distance function d is (%
nC

X ×%
nC

X , %R
rcut

)-computable: for given names
σj = (nj0, nj1, . . .) ∈ (%

nC
X )−1(xj), j = 1, 2, the sequence of distances between

the related skeleton points, (d(sn1k , sn2k))k∈N and the recursive enumerability
of D< (or the right–cut computability of d0) can be used to generate a sequence
from (%R

rcut
)−1(d(x1, x2)). Indeed, it holds d(x1, x2) ≤ d(x1, sn1k)+d(sn1k , sn2k)+

d(sn2k , x2) < d0(n1k, n2k) + 2 · 2−k, for all k ∈ N.
So we have seen that, w.r.t. the normed Cauchy representation, both the

skeleton is computable and the distance is right–cut computable. These two con-
ditions of computability, however, give a natural characterization of effectivity
of an EMS w.r.t. a representation.

Definition 9. For a representation %, the EMS X = (X, d, S) is said to be %-
effective iff both the skeleton S is (%

nC
N, %)-computable and the distance d is

(%× %, %R
rcut

)-computable.

By Lemma 2 and the remarks above, we have

Lemma 5. For any standard representation %, the EMS X is %-effective. ut
On the other hand, if X is %-effective, % is not necessarily a standard represen-

tation. For example, let X = R and take as %-names the index sequences which
belong to uncomputably fast converging sequences of points of the skeleton, cf.
[4]. Then R is %-effective, but % is not a standard representation.

Lemma 6. If X is %-effective, then % ≤ %
nC

X and % is continuous.
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Proof. Given a %-name σ, by computing S successively and using the right–cut
computability of d w.r.t. %, the element x = %(σ) can effectively be approximated
by a sequence of skeleton points, with a computable rate of convergence. This
yields a %

nC
X -name of x. The continuity follows by Proposition 2 i). ut

The converse of Lemma 6 doesn’t hold: for every restriction % ⊆ %
nC

X with
ran(%) = X, we have % ≤ %

nC
X . If (X, d) is a perfect Polish space, however,

any preimage set (%
nC

X )−1(x), x ∈ X, contains nonrecursive sequences. But if
all %-names of a point of the skeleton x ∈ ran(S) are nonrecursive, S cannot be
(%

nC
N, %)-computable.

Lemmas 5 and 6 yield the following characterization.

Proposition 4. The standard representations are just the (w.r.t. ≤) greatest of
all those representations % for which the underlying EMS is %-effective.

Proof. If % is a standard representation of X , then X is %-effective by Lemma 5.
Moreover, by Lemma 6, for any representation %′ such that X is %′-effective, we
have %′ ≤ %

nC
X ≡ %. Conversely, if X is %-effective, then % ≤ %

nC
X by Lemma

6. If % is even the greatest of all representations which make X effective, it also
holds %

nC
X ≤ %. ut

Coming back to the problem of finding a set of indicator functions, we notice
that the condition of (%, idF)-computability of the relation (%

nC
X )−1 in Corollary

4 can equivalently be replaced by the %-effectivity of X . So we have

Proposition 5. A representation % of an EMS X is a standard representation
iff both X is %-effective and %

nC
X is (idF, %)-computable. ut

Thus, the functions S : N −→ X , d : X2 −→ R and %
nC

X : F �−→ X build
a finite set of indicator functions if their computabilities are required in the ways
described above. Unfortunately, they are many-sorted and establish relationships
between X and the EMSs N, R and F, respectively. In the general case of an
EMS X , we have even to consider the nonstandard representation %R

rcut
of R. If

X is a SEMS, %R
rcut

can equivalently be replaced by %
nC
R however.

5 Effectively Categorical Single-Sorted Structures

In their axiomatic approach to computability structures over Banach spaces,
Pour–El and Richards [8] required the computability of limits of computable
double sequences. This relates to Hertling’s [4] and Brattka’s [1] use of the func-
tion NormLim as an indicator function for the real number space and recursive
metric spaces, respectively.

Over an arbitrary EMS X = (X, d, S), NormLim is defined as an infinitary
partial function, NormLim : Xω �−→ X, such that

dom(NormLim) = {(xn)n∈N : d(xm, xn) < 2−min(m,n)},
NormLim( (xn)n∈N ) = lim

n→∞xn if (xn)n∈N ∈ dom(NormLim).
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Lemma 7. For any EMS X , NormLim is ( (%
nC

X )ω, %
nC

X )-computable. If, for
some representation %, X is %-effective and NormLim is (%ω , %)-computable, then
%
nC

X is (idF, %)-computable.

Proof. The ( (%
nC

X )ω, %
nC

X )-computability of NormLim is easily shown. An
OTM can successively confirm that the oracle sequence σ = (σ0, σ1, . . .) belongs
to dom(NormLim), and it can generate a %

nC
X -name of limn→∞ xn for σ ∈∏

n∈NCF(S)
xn

.
Now let X be %-effective and NormLim be (%ω, %)-computable. Given σ′ ∈

CF
SF
σ , σ ∈ (%

nC
X )−1(x), x ∈ X, an OTM can successively generate a sequence

of %-names of a sequence (xn)n∈N such that x = NormLim((xn)n∈N). This
is done by means of the (%

nC
N, %)-computability of S and the (% × %, %R

rcut
)-

computability of d. Then, using the (%ω , %)-computability of NormLim, a %-name
of x can be generated. ut

By means of Proposition 5, it follows

Proposition 6. A representation % of an EMS X is a standard representation
iff both X is %-effective and NormLim is (%ω , %)-computable. ut

So instead of the many-sorted function %
nC

X : F �−→ X , one can use the
function NormLim operating only on X as an indicator function. It just ex-
presses the %-effective completeness of X in a natural way. Unfortunately, it is
an infinitary function. In Section 6, we shall however see that finitary functions,
also together with constants and relations in the universe, are not sufficient to
characterize the standard representations.

Over the SEMS R of the real numbers, the (%
nC
N, %)-computability of the

skeleton SR = (qk)k∈N can be replaced by requirements concerning pure %-
computabilities. If the number 1 is %-computable and the arithmetical basic
operations +,−, ·, / are (%×%, %)-computable, then SR is (%

nC
N, %)-computable.

Conversely, any standard representation % has to fulfill these requirements. More-
over, the values dR(x, y) are computable w.r.t. %

nC
R from %-names of the argu-

ments x, y. So we have

Proposition 7. A representation % of the real numbers is a standard repre-
sentation iff the number 1 is %-computable, the basic operations +,−, ·, / are
(%× %, %)-computable, the distance function dR is (%× %, %

nC
R)-computable, and

NormLim is (%ω, %)-computable. ut

The proof shows that the number 1 and the functions +,−, ·, / as indicator
functions in Proposition 7 can equivalently be replaced by any set of (w.r.t.
%
nC
R) computable numbers and functions sufficient to generate all the points of

a skeleton equivalent to SR (cf. [3] for this equivalence notion). For example, the
number 1 and the operations +,−, · 1

2
, the latter considered as a unary function,

would yield the equivalent skeleton of dyadic numbers.
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Corollary 5. A representation % of the real numbers is a standard representa-
tion iff the number 1 is %-computable, the basic operations + and − are (% ×
%, %)-computable, the unary function · 1

2
is (%, %)-computable, the distance dR is

(%× %, %
nC
R)-computable, and NormLim is (%ω , %)-computable. ut

Also in arbitrary EMSs X = (X, d, S), the condition that the skeleton S is
(%

nC
N, %)-computable can often be replaced by computability conditions with

respect to % only. This is the case if the existence of an injective embedding

embN : N −→ X,

which is (%
nC
N, %)-computable and whose inverse is (%, %

nC
N)-computable, can

be expressed in this way. Indeed, by Lemma 2, then S is (%
nC
N, %)-computable

iff S ◦ embN
−1 is (%, %)-computable.

We are going to show that, for any EMS which possesses an effective discrete
sequence, such a function embN exists.

Definition 10. By an effectively discrete sequence (briefly: EDS) of an EMS
X = (X, d, S), we mean a pair (η, δ) of recursive total functions η, δ : N −→ N

such that d(sη(n), sη(n′)) > 2−δ(n), for all n, n′ ∈ N with n 6= n′.

In [3] we have shown that all SEMSs, which are unbounded or have an accu-
mulation point, possesses an EDS.

Now we suppose that X has an EDS (η, δ) fixed in the sequel. Then let

embN = S ◦ η.

This is an injection of N into X. To express the needed computability properties
w.r.t. %, we define the function succ : X �−→ X by dom(succ) = ran(S ◦ η),

succ(S ◦ η(n) ) = S ◦ η (n + 1), for all n ∈ N.

Lemma 8. Let X possess an EDS (η, δ), and let the functions embN and succ
be defined as described above. Then, for any representation % of X such that the
distance d is (%× %, %R

rcut
)-computable, the following conditions are equivalent:

1. embN is (%
nC
N, %)-computable, and its inverse is (%, %

nC
N)-computable;

2. both the element S ◦ η(0) is %-computable, and the function succ is (%, %)-
computable.

Proof. If Condition 1. holds, the element S ◦ η(0) = embN(0) is %-computable,
and the function succ = embN◦ (+1)◦ embN

−1 is (%, %)-computable, where (+1)
denotes the successor function on N.

Conversely, let Condition 2. be fulfilled. For the (%
nC
N, %)-computation of

embN(n), an OTM can successively generate sufficiently large initial parts of
%-names of the elements embN(0), embN(1), . . . , embN(n).
For the (%, %

nC
N)-computation of embN

−1(x), let an OTM first search for a
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number n ∈ N such that d(succn(S ◦ η(0)), x) < 2−δ(n)−1. This n is uniquely
determined if it exists, and will be found, since d is (% × %, %R

rcut
)-computable.

Then let the machine successively verify that x = succn(S ◦ η(0)) by confirming
that d(succn(S ◦ η(0)), x) < 2−m, for all m ∈ N. As long as this is possible, it
outputs n as an element of the constant sequence (n, n, . . .) = (%

nC
N)−1(n); in

the case of violation, the machine never halts. ut

Proposition 8. Suppose that the EMS X possesses an EDS (η, δ) and the func-
tions embN and succ are defined as above. A representation % of X is a standard
representation of X iff

– the element S ◦ η(0) is %-computable,
– the functions succ and S ◦ embN

−1 are (%, %)-computable,
– the distance function d is (%× %, %R

rcut
)-computable, and

– NormLim is (%ω , %)-computable.

Proof. If S ◦ η(0) is %-computable, the functions succ and S ◦ embN
−1 are (%, %)-

computable and the distance d is (%× %, %R
rcut

)-computable, then Condition 1 of
Lemma 8 follows, and the skeleton S is (%

nC
N, %)-computable. If % admits the

computation of NormLim too, it is a standard representation by Proposition 6.
On the other hand, for standard representations % the required computability
conditions have to be fulfilled, since in this case Condition 2 of Lemma 8 holds
true. ut

For a SEMS X , the (%× %, %R
rcut

)-computability of the distance d in Proposi-
tion 8 can equivalently be replaced by the (%×%, %

nC
R)-computability. By means

of the embedding embN, this can be enforced by a computability condition w.r.t.
% if the enumerability of relations w.r.t. % is also taken into account.

Definition 11. For a representation % of an EMS X , a k-ary relation R ⊆ Xk,
k ∈ N+ , is said to be enumerable w.r.t. % iff there exists a recursively open set
M ⊆ Fk such that (%k)−1(R ) ⊆M and (%k)−1 (Xk \ R ) ∩ M = ∅ .

As usual, by a recursively open set, we mean an effective union of basic
open sets, the details are given in [3]. For an equivalent characterization of
enumerability w.r.t. a representation, we refer to [4]. For example, the recursive
enumerability of D> implies that, for any SEMS X , the binary inequality relation
6= is enumerable w.r.t. %

nC
X .

One easily shows

Lemma 9. If %1 ≤ %2 and R is enumerable w.r.t. %2, for representations %1, %2

and a relation R of an EMS X , then R is enumerable w.r.t. %1 too. ut

Thus, the enumerability w.r.t. % of the inequality 6= turns out to be a nec-
essary condition for the standardness of a representation %.
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For a SEMS X with an EDS (η, δ) and an embedding function embN = S ◦η,
we consider the partial function dap : X3 �−→ X defined by

dap(x1, x2, x3) =




embN(0) if x3 ∈ ran(embN) and d(x1, x2) < qembN
−1

(x3)
,

embN(1) if x3 ∈ ran(embN) and d(x1, x2) > qembN
−1

(x3)
,

undefined if x3 6∈ ran(embN) or d(x1, x2) = qembN
−1

(x3)
.

Lemma 10. Let X be a SEMS with an EDS (η, δ), and embN = S ◦ η. Then
the function dap is (%3, %)-computable, for any standard representation % of X .
Conversely, if the element embN(0) is %-computable, the functions S ◦ embN

−1

and dap are (%, %)-computable resp. (%3 , %)-computable and the inequality relation
6= is enumerable w.r.t. %, then the distance d is (%× %, %

nC
R)-computable.

Proof. For the first assertion, we have to show that dap is ( (%
nC

X )3, %
nC

X )-
computable. Let be given %

nC
X -names of elements x1, x2, x3. Then an OTM can

try to compute successively both the numbers k = embN
−1(x3) and d(x1, x2). If

d(x1, x2) < qk or d(x1, x2) > qk, this is realized at some time and a %
nC

X -name
of embN(0) resp. embN(1) can successively be generated confirming at the same
time that x3 ∈ ran(embN). If x3 6∈ ran(embN) or d(x1, x2) = qembN

−1
(x3)

, then

the machine does never yield a result.
Now let the suppositions of the second assertion be fulfilled, and let x1, x2 be

given by %-names as oracle sequences of an OTM. For any n ∈ N, the machine
can find a rational number qm such that |d(x1, x2)− qm| ≤ 2−(n+1). This is done
by simulating sufficiently large initial parts of computations of dap(x1, x2, k),
for qk ∈ {qm − 2−(n+1), qm + 2−(n+1)}, m ∈ N, up to having confirmed that
qm− 2−(n+1) ≤ d(x1, x2) ≤ qm + 2−(n+1), for some number m. Then this m can
be put out as an index of a 2−n-approximation of d(x1, x2). ut
It immediately follows

Proposition 9. Let X be a SEMS with an EDS (η, δ), the functions embN,
succ and dap be defined as above. Then a representation % of X is a standard
representation of X iff

– the element S ◦ η(0) is %-computable,
– the functions succ and S ◦ embN

−1 are (%, %)-computable,
– the function dap is (%3 , %)-computable,
– NormLim is (%ω , %)-computable, and
– the inequality relation 6= is enumerable w.r.t. %.

In other words, the structure (X; S ◦ η(0); succ, S ◦ embN
−1, dap, NormLim; 6=) is

effectively categorical. ut
For the SEMS R of real numbers, we can suppose that η(n) = n and SR(0) =

0. Then embN = idN, and succ is the addition of 1, succ(n) = n+1, restricted to
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the natural numbers as a subset of R. Moreover, SR◦embN
−1(n) = SR(n) = qn.

The function dap behaves as follows on R:

dap(x1, x2, x3) =




0 if dR(x1, x2) < qx3 , x3 ∈ N,
1 if dR(x1, x2) > qx3 , x3 ∈ N,
undefined if x3 6∈ N or dR(x1, x2) = qx3 .

Corollary 6. A representation % of the real numbers is a standard representa-
tion iff

– the number 0 is %-computable,
– the partial real functions succ and SR are (%, %)-computable,
– the function dap is (%3 , %)-computable,
– NormLim is (%ω , %)-computable, and
– the inequality 6= is enumerable w.r.t. %.

Thus, the real number structure (R; 0; succ, SR, dap, NormLim; 6=) as well as
(R; 1; +,−, ·, /, dap, NormLim; 6=) and (R; 1; +,−, · 12 , dap, NormLim; 6=) are effec-
tively categorical. ut

This result is closely related to Hertling’s [4] original one yielding the effec-
tively categorical structure (R; 0, 1; +,−, ·, /,NormLim; <).

So, under rather weak suppositions on the SEMS X , we have specified a finite
set of indicator functions and relations operating on the carrier of X only. It
should be noticed, however, that the notion of enumerability of relations w.r.t.
representations refers to recursively open sets and is not really based on the
concept of approximate computability of functions. The question if there are
effectively categorical single-sorted algebras, for example over the real numbers,
which characterize the standard representations remains open.

6 Some Counterexamples

In this section, we deal with some special nonstandard representations showing
that certain modifications of our conditions from the previous section are not
sufficient to characterize the standard representations.

The first example proves that the requirement of computability of some con-
stants of the EMSs cannot be avoided in this context.

Lemma 11. To any EMS X = (X, d, S), there is a nonstandard representa-
tion % such that every ( (%

nC
X )α, %

nC
X )-computable function f : Xα �−→ X,

for α ∈ N+ ∪ {ω}, is (%α, %)-computable too, and every relation enumerable
w.r.t. %

nC
X is also enumerable w.r.t. %.

Proof. Let ϕ : N −→ N be a nonrecursive total function. For any %
nC

X -name
σ ∈ CF(S)

x , x ∈ X, let σ̂ ∈ F be defined by

σ̂(2n) = σ(n), σ̂(2n + 1) = ϕ(n) (for all n ∈ N).



66 Armin Hemmerling

The representation % is determined by

dom(%) = {σ̂ : σ ∈ dom(%
nC

X ) } , and %(σ̂) = %
nC

X (σ).

In other words, the %-names consist of the %
nC

X -names on a first trace (of even
numbered places) and of the sequence ϕ on a second trace (of odd places).

Any OTM computing w.r.t. %
nC

X an α-ary function f on X, α ∈ N+ ∪ {ω},
can easily be modified to a machine computing f w.r.t. %. Moreover, it holds
% ≤ %

nC
X , but not %

nC
X ≤ %, since ϕ is not recursive. Also there is no %-

computable element of X . So % is nonstandard. By Lemma 9, any relation which
is enumerable w.r.t. %

nC
X is also enumerable w.r.t. %. ut

The following result shows that the standard representations cannot be char-
acterized by effectively categorical structures, possibly of infinite signature, which
have only finitary basic functions.

Proposition 10. Let X = (X, d, S) be an EMS possessing a noncomputable
element. Then there is a nonstandard representation %̂ such that:

– every %
nC

X -computable element x ∈ X is %̂-computable,
– every function f : Xk �−→ Xl, k, l ∈ N+ , which is ((%

nC
X )k, (%

nC
X )l)-

computable is (%̂ k, %̂ l)-computable too, and
– every relation R ⊆ Xk, k ∈ N+ , which is enumerable w.r.t. %

nC
X is also

enumerable w.r.t. %̂.

Proof. The construction of %̂ is similar to that of the representation from the
previous proof. Let be fixed a noncomputable element y ∈ X and a sequence σy ∈
CF(S)

y = (%
nC

X )−1(y). By reasons of cardinality, there is a nonrecursive total
function ϕy : N −→ N such that, for every OTM M, either Mσy(n) remains
undefined for some input n ∈ N, or (Mσy (2n + 2))n∈N 6= (ϕy(n))n∈N, i.e., the
sequences don’t coincide.

For any %
nC

X -name σ ∈ ⋃x∈X CF(S)
x , let σ̂0, σ̂1 ∈ F be defined by

σ̂0(0) = 0,

σ̂0(n + 1) = σ(n), for n ∈ N;
σ̂1(0) = 1,

σ̂1(2n + 1) = σ(n),
σ̂1(2n + 2) = ϕy(n), for n ∈ N.

Thus, the first element σ̂i(0) gives the index i ∈ {0, 1}. Moreover, σ̂0 corresponds
to σ, where all values are shifted by one place, whereas σ̂1 consists of the sequence
σ on a first trace of the odd numbered places and of the values of function ϕy

on the second trace given by the places 2n + 2, for n ∈ N.
For σ ∈ dom(%

nC
X ), let

%̂(σ̂1) = %
nC

X (σ) if %
nC

X (σ) is not %
nC

X -computable,

%̂(σ̂i) = %
nC

X (σ) if %
nC

X (σ) is %
nC

X -computable and i ∈ {0, 1},
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i.e., the domain of the representation %̂ is defined as

dom( %̂ ) = {σ̂i : σ ∈ dom(%
nC

X ) and

i ∈ {0, 1} if %
nC

X (σ) is %
nC

X -computable,

i = 1 if %
nC

X (σ) is not %
nC

X -computable }.
One easily sees that %̂ ≤ %

nC
X . By our supposition on the function ϕy, there is

no OTM transforming the special sequence σy ∈ (%
nC

X )−1(y) into some element
from %̂−1(y). Thus, %

nC
X 6≤ %̂, and %̂ is nonstandard.

On the other hand, for any recursive %
nC

X -name σ, the related %̂ -name σ̂0

is recursive too.
Moreover, any finitary function f : Xk �−→ Xl, k, l ∈ N+ , which is com-

putable w.r.t. %
nC

X , is also computable w.r.t. %̂. Indeed, for computable argu-
ments x1, . . . , xk from the domain of f , also the components x′1, . . . , x

′
l of the

value (x′1, . . . , x′l) = f(x1, . . . , xk) are computable (w.r.t. %
nC

X ). Thus, an OTM
M computing f w.r.t. %

nC
X can easily be modified to a machineM′ computing

f w.r.t. %̂. To this purpose, given %̂-names of the arguments, M′ successively
puts here corresponding %

nC
X -names and simulatesM on them. If at least one

input name starts with 1 at place 0 (i.e., the table of function ϕy is communi-
cated by this name), letM′ output the modifications σ̂1 of the output sequences
σ produced by M; if all input names start with number 0 (i.e., all arguments
are computable), let the output sequences have the forms σ̂0.

Finally, since %̂ ≤ %
nC

X , any k-ary relation on X, k ∈ N+ , which is enumer-
able w.r.t. %

nC
X , is enumerable w.r.t. %̂ too. ut

In particular, Proposition 10 applies to the SEMS R of real numbers as well
as to the sequence spaces B and F. Thus, it negatively answers the question
if there is an effectively categorical structure over the reals with only finitary
basic functions. This problem was left open in [4]. Unfortunately, the question
discussed at the end of the previous section, if the relations can be avoided in
effectively categorical structures, is still open. We remark without proof that
in the case of total structures, i.e., if all basic functions have to be total, as
well as if the weak definition of computability w.r.t. representations is used, one
can show that relations cannot be avoided in effectively categorical structures
characterizing the standard representations.

With respect to the representation %̂, notice that an infinitary operation like
NormLim can yield uncomputable results NormLim((xn)n∈N), even if all argu-
ments xn are %

nC
X -computable. Since the skeleton gives a dense set ran(S),

every element of X can even be obtained in this way. Thus, if X contains ele-
ments which are not %

nC
X -computable, the function NormLim cannot be (%̂ω , %̂)-

computable.
We close with some remarks on the general or naive Cauchy representation

%
gC

X . It is defined as %
gC

X : F �−→ X , dom(%
gC

X ) = {σ ∈ F : limn→∞ S ◦
σ(n) exists}, %

gC
X (σ) = limn→∞ S ◦ σ(n), for σ ∈ dom(%

gC
X ).
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There are several reasons that approximate computability cannot be based
on %

gC
X instead of %

nC
X , cf. [9,2,11]. They illustrate the differences between the

nonconstructive point of view in classical analysis and the demands in effective
analysis, respectively. A rather simple reason, perhaps surprising on a first view,
consists in the discontinuity of %

gC
X . One easily shows

Lemma 12. For any two elements x, y ∈ X, x 6= y, there is a converging
sequence of %

gC
X -names of x, (σn)n∈N, %

gC
X (σn) = x for all n ∈ N, such that

%
gC

X ( limn→∞ σn ) = y. ut

Thus, %
gC

X is not a standard representation if card(X) ≥ 2. Nevertheless, as

it has been remarked by Brattka and Hertling [2], continuity and (%
gC

X , %
gC

X )-
continuity of functions over X coincide.

Within our framework, the situation is different. Even if dom(%
gC

X ) is not

closed for card(X) ≥ 2, one can see that dom(f) is closed for any (%
gC

X , %
gC

X )-

computable function f : X �−→ X . Thus, there are (%
nC

X , %
nC

X )-computable
functions which are not (%

gC
X , %

gC
X )-computable, as well as (%

gC
X , %

gC
X )-

computable functions which are not (%
nC

X , %
nC

X )-computable.
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7. K.–I. Ko, H. Friedman: Computational complexity of real functions. Theoretical

Computer Science 20, 1982, 323–352
8. M. B. Pour-El, J. I. Richards: Computability in analysis and physics. Springer–

Verlag, Berlin et al. 1989
9. K. Weihrauch: Computability. Springer–Verlag, Berlin et al., 1987

10. K. Weihrauch: Computability on computable metric spaces. Theoretical Com-
puter Science, v. 113, 1993, 191 – 210

11. K. Weihrauch: Computable analysis. Springer–Verlag, Berlin et al., 2000



Banach–Mazur Computable Functions

on Metric Spaces

Peter Hertling

Theoretische Informatik I, FernUniversität Hagen, 58084 Hagen, Germany
peter.hertling@fernuni-hagen.de

Abstract. We present Mazur’s continuity results for Banach–Mazur
computable functions on computable real numbers in the slightly more
general setting of metric spaces satisfying suitable computability con-
ditions. Additionally, we prove that the image of a computable, com-
putably convergent sequence under a Banach–Mazur computable func-
tion is again computably convergent.

1 Introduction

Among the first people who studied computability over the real numbers in
the sense of recursion theory were Banach and Mazur, as is documented in [1].
The book [10], edited by A. Grzegorczyk and H. Rasiowa and based on lecture
notes “S. Mazur ‘Computable Analysis’ in the academic year 1949–1950” [10,
Foreword by Grzegorczyk and Rasiowa], contains a detailed exposition of their
results. Some of them had already been presented by Grzegorczyk [5].

Among other things, Mazur [10] considered functions f mapping computable
real numbers to computable real numbers satisfying the following condition: if a
sequence (xn)n of real numbers is computable and contained in the domain of f
then its image under f , the sequence (f(xn))n, is again a computable sequence
of real numbers. We call such functions Banach–Mazur computable or, shorter,
BM–computable. One of the most interesting properties proved by Mazur about
Banach–Mazur computable functions on the computable real numbers is that any
function of this kind which is defined on all computable real numbers in some
interval must be continuous in this interval. Since, according to [10, Foreword],
the results presented there “concerning general recursive mathematical objects
are obtained by Mazur himself after the war” and are contained in the above
mentioned lecture notes from 1949–1950, it is possible that this is historically
the first continuity result for functions satisfying an effectivity condition which
does not obviously imply continuity, and that it precedes the results by Markov
[8,9] and the effective continuity results by Kreisel, Lacombe, Shoenfield [6], by
Cĕıtin [2,3], and by Moschovakis [11]. But it should be noticed that in [6,2,3,11]
on the one hand functions are considered which are computable in a slightly
stronger sense than the Banach–Mazur computable functions, and that on the
other hand in these papers not only continuity but even effective continuity in
various senses is derived for such functions.

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 69–81, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Let us have a look at the two main results by Mazur concerning continuity for
Banach–Mazur computable functions over the real numbers. Let us fix a (possibly
partial) Banach–Mazur computable function mapping computable real numbers
to computable real numbers.

The first result says that, for any computable sequence in the domain of the
function converging to a point in the domain its image under the function con-
verges to the image of the point. This result can be generalized straightforwardly
to computable metric spaces.

The second result says that the function is even continuous if the domain
is equal to the set of all computable real numbers in an interval. This can also
be expressed by saying that, under this additional condition on the domain, for
any sequence in the domain of the function converging to a point in the domain
its image under the function converges to the image of the point, i.e. one can
drop the condition that the first sequence is computable. This result can also be
generalized straightforwardly to computable metric spaces. Furthermore, instead
of assuming that the domain of the function is an interval of computable real
numbers it is sufficient to assume that the domain contains a dense computable
sequence.

After presenting some preliminary material and the versions of these two
results for metric spaces including proofs, we shall prove a third, complement-
ing result: for any computable sequence in the domain of the function which
converges computably to a point in the domain its image under the function
converges computably to the image of the point.

Finally, we shall discuss shortly the relation between the notions of Banach–
Mazur computability and the other computability notion mentioned above and
considered in [6,2,3,11], where it was shown to be equivalent to effective conti-
nuity if the considered functions have a sufficiently simple domain of definition.

2 Notions

2.1 Basic Notation and Computability

By N, Q, R, we denote the set of natural numbers, i.e. nonnegative integers, the
set of rational numbers, and the set of real numbers, respectively. A sequence
x0, x1, x2, . . . will be denoted by (xn)n or (xi)i, etc. For two sets X and Y , by
f :⊆ X → Y we denote a possibly partial function whose domain of definition
is a subset of X, and whose range is a subset of Y . We denote the domain of
definition of f by dom f and the range of f by range f . If dom f = X, we call
the function f total and may indicate this by writing f : X → Y instead of
f :⊆ X → Y . For an integer k ≥ 1, we denote by P (k) the set of all computable
—in the sense of recursion theory— functions f :⊆ Nk → N. We use the standard
bijection 〈·, ·〉 : N2 → N defined by 〈i, j〉 = (i+ j)(i+ j +1)/2+ j, for all i, j ∈ N.
Inductively, we define 〈i1, . . . , ik, ik+1〉 := 〈〈i1, . . . , ik〉, ik+1〉, for k ≥ 2. We fix
a total standard numbering ϕ of all computable natural number functions, i.e.
a total surjective function ϕ : N→ P (1) satisfying the following two conditions:
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(1) (universality) the function u :⊆ N2 → N defined by u(i, j) := ϕ(i)(j), for
all i, j ∈ N, is computable; (2) (smn–property) for any computable function
f :⊆ N2 → N there exists a total computable function r : N → N with f(i, j) =
ϕ(r(i))(j), for all i, j ∈ N. Often we write ϕi instead of ϕ(i), and ϕi(j) instead
of ϕ(i)(j). A set A ⊆ Nk is computably enumerable, iff there is a computable
function f :⊆ Nk → N with dom f = A. It is decidable, iff both it and its
complement are computably enumerable.

2.2 Numbered Sets and Computability

A numbering of a countable set X is a surjective function ν :⊆ N → X. A
numbered set is a pair (X, ν) consisting of a countable set X and a numbering
ν :⊆ N→ X.

Definition 1. Let (X, ν) be a numbered set.

1. A number i ∈ N is called a ν–index of an element x ∈ X, iff ν(i) = x. We
often write νi for ν(i).

2. A sequence (xn)n in X is called ν–computable, iff there is a total computable
function f : N → N with xn = ν(f(n)) for all n. A number i is called a ν–
index for the sequence (xn)n, iff the function ϕi is total and xn = ν(ϕi(n))
for all n.

3. Let (X(i), ν(i)) be numbered sets for i = 1, . . . n, n ≥ 2. One defines a
numbering (ν(1), . . . , ν(n)) of X(1) × . . .×X(n) by

dom(ν(1), . . . , ν(n)) := {〈i1, . . . , in〉 | ij ∈ dom ν(j), for all j = 1, . . . , n},
and by (ν(1), . . . , ν(n))(〈i1, . . . , in〉) := (ν(1)(i1), . . . , ν(n)(in)), for all ij ∈
dom ν(j), j = 1, . . . , n.

In the following definition the letters BM stand for “Banach–Mazur”. The
computability notion for functions was introduced by them. The computability
notion for sets is taken from Lachlan [7].

Definition 2. Let (X, ν) and (X′, ν ′) be numbered sets.

1. A subset Y ⊆ X is called BM–ν–computably enumerable, iff for any ν–
computable sequence (xn)n in X the set {n ∈ N | xn ∈ Y } is computably
enumerable.

2. A function f :⊆ X → X′ is called BM–(ν, ν ′)–computable, iff for any ν–
computable sequence (xn)n with xn ∈ dom f , for all n, the sequence (f(xn))n
is ν ′–computable.

3. Assume that X ⊆ X′. The numbering ν is BM–reducible to ν ′, written:
ν ≤BM ν ′, iff any ν–computable sequence is also ν ′–computable. We write
ν ≡BM ν ′, iff ν ≤BM ν ′ and ν ′ ≤BM ν .

While in this paper we will deal mostly with these computability notions,
the following notions are more common and defined analogously.
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Definition 3. Let (X, ν) and (X′, ν ′) be numbered sets.

1. A subset Y ⊆ X is called ν–computably enumerable, iff there exists a com-
putably enumerable set A ⊆ N with ν−1(Y ) = A ∩ dom ν .

2. A function f :⊆ X → X′ is called (ν, ν ′)–computable, iff there is a com-
putable function F :⊆ N→ N with fν(i) = ν ′F (i), for all i ∈ dom(fν).

3. Assume that X ⊆ X′. The numbering ν is reducible to ν ′, written: ν ≤ ν ′,
iff there is a computable function F :⊆ N → N with ν(i) = ν ′(F (i)), for all
i ∈ dom ν . We write ν ≡ ν ′, iff ν ≤ ν ′ and ν ′ ≤ ν .

The second set of definitions is slightly stronger than the first.

Lemma 4. Let (X, ν) and (X′, ν ′) be numbered sets. Any ν–computably enu-
merable set Y ⊆ X is BM–ν–computably enumerable. Any (ν, ν ′)–computable
function is BM–(ν, ν ′)–computable. And ν ≤ ν ′ implies ν ≤BM ν ′.

We omit the simple proof. We make some comments on the reverse of Lemma
4 at the end of Section 3.

Very often we will omit the prefix ν resp. (ν, ν ′) etc. indicating the num-
berings when these are clear from the context. Then we speak simply of com-
putable sequence, of an index of an element or a computable sequence, of a
(BM–)computably enumerable set, and of a (BM–)computable function.

2.3 Computable Metric Spaces

Often one considers numbered sets with additional properties. For example, the
set X could be a metric space. In that case we speak of a numbered metric space,
understanding that besides the numbering ν of the set X we have also fixed a
metric d : X ×X → R on the set X. We will usually denote any metric on any
metric space simply by d, with one exception: the distance of two rational or real
numbers x and y is denoted |x− y|. It should always be clear from the context
on which space the considered metric d is defined.

Example 5. The function νQ : N→ Q defined by νQ(〈i, j, k〉) := (i−j)/(1+k), for
i, j, k ∈ N, is a total numbering of Q. Whenever we speak about computability for
objects involving rational numbers, we always mean the computability notions
defined with respect to the numbered set (Q, νQ). This pair is a numbered metric
space, with the usual Euclidean metric. In fact, it is even a computable metric
space according to the following definition.

Definition 6. A numbered metric space (X, ν) is called

1. BM–semi–computable, iff the set {(x, y, q) ∈ X2 × Q | d(x, y) < q} is BM–
(ν, ν, νQ)–computably enumerable,

2. BM–computable, iff it is BM–semi–computable and the set {(x, y, q) ∈ X2×
Q | d(x, y) > q} is BM–(ν, ν, νQ)–computably enumerable.
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The notions semi–computable and computable for a numbered metric space are
defined analogously.

If a numbered metric space is semi–computable (resp. computable) then it is
also BM–semi–computable (resp. BM–computable).

We need precise notions what it means to approximate an element efficiently
by a sequence of elements.

Definition 7. Let (X, ν) be a numbered metric space, and let (xn)n be a se-
quence of elements in X.

1. The sequence (xn)n is computably Cauchy, iff there exists a total computable
function e : N→ N such that ∀n, m, l ∈ N. (m, l ≥ e(n)⇒ d(xm, xl) ≤ 2−n).
Such a function e is called a computable modulus of convergence for (xn)n.
The sequence (xn)n converges computably, iff it is computably Cauchy and
converges to an element in X.

2. The sequence (xn)n is a fast Cauchy sequence, iff ∀n, m ∈ N. d(xn, xm) ≤
2−min{n,m}. The sequence (xn)n converges fast, iff it is a fast Cauchy se-
quence and converges to an element in X.

Obviously, any fast Cauchy sequence is also computably Cauchy. Note that, if
e : N→ N is a computable modulus of convergence for a sequence (xn)n, then the
function ẽ : N → N defined by ẽ(n) := max{e(0), . . . , e(n)} is a nondecreasing
computable modulus of convergence for (xn)n.

Definition 8. Let (Y, ν) be a numbered metric space, and let X ⊇ Y be a
metric space containing Y such that every element in X is the limit of some fast
Cauchy, computable sequence of elements of Y . We define the derived numbering
∂Xν :⊆ N→ X of X by

∂Xν(i) = x ⇐⇒ i is a ν–index of some computable,
fast Cauchy sequence in Y with limit x,

for i ∈ N and x ∈ X. If X = Y , we usually write ∂ν for ∂Xν .

It is clear that this is indeed a definition of a numbering of X. Since from
an index of an element x ∈ Y one can easily compute an index of the con-
stant sequence in Y whose components are all equal to x, we observe ν ≤ ∂Xν .
For the numbering ∂Xν also the converse holds true: ∂X(∂Xν) ≤ ∂Xν , as one
checks by taking a diagonal sequence and using some triangle inequalities. Hence,
∂X(∂Xν) ≡ ∂Xν ,

Definition 9. A numbered metric space (X, ν) is called BM–weakly complete,
iff ∂ν ≤BM ν . It is called weakly complete, iff ∂ν ≤ ν .

Hence, (X, ν) is BM–weakly complete, iff ∂ν ≡BM ν , and (X, ν) is weakly
complete, iff ∂ν ≡ ν . Any weakly complete space is also BM–weakly complete.
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Example 10. A real number x is called computable, iff there exists a computable,
fast Cauchy sequence of rational numbers with limit x. Let Rc denote the set of all
computable real numbers. The pair (Rc, νRc) with the numbering νRc := ∂RcνQ

and endowed with the Euclidean metric is a computable, weakly complete metric
space. Whenever we speak about computability for objects involving computable
real numbers, we always mean the computability notions defined with respect
to the numbered set (Rc, νRc).

Using the space (Rc, νRc) one can give another useful characterization of
BM–computable metric spaces and of computable metric spaces.

Lemma 11. A numbered metric space (X, ν) is BM–computable (resp. com-
putable), iff its metric d : X × X → R satisfies range d ⊆ Rc and is BM–
((ν, ν), νRc)–computable (resp. ((ν, ν), νRc)–computable).

We omit the proof.
We will have to encode the halting problem into a computable sequence. The

following lemma gives two possibilities how to do that.

Lemma 12. Let (X, ν) be a BM–weakly complete metric space, and let (xn)n
be a computable and computably convergent sequence with limit x∞ ∈ X.

1. Let g : N → N be a total computable function, A := range g. Then the
sequence (zn)n defined by:

zn :=

{
x∞ if n 6∈ A,

xm if n ∈ A and m = min{l | g(l) = n}

is computable.
2. Let h :⊆ N→ N be a computable function with the property that the set

{〈n, k〉 | n ∈ domh and h(n) ≤ k}

is decidable. Then the sequence (zn)n defined by:

zn :=

{
x∞ if n 6∈ domh,

xh(n) if n ∈ domh

is computable.

Proof. Let e : N → N be a nondecreasing, computable modulus of convergence
for (xn)n. For the proof of the first assertion, we define a computable function
f : N2 → N by

f(n, i) :=

{
e(i) if n 6∈ {g(0), . . . , g(e(i))},
m if n ∈ {g(0), . . . , g(e(i))} and m = min{l | g(l) = n}.
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For the proof of the second assertion, we define a computable function f : N2 →
N by

f(n, i) :=

{
e(i) if n 6∈ dom h or h(n) > e(i),
h(n) if n ∈ dom h and h(n) ≤ e(i).

In both cases, the sequence (xf(n,i))〈n,i〉 is ν–computable, and, for each n ∈ N,
the sequence (xf(n,i))i converges fast to zn. Thus, by the smn–property, the
sequence (zn)n is ∂ν–computable. Since we assume (X, ν) to be BM–weakly
complete, we obtain that (zn)n is also ν–computable. That was to be shown. ut

In the following well–known example we show how one can apply the lemma
in order to encode the halting problem into a computable sequence.

Example 13. In Example 5 we have defined the numbered metric space (Q, νQ),
and we mentioned that it is computable. Here we show that it is not BM–weakly
complete. We show this by exhibiting a sequence (zn)n of rational numbers
which is ∂νQ–computable, but not νQ–computable. Let K ⊆ N be a computably
enumerable but not decidable set, and let g : N → N be a total computable
function with range g = K. Note that the sequence (2−n)n is a νQ–computable,
fast converging sequence of rational numbers with limit 0. Then it is also ∂νQ–
computable. We define a sequence (zn)n as in Lemma 12.1 by

zn :=

{
0 if n 6∈ K,

2−m if n ∈ K and m = min{l | g(l) = n}.

(Alternatively, one could take a computable function h :⊆ N→ N with dom h =
K and such that the set {〈n, k〉 | n ∈ domh and h(n) ≤ k} is decidable,
and define (zn)n as in Lemma 12.2.) Since (Q, ∂νQ) is weakly complete, by
Lemma 12.1 the sequence (zn)n is ∂νQ–computable. But, since the set {0} is
a νQ–computably enumerable subset of Q, the sequence (zn)n cannot be νQ–
computable. Otherwise the complement of K would be computably enumerable.

3 Banach–Mazur Computable Functions and Converging
Sequences

In this section we first present Mazur’s continuity results for Banach–Mazur
computable functions in the slightly more general context of BM–computable
metric spaces. Then we prove a result on computably convergent sequences and
Banach–Mazur computable functions, which seems to be new even for the special
case of functions on computable real numbers or on total computable number
functions. In the end we make some comments on the relation between Banach–
Mazur computable functions and computable functions.

The following three results, Lemma 14, Theorem 15, and Theorem 16 are
straightforward generalizations of corresponding results by Mazur [10]; see also
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Grzegorczyk [5] and Pour–El [12]. Mazur formulated the results for the case
of Banach–Mazur computable functions mapping computable real numbers to
computable real numbers. Pour–El considered functions defined on a subset of
P (1) and with range either in N or in R(1) := {f ∈ P (1) | f is total}. Later we
shall strengthen Lemma 14.

Lemma 14. Let (X, ν) be a BM–weakly complete metric space, and let (X′, ν ′)
be a BM–computable metric space. Let f :⊆ X → X′ be a BM–computable
function. Let (xn)n be a ν–computable sequence in X with xn ∈ dom f for all
n. If (xn)n converges computably to an element x∞ ∈ dom f, then the sequence
(f(xn))n converges to f(x∞).

Proof. Assume the statement is not true, that is, assume the sequence (xn)n
converges computably to an element x∞ ∈ dom f , but the sequence (f(xn))n
does not converge to f(x∞). Then there is a rational number ε > 0 such that
there are infinitely many n with d(f(xn), f(x∞)) > ε. Since f is BM–computable
and X′ is BM–computable, the set {n ∈ N | d(f(xn), f(x∞)) > ε} is computably
enumerable. Hence, there is a total computable function h : N→ N with h(k) ≥
k and d(f(xh(k)), f(x∞)) > ε for all k. Furthermore, the sequence (xh(k))k is
computable and converges computably to x∞.

Now, let K ⊆ N be a computably enumerable but not decidable set, and
let g : N → N be a total computable function with range g = K. We define a
sequence (zn)n by

zn :=

{
x∞ if n 6∈ K,

xh(m) if n ∈ K and m = min{l | g(l) = n}.
By Lemma 12.1 the sequence (zn)n is computable. Since the function f is BM–
computable, also the sequence (f(zn))n is computable. Finally, since the metric
space X′ is BM–computable, the sequence (d(f(x∞), f(zn))n is a computable
sequence of real numbers. But this sequence satisfies:

d(f(x∞), f(zn))

{
= 0 if n 6∈ K,

> ε if n ∈ K,

implying that K is decidable. Contradiction! ut

Theorem 15. Let (X, ν) be a BM–semi–computable and BM–weakly complete
metric space, and let (X′, ν ′) be a BM–computable metric space. Let f :⊆ X →
X′ be a BM–computable function. Let (xn)n be a ν–computable sequence in X
with xn ∈ dom f for all n. If (xn)n converges to an element x∞ ∈ dom f, then
the sequence (f(xn))n converges to f(x∞).

Proof. Assume the statement is not true, that is, assume the sequence (xn)n
converges to an element x∞ ∈ dom f , but the sequence (f(xn))n does not con-
verge to f(x∞). Then there is a rational number ε > 0 such that for each k the
set

Ak := {n | d(xn, x∞) < 2−k and d(f(xn), f(x∞)) > ε}
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is nonempty. Since X is BM–semi–computable and X′ is BM–computable, the
set {〈k, n〉 | n ∈ Ak} is computably enumerable. Hence, there is a total com-
putable function h : N → N with h(k) ∈ Ak for all k. The sequence (xh(n))n is
computable, converges computably to x∞, and satisfies d(f(xh(n)), f(x∞)) > ε
for all n. This contradicts Lemma 14. ut

Let (X, ν) be a numbered metric space. We call a subset Y ⊆ X ν–computably
separable, iff there is a ν–computable sequence (an)n in X such that the set
{an | n ∈ N} is a dense subset of Y .

Theorem 16. Let (X, ν) be a BM–semi–computable and BM–weakly complete
metric space, and let (X′, ν ′) be a BM–computable metric space. Any BM–
computable function f :⊆ X → X′ with a ν–computably separable domain of
definition is continuous.

Proof. Let f :⊆ X → X′ be a BM–computable function, and let (an)n be a
computable sequence in X such that the set {an | n ∈ N} is a dense subset of
dom f . We wish to show that f is continuous. Therefore we will apply Lemma
14 twice. First, we use it to prove the following claim:

For any b ∈ dom f and any δ > 0 and ε > 0
there exists some n with d(b, an) < δ and d(f(b), f(an)) < ε. (1)

In order to prove the claim, let us fix some b ∈ dom f . Since arbitrarily close
to b there are elements in the sequence (an)n and since the space X is BM–
semi–computable, there is a total computable function g : N → N such that
d(b, ag(n)) < 2−n, for all n. The sequence (ag(n))n is computable and converges
computably to b. By Lemma 14, the sequence (f(ag(n)))n converges to f(b).
Hence, the claim (1) follows.

We come to the second part of the proof. In order to show that f is contin-
uous, we have to show that f is continuous in every point of its domain. Let us
fix some c ∈ dom f and, for the sake of a contradiction, let us assume that f is
not continuous in c. Then there is a rational number ε > 0 such that arbitrarily
close to c there are points b ∈ dom f with d(f(c), f(b)) > 2ε. Since, due to the
claim (1) proved above, arbitrarily close to any such b there is an element am of
the sequence (an)n with d(f(b), f(am)) < ε, we conclude that arbitrarily close
to c there are elements am in the sequence (an)n with d(f(am), f(c)) > ε. That
means that for each k the set

Ak := {n | d(an, c) < 2−k and d(f(an), f(c)) > ε}
is nonempty. From this, one derives a contradiction to Lemma 14 similarly as in
the proof of Theorem 15. ut

Let us have a look at the previous three results. Let us fix spaces X, X′ as
in Theorems 15 and 16, a BM–computable function f :⊆ X → X′, a sequence
(xn)n in X with xn ∈ dom f , for all n, and an element x∞ ∈ dom f . Note that
under these assumptions Theorem 15 is a strengthening of Lemma 14. Theorem
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15 says that if the sequence (xn)n is computable and converges to x∞, then the
sequence (f(xn)n must also converge, and, in fact, to the point f(x∞). Theorem
16 says that in the previous statement one can omit the condition that the
sequence (xn)n is computable, if there is a dense, computable sequence in the
domain of f . In Lemma 14 we considered computable, computably convergent
sequences (xn)n and derived convergence of the sequence (f(xn)n. Can one say
something about the speed of convergence in this case? The next theorem, which
seems to be new, says that indeed then the sequence (f(xn))n must converge
computably as well. Note that Theorems 15 and 16 were statements of the type
that by adding an assumption to the assumptions in Lemma 14 one could deduce
a stronger conclusion. The following theorem is a strengthening of Lemma 14
without any additional assumption.

Theorem 17. Let (X, ν) be a BM–weakly complete metric space, and let (X′, ν ′)
be a BM–computable metric space. Let f :⊆ X → X′ be a BM–computable
function. Let (xn)n be a ν–computable sequence in X with xn ∈ dom f for all
n. If (xn)n converges computably to an element x∞ ∈ dom f, then the sequence
(f(xn))n converges computably to f(x∞).

For the proof we need the following lemma.

Lemma 18. Let (rn)n be a computable sequence of real numbers converging to
0, and let (qn)n be a computable sequence of rational numbers with |rn−q〈n,i〉| ≤
2−i, for all n, i ∈ N. Then, the set A ⊆ N defined by

A := {〈i, m〉 | ∃n ≥ m. |q〈n,i〉| > 2 · 2−i}
is computably enumerable. It is decidable, iff the sequence (rn)n converges com-
putably.

Proof. It is clear that the set A is computably enumerable.
First, let us assume that (rn)n converges computably. Then it has a computable
modulus of convergence e : N→ N. In order to decide whether a number 〈i, m〉 is
in A, first one calculates e(i). Then, one checks whether there is a number n with
m ≤ n < e(i) and |q〈n,i〉| > 2 · 2−i. This is sufficient, because from |rn| ≤ 2−i for
all n ≥ e(i), one concludes |qn,i| ≤ 2 · 2−i for all n ≥ e(i).
For the other direction, let us assume that A is decidable. We define e : N→ N

by

e(i) := min{m | 〈i + 3, m〉 6∈ A}.
This function is well–defined because the sequence (rn)n converges to 0. It is
computable because A is decidable. It is a computable modulus of convergence
for the sequence (rn)n because |q〈n,i+3〉| ≤ 2 · 2−i−3 for all n ≥ e(i), hence,

|rk − rl| ≤ |rk − q〈k,i+3〉|+ |q〈k,i+3〉− q〈l,i+3〉|+ |q〈l,i+3〉 − rl|
≤ 2−i−3 + 2 · 2 · 2−i−3 + 2−i−3

< 2−i,

for all k, l ≥ e(i). ut
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Proof (of Theorem 17). Let us assume that (xn)n converges computably to an
element x∞ ∈ dom f . By Lemma 14, the sequence (f(xn))n converges to f(x∞).
Since f is BM–computable and the metric space X′ is BM–computable, the
sequence (rn)n defined by rn := d(f(x∞), f(xn)) is a computable sequence of
real numbers. It converges to 0. For (rn)n, fix a computable sequence (qn)n
of rational numbers as in Lemma 18 and define the set A ⊆ N as in Lemma
18. By Lemma 18, the set A is computably enumerable. We define a function
h :⊆ N→ N by dom h := A, and for 〈i, m〉 ∈ A,

h(〈i, m〉) := min{n ≥m | |q〈n,i〉| > 2 · 2−i}

This function is computable. Furthermore, the set

{〈n, k〉 | n ∈ domh and h(n) ≤ k}
is decidable. By Lemma 12.2 the sequence (zn)n defined by:

zn :=

{
x∞ if n 6∈ domh,

xh(n) if n ∈ domh

is a computable sequence in X. Since the function f is BM–computable, also the
sequence (f(zn))n must be computable. Since X′ is a BM–computable metric
space, the sequence (d(f(x∞), f(zn)))n is a computable sequence of real num-
bers. We observe:

d(f(x∞), f(z〈i,m〉))

{
= 0 if 〈i, m〉 6∈ A,

> 2−i if 〈i, m〉 ∈ A.

This implies that A is decidable. Hence, by Lemma 18 the sequence (rn)n con-
verges computably to 0. This implies that the sequence (f(xn))n converges com-
putably to f(x∞). ut

Note that in the previous three theorems the first space, (X, ν), did not need
to be BM–computable. It was only assumed to be BM–weakly complete and, in
Theorems 15 and 16, BM–semi–computable.

Finally, let us make some comments on the relation between BM–computable
functions and computable functions. Let (X, ν) and (X′, ν ′) be numbered sets.
In Lemma 4 we already mentioned that any (ν, ν ′)–computable function is also
BM–(ν, ν ′)–computable. In fact, any of the computability notions in Definition
3 implies the corresponding BM–computability notion in Definition 2. For the
converse, let us first assume that the numbering ν has a computably enumerable
domain of definition.

Proposition 19. Let (X, ν) and (X′, ν ′) be numbered sets, and let dom ν be
computably enumerable. A set Y ⊆ X is BM–ν–computably enumerable iff it
is ν–computably enumerable. A total function f : X → X′ is BM–(ν, ν ′)–
computable iff it is (ν, ν ′)–computable. And ν ≤BM ν ′ is equivalent to ν ≤ ν ′.
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Proof. One direction of the assertions has been stated already in Lemma 4. For
the other direction, first note that we can assume without loss of generality
that dom ν is nonempty. Let g : N → N be a total computable function with
range g = dom ν . Then the sequence (xn)n with xn := ν(g(n)), for all n, is ν–
computable. Let Y ⊆ X be BM–ν–computably enumerable. Then the set A :=
{n ∈ N | xn ∈ Y } is computably enumerable. Also the set g(A) is computably
enumerable. It is equal to ν−1(Y ). Hence, Y is ν–computably enumerable. Let
f : X → X′ be a total BM–(ν, ν ′)–computable function. Then the sequence
(f(xn))n is ν ′–computable. Hence, there is a total computable function h : N→
N with f(xn) = ν ′(h(n)) for all n. We define a function F :⊆ N → N with
domF = dom ν by

F (n) := h(min{i ∈ N | g(i) = n})

for all n ∈ dom ν . The function F is computable and satisfies fν(n) = ν ′F (n) for
all n ∈ dom(ν). Hence, f is (ν, ν ′)–computable. Finally, assume that ν ≤BM ν ′.
This means that X is a subset of X′ and that the embedding of X into X′ is a
BM–(ν, ν ′)–computable function. According to the assertion just shown, it is a
(ν, ν ′)–computable function. This, in turn, is equivalent to ν ≤ ν ′. ut

But a partial BM–(ν, ν ′)–computable function does not need to be (ν, ν ′)–
computable. The following counterexample is due to Pour–El [12]. We consider
the numbered, computable, weakly complete metric space (N, idN). Consider an
immune subset A ⊆ N (a subset A ⊆ N is called immune, iff it is infinite and
does not contain any infinite computably enumerable subset; see Rogers [13]).
Any function f :⊆ N → N with dom f = A is BM–(idN, idN)–computable. But
only countably many of these uncountably many functions can be (idN, idN)–
computable.

Finally, we note that in case dom ν is not computably enumerable, it can hap-
pen that the two computability notions for functions do not even coincide for
total functions. A result by Friedberg [4] combined with the continuity result by
Kreisel et. al. [6] and Cĕıtin [2,3] shows that there exists a total BM–(ϕ|R(1)

, idN)–
computable but not (ϕ|R(1)

, idN)–computable function f : R(1) → N, defined
on the computable, weakly complete, and computably separable metric space
(R(1), ϕ|R(1)

) and with range in the computable, weakly complete and com-
putably separable metric space (N, idN); compare also Rogers [13, §15.3]. Note
that dom(ϕ|R(1)

) is not computably enumerable.
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Abstract. We describe a generic root operation for exact real
arithmetic.

1 Introduction

Numerical exact real arithmetic models such as the Lazy B-adic model [9] and
the Linear Fractional Transformation (LFT) model [10] provide us ways of com-
puting real numbers exactly. But these models normally provide only algorithms
for the square root and the n-th root except the work reported in [2]. This pa-
per describes a method for computing general radical expressions using the lazy
B-adic model. We represent real algebraic numbers as a pair of a numerical
representation and a symbolic representation as described in [6], which gave an
equality algorithm for real algebraic numbers. In summary, [6] showed how to
decide equality for real algebraic numbers using exact numerical information.
This time we reverse the situation and use the symbolic information to derive
arbitrary numerical accuracy of general radical expressions. In this paper we
chose the lazy B-adic model (with B = 2, hence dyadic) for the numerical part
but obviously one can also use the LFT.

This paper is organised as follows. In section 2 we give a brief summary of the
lazy dyadic exact real arithmetic. In section 3 we mention the pair model and
its arithmetic operations briefly. In section 4 we define a generic root operation
(which we will call rootOf) of which special cases are the square root and the
n-th root function. We then apply rootOf to few special cases: finite summation
and product of radicals. We finish with few remarks.

2 Dyadic Exact Real Arithmetic

The lazy dyadic exact real arithmetic is an exact real arithmetic based on the
concept of computable real numbers and their finite representations. The set of
all real numbers is uncountable while the set of computable real numbers (RC)
is countably infinite. The set of all real algebraic numbers is a subset of RC . The
? The first author was partially supported during the writing of this paper by the

OpenMath project (Esprit project 24969).
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dyadic exact real arithmetic represents a number x ∈ RC by a recursive function
fx : N→ Z such that

|fx(n)− 2nx| < 1.

One can also define all the usual operations on them including many transcen-
dental functions [9][5]. For example, addition (note B = 2 in our case) can be
defined as below which satisfies the bound condition above (note that b e below
denotes a certain rounding to a nearest integer):

fx+y(n) :=
⌊
fx(n+ 2) + fy(n+ 2)

4

⌉
.

and the square root operation can be defined as

f√x(n) :=
{b√fx(2n)c if fx(2n) ≥ 0

fail otherwise

where the √ on the right-hand side is a predefined square root operation on
integers. Note that we may have to evaluate the √ function up to 2n precision
to get n accurate digits.

3 Real Algebraic Numbers as Pairs

Let RA be the set of all real algebraic numbers. We represent a real algebraic
number x ∈ RA by a pair of its dyadic real fx(n) ∈ RDRC and the corresponding
square-free1 polynomial p(x) ∈ Z[x].

Definition 1. A real algebraic number is a pair [fx(n), p(x)] where fx(n) ∈
RDRC is a dyadic representation of x and p(x) is a square-free polynomial ∈ Z[x]
such that p(x) = 0.

We will write x̄ to denote a pair representation of x ∈ RA. For example,
an integer k ∈ RA is represented by k̄ = [fk(n), x − k] where fk(n) is a dyadic
representation of k (in fact fk(n) := 2nk) and x− k is a square-free polynomial
corresponding to k.

3.1 Elementary Operations

The elementary operations are quite straightforward to define. If x̄ = [fx(n), p(x)]
and ȳ = [gy(n), q(y)] are two real numbers in our model, then the pair operations
(denoted by ⊕,	,⊗ and �) are defined as below. Note that +̂, −̂, ×̂ and /̂ denote
the operations of dyadic real arithmetic and res denotes resultant. The resultant
1 This is a deliberate choice on our part. Not insisting on square-free polynomials

makes root isolation harder (essentially the root isolation has to do square-free de-
composition) while insisting on irreducible polynomials can require full factorisation,
and we may well have badly behaved (generalised Swinnerton-Dyer) polynomials [7].
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of two polynomials is defined as the determinant of the Sylvester matrix formed
from them and is useful for checking whether they have a non-constant common
factor [3]. The resultant calculations do not necessarily give minimal or even
square-free polynomials so we need a refinement operation which we denoted as
R.

x̄⊕ ȳ := [fx(n)+̂gy(n),
R(res(res(z − (x+ y), p(x), x), q(y), y))],

x̄	 ȳ := [fx(n)−̂gy(n),
R(res(res(z − (x− y), p(x), x), q(y), y))],

x̄⊗ ȳ := [fx(n)×̂gy(n),
R(res(res(z − xy, p(x), x), q(y), y))],

x̄� ȳ := [fx(n)/̂gy(n),
R(res(res(yz − x, p(x), x), q(y), y))].

Note that the resultant calculation and square-free factorisation are standard
parts of almost all algebraic number packages [8] and we implemented our pair
model in Axiom2

Below is a simple example of
√

2+
√

3 in Axiom. Note that
√

2 = [f2(n), x2−2]
and

√
3 = [f3(n), y2 − 3]. Note that we only show five decimal digits of the

numerical value for convenience. The ? is the Axiom’s symbol for a variable.

(1) -> a:= sqrt(2)$PAIR
2

(1) ["+1.41421",? - 2] Type: PAIR

(2) -> b:= sqrt(3)$PAIR
2

(2) ["+1.73205",? - 3] Type: PAIR

(3) -> a + b
4 2

(3) ["+3.14627",? - 10? + 1] Type: PAIR

4 A Generic Root Operation

As pointed out in [6] we can replace the numerical part of a pair by a numerical
algorithm directly approximating it as the corresponding root of the symbolic
part. For example, the numerical part 3.14627 . . . of

√
2 +
√

3, is the same as
rootOf(x4 − 10x2 + 1, 3) assuming that we have such operation3. We believe
that we need this generic root operation for following reasons:
2 Axiom is a generic computer algebra system. Axiom is a trademark of NAG Limited.
3 The second argument of rootOf is necessary as the initial value of Newton iteration.
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– (importance) As Abel showed, we can not solve polynomial equations of
order bigger than 4 in terms of radicals. For example, rootOf(x5+x+1,−1)
can’t be done any other way.

– (simplicity) It is often troublesome to input a complicated radical expres-
sions. As a simple example, rootOf(x2 − 210, 14) is much simpler to type
than (sqrt(2)*sqrt(3)*sqrt(5)*sqrt(7))$PAIR.

– (efficiency) For those radical expressions where its defining polynomial’s total
degree and the size of coefficients are small, it is much faster than the lazy
dyadic approach, although we have to be more precise what we mean by those
radical expressions where its defining polynomial’s degree and the number of
coefficients are small.

We can implement rootOf operation in two ways: one using bisection +
Sturm sequences and the other using the Newton’s iteration. Here we describe
the version using the Newton’s method. Note that one of the key problem in
applying Newton’s iteration (in numerical mathematics) is to find the initial
starting point. But we don’t have this difficulty thanks to our pair representation.
Basing on the observation that 3.14627 . . . is the same as rootOf(x4−10x2+1, 3)
we chose the type of rootOf as (Z[x],LazyDyadicReal)→ LazyDyadicReal4 and
the algorithm is quite simple. Given a pair of polynomial and an approximation
(p(x), y), rootOf does:

1. checks whether the p(x) has one, and only one, root in the interval given
by the second argument, i.e., (y(0) − e, y(0) + e), where e is the allowed
error bound which we can choose, say 1. If no, then report error, otherwise
proceed.

2. Newton-iterate with
– starting value: y(0).
– stop condition: |(y(0)− p(y(0))

p′(y(0))
) − y(0)| < 1

2n
.

3. return b2n × (the result of step 2)e.

5 Finite Product of Simple Radicals

Here we are interested in finite products of simple radicals, i.e.,
∏m−1
i=0

√
ki (case

1),
∏m−1
i=0

n
√
ki (case 2) or combination of these two.

If we evaluate, say
√

2∗√3∗√5∗√7, using the usual sqrt operation of the lazy
dyadic arithmetic, then we need to perform four (lazy dyadic) multiplications,
which is costly, and also we may have to evaluate up to twice of the given
precisions for each of the sqrt operation.

– (case 1)
∏m−1
i=0

√
ki, where for each i, ki are positive integers. In this case the

polynomial is of the form x2 − c where c =
∏m−1
i=0 ki. In this case, rootOf is

much faster than the lazy dyadic approach.
4 In our implementation, the polynomial is of Axiom type SUP Z, SUP being the ab-

breviation of SparseUnivariatePolynomial, Z being Integer, and the LazyDyadicReal

is the domain name for the implementation of lazy dyadic real arithmetic in Axiom.
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– (case 2)
∏m−1
i=0

n
√
ki, where n > 2 and for each i, ki are positive integers.

Again rootOf performs much better than the lazy dyadic approach.

6 Finite Summation of Simple Radicals

This is a thorny case and our rootOf operation seems worse than the ordinary
combination of the square root and n-th root. The main reason for this is that the
resulting polynomial corresponding to the numerical part usually has a sizable
total degree and also has several non-zero coefficients. In these cases it seems
that the original lazy dyadic approach is much faster than our rootOf. Below is
an example of Axiom session evaluating

√
2+
√

3+
√

5+
√

7. Notice the enormous
time difference between the two approaches.

– (Lazy Dyadic Approach)

(30) -> (sqrt(2)+sqrt(3)+sqrt(5)+sqrt(7))$LDR

(30) "+8.02808" Type: LDR

Evaluation (in lazy dyadic approach) of the same expression to many preci-
sions, say hundreds, does not cost much extra.

– (Pair Approach) To see what kind of polynomial we are talking about we
evaluate the same expression in pair model.

(31) -> (sqrt(2)+sqrt(3)+sqrt(5)+sqrt(7))$PAIR

(31)
["+8.02808",

16 14 12 10 8
? - 136? + 6476? - 141912? + 1513334?

6 4 2
- 7453176? + 13950764? - 5596840? + 46225]

Type: PAIR
Time: 0.07 (IN) + 0.08 (EV) + 0.05 (OT) = 0.20 sec

The polynomial is of total degree 73 and the coefficients are quite large.
This tends to make the intermediate rational numbers huge in the Newton
iteration. How to make intermediate calculations less is a topic for future
research.

(34) -> rootOf(sp %% 28,8::LDR)

(34) "+8.02808"
Type: LDR

Time: 0.07 (EV) + 174.90 (OT) + 0.64 (GC) = 175.61 sec
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7 Conclusion

We gave an algorithm for a generic root operation for exact real arithmetic. The
generic rootOf operation shows much better timing performance in the case of
finite products of simple radicals than the lazy dyadic approach. Certainly we
need to refine our implementation in several ways. First we may be able to reduce
the evaluation precision inside the Newton iteration procedure. Second we can
make the implementation more user-friendly by allowing the user to specify the
error bound. Also, using bisection, instead of Newton iteration, might be useful
in splitting the intervals.
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Abstract. A contraction on a complete metric space has a unique fixed
point. This fact is called the contraction theorem and of wide application.
In this paper, we present an effective version of the contraction theorem.
We show that if the contraction is a computable function on an effectively
locally compact metric space, then the fixed point is a computable point
on the space. Many facts on computability can be proved by using the
effective contraction theorem. We give, in this paper, three examples, the
effective implicit function theorem, the result on computability of self-
similar sets by Kamo and Kawamura, and computability of the Takagi
function.

1 Introduction

In this paper, we introduce an effective version of the contraction theorem.
Let (X, d) be a metric space. A function f : X → X is called a contraction

if there exists a real L with 0 < L < 1 such that d(f(x), f(y)) ≤ Ld(x, y)
for any x, y ∈ X. If (X, d) is a complete metric space and f : X → X is a
contraction, then there exists a unique fixed point of f . This theorem is known
as the contraction theorem and of wide application.

Mori, Tsujii, and Yasugi investigated effective total boundedness, an effec-
tive counterpart of total boundedness, and reached to effectively compact metric
spaces and effectively σ-compact metric spaces [6][11]. An effectively compact
metric space is a complete and effectively totally bounded metric space. An ef-
fectively σ-compact metric space is roughly an effective union of countably many
effectively compact metric spaces. We introduce an effectively locally compact
metric space as an effectively σ-compact metric space with an additional condi-
tion. Details are explained in §2.

We will show in §3 that if the contraction is a computable function on an
effectively locally compact metric space, then the fixed point is a computable
point on the space.

Many facts on computability can be proved by using the effective contraction
theorem. We will give three examples in §4.

The first example is the effective implicit function theorem. The implicit
function theorem is one of the answers to the problem: for a given binary func-
tion F , find a unary function f such that F (x, f(x)) = 0. We will introduce
? This work has been supported in part by the Scientific Grant of Japan No. 12640120.
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an effective version of the implicit function theorem and prove it by using the
effective contraction theorem.

The second example is the result on computability of self-similar sets by
Kamo and Kawamura. Hutchinson [4] proved a theorem on existence of self-
similar sets and Hata [3] generalized it. Kamo and Kawamura [5] added the
viewpoint of computability to it. We will rewrite Kamo and Kawamura’s proof
by using the effective contraction theorem.

The third example is computability of the Takagi function. The Takagi func-
tion is a continuous but nowhere differentiable function discovered by Takagi [9]
in 1903. The van der Waerden function (discovered by van der Waerden in 1930)
is an analogous function. It is easy to prove the computability directly from the
definition of the Takagi function. We, however, will prove the computability by
using the effective contraction theorem. What we wish to show as the third ex-
ample is not only the computability itself but also the fact that the computability
is an application of the effective contraction theorem.

2 Preliminary

We follow the terminology and the notation in [11] except for some minor mod-
ifications. Especially, we start natural numbers with 0. We refer to [7] for com-
putability of reals and real functions. We refer to [10] for Type 2 computability.

We abbreviate an ω-sequence to a sequence, an ω2-sequence to a double se-
quence, an ωk-sequence to a k-tuple sequence, etc. We often identify a dou-
ble sequence (xm,n) with a sequence (xn) such that xm,n = x〈〈m,n〉〉 where
〈〈m, n〉〉 = m+(m + n)(m+ n+ 1)/2. This identification is applicable to k-tuple
sequences by using a standard construction of tupling from a pairing, 〈〈n1〉〉 = n1,
〈〈n1, . . . , nk, nk+1〉〉 = 〈〈〈〈n1, . . . , nk〉〉, nk+1〉〉.

If ϕ : N → N is a recursive function, (xϕ(n)) is said to be an effectively
selected subsequence of (xn).

Let (M, d) be a metric space. We write B(a, ε) = {x ∈ M | d(a, x) < ε}
and B̄(a, ε) = {x ∈ M | d(a, x) ≤ ε}. A double sequence (xn,k) is said to
converge to (xn) effectively in n and k as k → ∞ if there exists a recursive
function ψ : N2 → N such that, for any p, n, k ∈ N, it holds that k ≥ ψ(n, p)
implies d(xn,k, xn) ≤ 2−p. A double sequence (xn,k) is said to converge to (xn)
uniformly in n and exponentially in k as k→∞ if for any n, k ∈ N, it holds that
d(xn,k, xn) ≤ 2−k. A double sequence (xn,k) is said to be an effective Cauchy
sequence as k→∞ if there exists a recursive function ϕ : N2 → N such that, for
any p, n, k, k′ ∈ N, it holds that ϕ(n, p) ≤ k < k′ implies d(xn,k, xn,k′) ≤ 2−p.

If (xn,k) converges to (xn) uniformly in n and exponentially in k as k→∞,
then (xn,k) converges to (xn) effectively in n and k as k→∞. If (xn,k) converges
to (xn) effectively in n and k as k →∞, then there exists an effectively selected
subsequence (x′n,k) of (xn,k) such that (x′n,k) converges to (xn) uniformly in n
and exponentially in k as k →∞.
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If (xn,k) converges effectively, then (xn,k) is an effective Cauchy sequence.
If an effective Cauchy sequence converges, it converges effectively. However an
effective Cauchy sequence does not always converge.

We summarize here the definitions we will use in this paper.

Definition 1 (Computability Structure [6, Definition 5], [11, Definition
1.4] ). Let (M, d) be a metric space. A set S of sequences of points on M is a
computability structure on (M, d) if the following three conditions hold.

1. (Metric axiom) If (xm), (yn) ∈ S, then (d(xm, yn))m,n forms a computable
double sequence of reals.

2. (Subsequence axiom) If (xn) ∈ S and (x′n) is an effectively selected subse-
quence of (xn), then (x′n) ∈ S.

3. (Limit axiom) If (xn,k) ∈ S, (x′n) ∈ Mω, and (xn,k) converges to (x′n)
effectively in n and k as k →∞, then (x′n) ∈ S.
A sequence in S is said to be a computable sequence. A point x ∈M is said

to be a computable point if (x)n, the sequence such that all of its elements equal
to x, is a computable sequence.

Definition 2 (Effectively Locally Compact Metric Space). A metric space
with a computability structure (M, d,S) is an effectively locally compact metric
space if the following two conditions hold.

1. (Completeness) d is a complete metric.
2. There exist a sequence (Kk) of compact subsets and a computable double

sequence (ξk,i) ∈ S such that the following three conditions holds.
(a) There exist computable functions κ : (NN)2 → N and ρ : (NN)2 → N

such that: for any k, i ∈ NN, if (ξk[n],i[n]) converges exponentially in n

as n→∞, then B̄(limn→∞ ξk[n],i[n], 2−ρ(k,i)) ⊆ Kκ(k,i).
(b) (Effective separability) {ξk,i | i ∈ N} = Kk for any k ∈ N.
(c) (Effective σ-total boundedness) There exists a recursive function σ :

N2 → N such that
⋃
i<σ(k,p)B(ξk,i, 2−p) ⊇ Kk for any k ∈ N.

The definition of an effectively σ-compact metric space [11, Definition 4.2]
contains the condition

⋃
k∈N Kk = M instead of the condition 2a in Definition 2,

which is the only difference between the two definitions. Since the condition 2a
implies

⋃
k∈N Kk = M , an effectively locally compact metric space is an effec-

tively σ-compact metric space.
Yasugi, Mori, and Tsujii have defined a computable function from an effec-

tively σ-compact metric space to R [11, Definition 4.3]. We adapt their definition
to apply to a function from an effectively locally compact metric space to an ef-
fectively locally compact metric space.

Definition 3 (Computable Function). Let (M, d,S) be an effectively locally
compact metric space with (Kk) and (ξk,i). Let (M ′, d′,S′) be a metric space
with a computability structure. A function f : M → M ′ is computable if the
following two conditions hold.
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1. (Sequential computability) For any (xn) ∈ S, it holds that (f(xn)) ∈ S′.
2. (Effective uniform continuity) There exists a recursive function ψ : N2 → N

such that for any k ∈ N and x, y ∈ Kk, it holds that d(x, y) ≤ 2−ψ(k,p)

implies d′(f(x), f(y)) ≤ 2−p.

The Euclidean line R with computable sequences of reals satisfies Definition 2.
The computability of real functions by Definition 3 coincides with the usual
computability.

For a q-tuple of effectively locally compact metric spaces (M1, d1,S1), . . . ,
(Mq, dq,Sq), construct (M, d,S) by:

M = M1 × · · · ×Mq ,

d((x1, . . . , xq), (x′1, . . . , x
′
q)) = max{d1(x1, x

′
1), . . . , dq(xq, x

′
q)},(

(x(n)
1 , . . . , x(n)

q )
)
n
∈ S ⇐⇒ (x(n)

1 )n ∈ S1 ∧ · · · ∧ (x(n)
q )n ∈ Sq .

Then (M, d,S) forms an effectively locally compact metric space, which we
call the product space of (M1, d1,S1), . . . , (Mq, dq,Sq). If (M1, d1,S1), . . . ,
(Mq, dq,Sq) are effectively locally compact metric spaces with (K(k)

1 ), (ξ(k,i)1 ),
ρ1, κ1, σ1, . . . , (K(k)

q ), (ξ(k,i)q ), ρq , κ1, σq, respectively, then (M, d,S) is an
effectively locally compact metric space with (Kk), (ξk,i), ρ, κ, σ defined by:

Kk = K
(πq1(k))
1 × · · · ×K(πq1(k))

q ,

ξk,i = (ξ(π
q
1 (k),πq1(i))

1 , . . . , ξ
(πqq (k),π

q
q(i))

q ),
ρ(ϕ) = max{ρ1((π

q
1 × πq1) ◦ ϕ), . . . , ρq((πqq × πqq) ◦ ϕ)},

κ(ϕ) = 〈〈κ1((π
q
1 × πq1) ◦ ϕ), . . . , κq((πqq × πqq) ◦ ϕ)〉〉,

σ(k, p) = max{σ1(π
q
1(k), p), . . . , σq(π

q
q(k), p)}

where πq1, . . . , π
q
q denote the projections.

Definition 4 (Effectively Compact Metric Spaces). A metric space with
a computability structure (M, d,S) is an effectively compact metric space if the
following two conditions hold.

1. (Completeness) d is a complete metric.
2. There exist a sequence (ξi) ∈ S such that the following two conditions hold.

(a) (Effective separability) {ξi | i ∈ N} = M .
(b) (Effective total boundedness) There exists a recursive function σ : N→

N such that
⋃
i<σ(p)B(ξi, 2−p) = M for any k ∈ N.

If (M, d,S) is an effectively compact metric space with (ξi), then it is an
effectively locally compact metric space with (M)k and (ξi)k,i. We consider an
effectively compact metric space a special case of effectively locally compact
metric spaces.
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3 Effective Contraction Theorem

We denote by Fix f the unique fixed point of a contraction f .
We use the following three lemmata in this section.

Lemma 1 (Effective Completeness [11, Proposition 1.4]). Let (M, d,S)
be an effectively locally compact metric space. If a computable double sequence
(xn,k) is an effective Cauchy sequence as k→∞, then there exists a computable
sequence (xn) such that (xn,k) converges to (xn) as k→∞ effectively in n and k.

Lemma 2 (Effective Density Lemma [6, Proposition 1.2]). Let (M, d,S)
be an effectively locally compact metric space with (Kk) and (ξk,i). For a sequence
(xn) ∈Mω, the following three conditions are equivalent.

1. (xn) is a computable sequence.
2. There exists a recursive function ϕ : N2 → N2 such that (ξϕ(n,l)) converges

to (xn) effectively in n and l as l→ ∞.
3. There exists a recursive function ϕ : N2 → N2 such that (ξϕ(n,l)) converges

to (xn) uniformly in n and exponentially in l as n→∞.

Lemma 3 (Iteration). Let (M, d,S) be an effectively locally compact metric
space with (Kk) and (ξk,i). If a ∈ M is a computable point and f : M → M is
a computable function, then (fn(a))n∈N forms a computable sequence of points.

Proof. Since d(ξk,i, ξk′,i′) forms a computable quadruple sequence of reals, there
exists a recursive function α : N5 → Q such that |d(ξk,i, ξk′,i′)−α(k, i, k′, i′, l)| ≤
2−l for any k, i, k′, i′, l ∈ N. Let κ : (N2)N → N and ρ : (N2)N → N be computable
functions such that: for any ϕ : N → N2, if (ξϕ(n)) converges exponentially in n
as n→∞, then B(limn→∞ ξϕ(n), 2−ρ(ϕ)) ⊆ Kκ(ϕ).

We use Lemma 2 (1⇒3 ) twice. Since a is a computable point, there exists a
recursive function ϕ′ : N→ N2 such that d(ξϕ′(l), a) ≤ 2−l for any l ∈ N. Since f
is sequentially computable, (f(ξk,i)) forms a computable double sequence. Thus
there exists a recursive function ϕ′′ : N3 → N2 such that d(ξϕ′′(k,i,l), f(ξk,i)) ≤
2−l for any k, i, l ∈ N.

Since f is effectively uniformly continuous, there exists a recursive function
ψ : N2 → N such that for any k ∈ N and x, y ∈ Kk, it holds that d(x, y) ≤
2−ψ(k,p) implies d′(f(x), f(y)) ≤ 2−p.

We define a recursive function ϕ : N2 → N2 recursively with auxiliary defini-
tions of k̄n, p̄n ∈ N and θn : N→ N2 as follows.

ϕ(0, l) = ϕ′(l), ϕ(n + 1, l) = ϕ′′(θn(l), l+ 1),
k̄n = κ(λl ∈ N. ϕ(n, l)), p̄n = ρ(λl ∈ N. ϕ(n, l)),

θn(l) = ϕ(n,max{ψ(k̄n + 1, l+ 1), p̄n).

It is straightforward from the definition that ϕ is recursive. We will show
by induction that ϕ is total and that (ξϕ(n,l)) converges to (fn(a)) uniformly
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in n and exponentially in l as l → ∞. It is trivial that ϕ(0, l) is defined and
d(ξϕ(0,l), a) < 2−l for any l ∈ N. It remains to show that if ϕ(n, l) is de-
fined and d(ξϕ(n,l), f

n(a)) < 2−l for any l ∈ N, then ϕ(n + 1, l) is defined and
d(ξϕ(n+1,l), f

n+1(a)) < 2−l for any l ∈ N.
From the induction hypothesis, we obtain B̄(fn(a), 2−p̄n) ⊆ Kk̄n . Further-

more, we also obtain

d(ξθn(l), f
n(a)) ≤ 2−max{ψ(k̄n+1,l+1),p̄n}

≤ 2−p̄n .

Therefore, fn(a), ξθn(l) ∈ Kk̄n .
On the other hand, we obtain

d(ξθ(l), fn(a)) ≤ 2−max{ψ(k̄n+1,l+1),p̄n}

≤ 2−ψ(k̄n+1,l+1).

It concludes that

d(ξϕ(n+1,l), f
n+1(a)) ≤ d(ξϕ′′(θn(l),l+1) , f(ξθn(l))) + d(f(ξθn(l)), f(fn(a)))

≤ 2−(l+1) + 2−(l+1) = 2−l.

Due to Lemma 2 (3 ⇒ 1 ), this implies that (fn(a))n∈N forms a computable
sequence of points. ut

We are now ready to introduce the main theorem.

Theorem 1 (Effective Contraction Theorem). Let (M, d,S) be an effec-
tively locally compact metric space. If f : M → M is a computable contraction,
then Fixf is a computable point.

Proof. Let L be a real such that 0 < L < 1 and d(f(x), f(y)) ≤ Ld(x, y) for any
x, y ∈M . We can assume without loss of generality that L is computable.

We start with a computable point x0 ∈M and construct a sequence (xn) by
xn+1 = f(xn). Note that (xn) converges to Fix f . Using Lemma 3, we obtain
from computability of x0 and f that (xn) is a computable sequence. By induction
on n, we have d(xn, xn+1) ≤ Lnd(x0, x1). Hence

d(xm, xn) ≤ Lmd(x0, x1)
1− L for m < n,

which implies that (xn) is an effective Cauchy sequence. Using Lemma 1, we
obtain that Fixf is a computable point. ut

The following form of the effective contraction theorem is often more conve-
nient to check the computability of the fixed point.

Corollary 1. Let (M, d,S) be an effectively locally compact metric space with
(Kk) and (ξk,i). If f : M →M is a contraction that maps (ξk,i) to a computable
sequence, then Fix f is a computable point.
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Proof. It suffices to show that f is a computable function. From f being a
contraction, it follows immediately that f is effectively uniformly continuous.
What remains to show is that f is sequentially computable.

Let (xn) be a computable sequence. Using Lemma 2, we obtain there exists
a recursive function ϕ : N2 → N2 such that (ξϕ(n,l)) converges to (xn) effectively
in n and l as l → ∞. Since (f(ξϕ(n,l))) is an effectively selected subsequence
of (f(ξk,i)), it holds that (f(ξϕ(n,l))) is a computable sequence. Since f is a
contraction, (f(ξϕ(n,l))) converges to (f(xn)) effectively in n and l as l → ∞.
Due to Lemma 2, it follows that (f(xn)) is a computable sequence. ut

4 Application

4.1 Effective Implicit Function Theorem

If F (x, y) is continuous and partially differentiable on y in a neighborhood Ω of
a point (x0, y0), the partial derivative Fy(x, y) is continuous in Ω, F (x0, y0) = 0,
and Fy(x0, y0) 6= 0, then there exists a function f on a neighborhood I of x0

such that F (x, f(x)) = 0 for any x ∈ I. This theorem is known as the implicit
function theorem.

We will introduce the effective implicit function theorem and prove it by
using the effective contraction theorem.

Theorem 2 (Effective Implicit Function Theorem). Let I ⊂ R × R be a
computable closed rectangle and (x0, y0) a computable point that is an interior
point of I. Let F : I → R be a computable function such that F (x, y) is par-
tially differentiable on y and the partial derivative Fy is computable. Suppose
F (x0, y0) = 0 and Fy(x0, y0) 6= 0. Then there exist a computable closed inter-
val I′ ⊂ R and a computable function f : I′ → R such that x0 is an interior
point of I′ and F (x, f(x)) = 0 for any x ∈ I′.
Proof. Pick an arbitrary computable real L such that 0 < L < 1.

Since Fy is a computable function, we can construct a computable rectangle
[x0 − δ, x0 + δ] × [y0 − ε, y0 + ε] ⊆ I such that for all (x, y) ∈ [x0 − δ, x0 + δ]×
[y0 − ε, y0 + ε], it holds that

|Fy(x, y) − Fy(x0, y0)| < L|Fy(x0, y0)|.
Since F is a computable function, we can construct a computable interval I′ ⊆
[x0 − δ, x0 + δ] such that x0 is an interior point of I′ and for all x ∈ I′, it holds
that

|F (x, y0)| < (1− L)ε|Fy(x0, y0)|.
For any polynomial function p such that all of the coefficients are rational

numbers and the constant term equals to 0, we construct a computable func-
tion ξ : I′ → R by:

ξ(x) =



y0 − ε if p(x− x0) < −ε,
y0 + p(x− x0) if −ε ≤ p(x− x0) ≤ ε,
y0 + ε if p(x− x0) > ε.
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Pick arbitrarily (ξn) among effective enumerations of all functions of this form.
Now we construct an effectively compact metric space. Let F be the set

of all continuous real-valued function f on I′ such that f(x0) = y0 and for
any x ∈ I′, it holds that |f(x)− y0| ≤ ε. It is trivial that F is a subset of
C(I′). Thus d(f, g) = supx∈I′ |f(x) − g(x)| is a metric on F . It is easy to verify
that any Cauchy sequence over F converges to a point in F . Hence (F , d) is a
complete metric space. Let S be the set of all sequences of functions in F that
are computable as a sequence of functions from I′ to R. Then some manipulation
with the effective Weierstrass approximation [7, Section 7 of Chapter 0] yields
that (F , d,S) is an effectively compact metric space with (ξn).

Next we construct a computable contraction on F . We define Φ : F → F by:

Φ(f)(x) = f(x) − F (x, f(x))
Fy(x0, y0)

.

We should first show that Φ is well-defined. Namely, we should verify Φ(f) ∈
F for any f ∈ F . Since F (x0, y0) = 0, we have that f(x0) = y0 implies
Φ(f)(x0) = y0. Since F is continuous, we have that continuity of f implies
continuity of Φ(f). By using the mean value theorem, we obtain that for any
f ∈ F and x ∈ I′, there exists a real θ between f(x) and y0 such that

F (x, f(x)) = F (x, y0) + Fy(x, θ)(f(x) − y0).
Therefore,

|Φ(f)(x) − y0| =
∣∣∣∣f(x) − y0 − F (x, y0) + Fy(x, θ)(f(x) − y0)

Fy(x0, y0)

∣∣∣∣
≤ |Fy(x, θ) − Fy(x0, y0)|

|Fy(x0, y0)| |f(x)− y0|+ |F (x, y0)|
|Fy(x0, y0)|

≤ Lε+ (1− L)ε = ε.

Thus we have Φ(f) ∈ F .
It is straightforward from the definition that Φ is computable. It remains to

show that Φ is a contraction. By using the mean value theorem, we obtain that
for any f, g ∈ F and x ∈ I′, there exists a real θ′ between f(x) and g(x) such
that

F (x, f(x))− F (x, g(x)) = Fy(x, θ′)(f(x) − g(x)).

Using such a θ′, we obtain

|Φ(f)(x) − Φ(g)(x)| =
∣∣∣∣f(x) − g(x)− F (x, f(x))− F (x, g(x))

Fy(x0, y0)

∣∣∣∣
=
|Fy(x, θ′)− Fy(x0, y0)|

|Fy(x0, y0)| |f(x) − g(x)|

≤ L|f(x) − g(x)|.
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This yields d(Φ(f), Φ(g)) ≤ Ld(f, g).
Now we are ready to apply the effective contraction theorem. Application of

the effective contraction theorem to F and Φ yields that Φ has a unique fixed
point and the fixed point is computable. It concludes that there is a computable
function f : I′ → R such that F (x, f(x)) = 0 for any x ∈ I′. ut

Note that it is not computability of θ and θ′ but existence of them that is
required in the proof of Theorem 2. It is not necessary to effectivize the usages
of the mean value theorem in the proof.

4.2 Computability of Self-Similar Sets

We denote by ‖-‖ the Euclidean norm. For a nonempty subset S of Rq, the
function dS : Rq → [0,+∞) is defined by dS(x) = infa∈S‖x− a‖.

Let ϕ1, . . . , ϕm : Rq → Rq be contractions. Then there exists a unique
nonempty compact subset X of Rq such that

X = ϕ1(X) ∪ · · · ∪ ϕm(X). (1)

Hutchinson [4] first proved this theorem by using the contraction theorem
on the space of nonempty compact subsets of a Euclidean space with the Haus-
dorff metric. Hata [3] generalized the theorem. Kamo and Kawamura [5] added
the viewpoint of computability; they have shown that if all of ϕ1, . . . , ϕm are
computable, then the unique solution X of the equation (1) satisfies that dX is
a computable function. We will rewrite Kamo and Kawamura’s proof by using
the effective contraction theorem.

Let K(Rq) denote the set of all nonempty compact subsets of Rq. A complete
metric on K(Rq) known as the Hausdorff metric dH is defined by:

dH(K,L) = max{sup
a∈K

inf
b∈L
‖a− b‖, sup

b∈L
inf
a∈K
‖b− a‖}.

Lemma 4. For any K,L ∈ K(Rq) and x ∈ Rq, it holds that |dK(x)− dL(x)| ≤
dH(K,L).

Proof. Some manipulation of sup’s and inf’s yields that

dK(x) − dL(x) = sup
b∈L

inf
a∈K

(‖x− a‖ − ‖x− b‖)

≤ sup
b∈L

inf
a∈K
‖b− a‖

By exchanging K and L, we obtain also that

dL(x)− dK(x) ≤ sup
a∈K

inf
b∈L
‖a− b‖.

Therefore, |dK(x) − dL(x)| ≤ dH(K,L). ut
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We denote by SH a set of sequences over K(Rq) such that (Kn) ∈ SH iff
(dKn) is a computable sequence of functions. We define Kk = {K ∈ K(Rq) |
K ⊆ B̄(0, k + 1)}. We call K ∈ K(Rq) a rational finite set if K is a finite set
of rational points. Let (Ξk,i)k,i be an effective enumeration of all rational finite
sets in K(Rq) such that (Ξk,i)i is an effective enumeration of all rational finite
sets in Kk for each k.

Lemma 5. If (Km) and (Ln) are effectively selected subsequences of (Ξk,i), then
(supa∈Km dLn(a))m,n forms a computable double sequence of reals.

The proof is straightforward from the effectiveness of enumeration of (Ξk,i).

Proposition 1. (K(Rq), dH,SH) is an effectively locally compact metric space
with (Kk) and (Ξk,i).

Proof. It is a well-known property of the Hausdorff metric that (K(Rq), dH) is a
complete metric space.

Next, we verify that SH is a computability structure on (K(Rq), dH). Lemma 5
implies that if (Km), (Ln) ∈ S, then (dH(Km, Ln))m,n forms a computable se-
quence of reals, i.e., the metric axiom holds. Checking the subsequence axiom
is straightforward from the properties of computable real-valued functions on
Rq. Lemma 4 implies that if (Kn,k) converges to (Kn) effectively in n and k
as k → ∞, then (dKn,k) uniformly converges to (dKn) effectively in n and k as
k→∞. Hence the limit axiom holds.

Finally, we verify that (K(Rq), dH,SH) is an effectively locally compact met-
ric space with (Kk) and (Ξk,i). It follows immediately from the definition that
{Ξk,i | i ∈ N} = Kk. It follows from the effectiveness of enumeration of (Ξk,i) and
denseness of (Ξk,i) in Kk that there exists a recursive function ψ : N2 → N such
that for any k, it holds that

⋃
i<ψ(k,p)B(Ξk,i, 2−p) ⊇ Kk. Since K ⊆ B̄(0, k+ 1)

and dH(K,K′) ≤ 1 imply K′ ⊆ B̄(0, k + 2), we have for any i ∈ NN and k ∈ N,
if (Ξk,i[j]) converges exponentially in j as j → ∞ and limj→∞ ξk,i[j] ∈ Kk, then
B(limj→∞Ξk,i[j], 1) ⊆ Kk+1. ut

The following lemma is used in the proof of Hutchinson and Hata’s Theorem.
Refer to [4] or [3] for detail.

Lemma 6. For ϕ1, . . . , ϕm : Rq → Rq, define Φ : K(Rq)→ K(Rq) by:

Φ(X) = ϕ1(X) ∪ · · · ∪ ϕm(X). (2)

If all of ϕ1, . . . , ϕm are contractions, then Φ is a contraction on K(Rq).

In addition, we will use the following lemma.

Lemma 7. For ϕ1, . . . , ϕm : Rq → Rq, define Φ : K(Rq) → K(Rq) by (2) in
Lemma 6. If all of ϕ1, . . . , ϕm are computable functions, then Φ maps (Ξk,i) to
a computable sequence.
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Proof. Since Ξk,i is a finite set, so is Φ(Ξk,i). Thus

dΦ(Ξk,i)
(x) = min

( ⋃
a∈Ξk,i

{‖ϕ1(a)− x‖, . . . , ‖ϕm(a) − x‖}
)
. (3)

The right-hand side is the minimum of the values of finitely many computable
functions and the minimization is uniform on k and i. Therefore (dΦ(Ξk,i)) is a
computable sequence of functions, i.e., (Φ(Ξk,i)) is computable. ut

Now we prove the result on computability of self-similar sets by using the
effective contraction theorem. Let ϕ1, . . . , ϕm : Rq → Rq be computable con-
tractions. Define Φ : K(Rq) → K(Rq) by (2) in Lemma 6. By using Lemmata 6
and 7, we obtain that FixΦ is a computable point on K(Rq), i.e., the unique com-
pact nonempty solution X of the equation (1) satisfies that dX is a computable
function.

Theorem 3 (Kamo and Kawamura). Let ϕ1, . . . , ϕm : Rq → Rq be com-
putable contractions. Then there exists a unique nonempty compact subset X of
Rq such that

X = ϕ1(X) ∪ · · · ∪ ϕm(X).

For such an X, it holds that dX is a computable function.

Consider an extension of Hutchinson and Hata’s Theorem to systems of fixed-
point equations [1]. During this consideration, we implicitly declare the index j
ranging over 1, . . . , p and we omit the phrase “for any j = 1, . . . , p”.

Let ϕj11, . . . , ϕj1mj1, . . . , ϕjp1, . . . , ϕjpmjp : Rq → Rq be contractions. Let
eachKj ⊂ Rq be a compact subset. Then there exists a unique tuple (X1, . . . , Xp)
of nonempty compact subsets of Rq such that

Xj = Kj ∪ (ϕj11(X1) ∪ · · · ∪ ϕj1mj1 (X1)) ∪ · · · ∪ (ϕjp1(Xp) ∪ · · · ∪ ϕjpmjp(Xp)).
We effectivize also this extended theorem.

Theorem 4. Let ϕj11, . . . , ϕj1mj1 , . . . , ϕjp1, . . . , ϕjpmjp : Rq → Rq be com-
putable contractions. Let Kj ⊂ Rq be a compact subset such that Kj is empty or
dKj is a computable function. Then there exists a unique tuple (X1, . . . , Xp) of
nonempty compact subsets of Rq such that

Xj = Kj ∪ (ϕj11(X1) ∪ · · · ∪ ϕj1mj1 (X1)) ∪ · · · ∪ (ϕjp1(Xp) ∪ · · · ∪ ϕjpmjp(Xp)).
For such a tuple (X1, . . . , Xp), each dXj is a computable function.

The proof is analogous to that for Theorem 3. Use K(Rq)p instead of K(Rq)
as an effectively locally compact space. Use the defining formula

Φ(X1, . . . , Xp) = (Φ1(X1, . . . , Xp), . . . , Φp(X1, . . . , Xp)),
Φj(X1, . . . , Xp)

= Kj ∪ (ϕj11(X1) ∪ · · · ∪ ϕj1mj1(X1)) ∪ · · · ∪ (ϕjp1(Xp) ∪ · · · ∪ ϕjpmjp (Xp))
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instead of (2) in Lemmata 6 and 7 to construct a computable contraction Φ
on Rp. The important intermediate result corresponding to (3) in the proof of
Lemma 7 is that

dΦj(Ξk1,i1 ,...,Ξkp,ip)(x)

= min
(
Sj ∪

⋃
a∈Ξk1,i1

{‖ϕj11(a)− x‖, . . . , ‖ϕj1mj1(a)− x‖}

∪ · · · ∪
⋃

a∈Ξkp,ip
{‖ϕjp1(a)− x‖, . . . , ‖ϕjpmjp(a) − x‖}

)

where Sj =

{
∅ if Kj = ∅,
{dKj(x)} otherwise.

Note that Theorem 3 is a special case of Theorem 4 with p = 1 and K1 = ∅.

4.3 Computability of the Takagi Function

The Takagi function T : R→ R is defined by:

T (x) =
∞∑
i=0

1
2i
ψ(2ix)

where ψ(x) =

{
x− n if n ≤ x < n+ 1/2 for some n ∈ Z,
n− x if n − 1/2 ≤ x < n for some n ∈ Z.

We will check the computability of the Takagi function by using the effective
contraction theorem.

Since T is a periodic function with a period 1, it is sufficient to check the
computability of the restriction of T on [0, 1]. We will in general identify a
periodic function with a period 1, a function on [0, 1] with f(0) = f(1), and a
function on a circle S1.

The set C(S1) = {f ∈ C[0, 1] | f(0) = f(1)} is a complete metric space with
the metric d(f, g) = sup{|f(x)− g(x)| | x ∈ [0, 1]}. Define Φ : C(S1) → C(S1)
by:

Φ(f)(x) =

{
1
2f(2x) + x if 0 ≤ x ≤ 1/2,
1
2f(2x − 1) − x+ 1 if 1/2 ≤ x ≤ 1.

Then it follows immediately from the definition that d(Φ(f), Φ(g)) = (1/2)d(f, g)
for any f, g ∈ C(S1), i.e., Φ is a contraction on X. We can easily verify that
T = FixΦ with some calculation.

Let S be a set of sequences over C(S1) such that (fn) ∈ S iff (fn) is a
computable sequence of functions. Let (Kk) be a sequence of subsets of C(S1)
such that Kk = {f ∈ C(S1) | sup|f | ≤ k + 1}. We call f ∈ C(S1) a rational
polygon function if the graph of f is a polygon connecting rational points. Let
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(pk,i)k,i be an effective enumeration of all rational polygon functions in C(S1)
such that (pk,i)i is an effective enumeration of all rational polygon functions in
Kk for each k. Then it is easy to verify that (C(S1), d,S) is an effectively locally
compact set with (Kk) and (pk,i).

It is easy to show that Φ maps (pn,i) to an effectively selected subsequence
of (pn,i). Therefore Φ is a computable contraction. It follows from the effective
contraction theorem that the Takagi function T is computable since T = FixΦ.

5 Future Work

Effective σ-total boundedness takes a small part in the discussion on the effective
contraction theorem; it appears only in the definition of computable functions.
It suggests that effective σ-total boundedness is a too strong assumption. We
are seeking mathematical objects more general than effective locally compact
metric spaces and on which the effective contraction theorem still holds. If we
will find ones, the effective contraction theorem shall be of wider application.
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Abstract. Based on the notion of a computable p-adic number the no-
tion of a polynomially time computable function over the field of p-adic
numbers is introduced and studied. Theorems relating analytical prop-
erties with computability properties are established. The complexity of
roots, and inverse function theorems are established at the level of poly-
nomial time complexity. Relations between differentiability and polyno-
mial time complexity and the maximization problem are discussed.
Differences and similarities between the analogous questions for the real
numbers are pointed out. 1

Keywords: Computable, polynomially time computable numbers, com-
putable, polynomially time computable functions, p-adic numbers.

1 Introduction

A. Turing in [23] defined the notion of a computable real number based on the
binary expansion of a real number. This definition proved to be inadequate. One
reason is that we cannot effectively determine correctly the first digit of the rep-
resentation of the sum of two computable real numbers from the representation
of the two summands (see D. Bridges [2], Y. Moschovakis [17], K. Skandalis [22].)

The definition used eventually in the literature was to effectivize the con-
struction of the real numbers from the set of rationals. Either the notion of
Dedekind cut or the notion of Cauchy completion was used subject to some
effectivity constraints regarding the constructions. The set of rationals is used,
since technically it can be enumerated by a one to one total recursive function
and philosophically it is a set of simple objects.

The notion of a computable function is an important relevant notion. In-
tuitively a computable function is an effective transformation of some input
data to some output data and this transformation is represented by a recur-
sive function (or any other formulation of the notion of algorithm). There are
two approaches in the literature. The first is to study computable real functions
which have as domain computable real numbers only and the other is to admit
all possible real numbers. In both approaches the fundamental idea is that a real
1 The author expresses his acknowledgements to the helpful comments of the two

anonymous referees.

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 101–118, 2001.
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number or a function is an infinite object and the approach to understand it
is to use effective approximations (representations, descriptions) to the desired
object. However not all numbers admit such an effective representation (descrip-
tion) and we obtain a subset of the classical objects. Regarding the functions,
a function is an effective transformation of approximations to the argument x
to approximations to the value f(x). This effective transformation is expressed
(represented) by a Turing machine.

In the approach where all real numbers are allowed as arguments to the func-
tion, the Turing machine calculating the function has one input a natural number
which is a measure of the desired accuracy of the result f(x) (the analogue of ε of
Analysis) and another input in the form of an oracle. The second input (oracle)
represents the real number x which is the argument x of the function f .

In the approach where only computable real numbers are allowed there is
one only input, a natural number which is the code of the real number which is
the argument x of the function f .

In the approach where computable real numbers only are allowed most of
the theorems of Classical Analysis fail (see B. Kushner [11] and O. Aberth [1]
for details).

The approach where all possible real numbers are admitted as inputs is the
approach followed by H. Friedman and Ker – I Ko [6], [8] among others, where
the set of questions studied there are studied for the case of the real numbers
and their functions (functions regarded as effective transformations). This latter
approach is closer to the practice of Analysis.

The present approach falls within the scope of the traditional approach used
in Constructive and Recursive Analysis and should be contrasted to the one used
in L. Blum, M. Shub and S. Smale [12], where a real number is understood as an
object that can be comprehended and manipulated in its totality at once. Such an
approach does not admit so far a natural representation of higher order objects
in Analysis like the integral, the maximum value problems and the derivatives
to mention some problems addressed by the present model. This seems to fail
to express the notion of Analysis that the traditional approach of Recursive and
Constructive Analysis are able to express.

Using the approach of the topological completion of the rational numbers it
is natural to examine all possible completions of the field of rational numbers via
Cauchy sequences. These completions are the real numbers and for each prime
p the field of p-adic numbers. These are the only possibilities by a theorem of
Ostrowski [18]. Basic properties of the computable p-adic numbers are studied
in G. Kapoulas [7]. For a detailed introduction to the p-adic fields the interested
reader is referred to J. W. Cassels [3], F. Q. Gouvea [5], N. Koblitz [9], K.
Mahler [16] and W. H. Shikhoff [21]. The first two have an Algebraic approach,
the last two an Analytic one and N. Koblitz [9] has a brief introduction to the
subject.

The p-adic fields are equipped with a metric, where the metric is defined over
the rational numbers and extended by continuity to the p-adic fields.
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The study of computability and complexity questions over p-adic fields falls
broadly within the scope of Recursive, Computable or Constructive Analysis
depending on the taste of the author and the philosophical background and
offers a variety of open questions. Most of the proofs in the case of the p-adic
numbers are technically easier than the proofs for the case of real numbers due
to the topology of the p-adic fields. The p-adic fields are totally disconnected as
topological spaces and the topology can be defined by Algebraic means since the
set of p-adic integers (which is the analogue of the unit interval of the real line)
are natural examples of local rings.

The theorems established in the present are:

1. A polynomially time computable computable function is continuous and has
modulus of continuity bounded by a polynomial. As a partial converse a
continuous function which has modulus of continuity bounded by a poly-
nomial is computable in polynomial time relative to an oracle (Theorem 1,
Theorem 2).

2. There exist polynomially time computable functions that have roots of ar-
bitrarily high complexity (Theorem 4). A condition that guarantees that
roots of polynomially time computable functions are polynomially time com-
putable is given (Theorem 5).

3. An inverse function theorem (Theorem 5), and an implicit function theorem
are proved for polynomially time computable functions (Proposition 2).

4. There exists a polynomially time computable function which is nowhere dif-
ferentiable (Theorem 6).

5. The maximum value problem for computable functions is studied and it is
proved that for non identically zero functions this problem is computable in
constant time (Theorem 7).

Notation and Conventions. The end of a proof will be denoted by �.
The set of natural, integer and rational numbers will be denoted by N, Z

and Q respectively. An arbitrary prime number will be denoted by p.
A standard encoding (indexing) of the recursive functions will be assumed.

The recursive function with index e will be denoted by φe.
The set of p-adic numbers, p-adic integers, will be denoted by Qp, Zp respec-

tively.
For a set A the notationA<ω will denote the set of finite sequences of elements

of A.
The open sphere with center x and radius p−m will be denoted by S (x, p−m).
The standard (unique) base p representation of a p-adic number will be used

i.e.

x ∈ Qp \ {0} ↔ x = pk
∞∑

n=0

anp
n

with ai ∈ {0, 1, . . . , p− 1}, k ∈ Z, a0 6= 0. It is possible to use the Teichmüller
representation but it is expected that these two representations are equivalent
since we can translate from the one to the other in linear time.
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The model used for the study of functions is the oracle Turing machine
model. Intuitively if a function f is computable by an oracle Turing machine
M the oracle can furnish some finite approximation to the value of x written on
the oracle tape, and the output ofM is some finite approximation to the value of
f(x). The values for x and f(x) are given not as completely known objects, but by
finite approximations to the values x and f(x) and the machineM operates on
these approximations of the argument x and produces as output approximations
to f(x). The input to the machine M is a natural number n in unary and
represents the desired accuracy of the output. To carry out the calculations the
Turing machineM asks (possibly several times) for approximations to the value
of x. This information is given by the oracle and the finite approximation is the
content of the oracle tape.

The details for the model for representing computable functions over the
p-adic fields are described below: A function f : Zp → Qp is computable if there
is a (function) oracle Turing machineM such that M having n written on the
input tape, with x as the oracle will (roughly) calculate the first n digits of
f(x). The oracle when asked will write some finite approximation to the value
x on the oracle tape. The representation of a p-adic number that will be used
is the base p representation of a p-adic number. Because of this convention the
Turing machines will have as alphabet the set {0, 1, . . . , p− 1}. At any time, the
content of the oracle tape will be an element of the set {0, 1, . . . , p− 1}<ω, and
the content of the output tape will be an element of the set {0, 1, . . . , p− 1}<ω.
More specifically the tapes of the Turing machine are an input tape, an output
tape, an oracle tape, a query tape and a number of tapes as workspace. The
oracle tape contains information about the argument x to the function f in the
form of finite approximations to x.

The Turing machine which calculates (represents) a function f in addition
to the standard states has a query state. The input tape contains a number n in
unary which is the desired accuracy of f(x). During the calculations the Turing
machine may write a number m (in unary which is represented by 0m) on the
query tape. When the machine enters the query state the oracle will examine the
content of the query tape and will write rm = φ(0m) on the oracle tape which
is a rational number and is an approximation s.t. |rm − x| < p−m (roughly the
first m digits of x.) The next state is determined by the Turing machine before
it enters the query state. The above model is called a function oracle Turing
machine since the oracle reads a string and gives a new string as an answer. The
time complexity of this model of computation is defined to be the number of
moves that the Turing machine requires for the calculations, where the process
of writing 0n querying and writing φ(0n) requires 2n+ 1 steps.

The input to the Turing machine representing a function f is in unary. This
contrasts with the standards of complexity theory but is necessary for the study
of computable numbers and functions. For example if the input number n is given
in the binary representation of n then the input size will be roughly log(n). This
in turn entails that functions as f(x) = x will have exponential time complex-
ity. As an alternative to the convention of using the unary representation of a
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number n it is possible to use the size of the number n and not the size of the
representation of n.

2 General Properties of Polynomially Time Computable
Functions

Definition 1. Let f be a function f : Zp → Qp. The function f is com-
putable if and only if there is an oracle Turing machine M over the alphabet
{0, 1, 2, . . . , p− 1} such that having n as the content of the input tape (represent-
ing the desired output accuracy), and x (representing the argument to the func-
tion) as the oracle,M outputs a rational number rn such that |rn − f (x)| < p−n.
In this case the Turing machine M represents f.

Definition 2. A computable function f : Zp → Qp has time complexity g(n)
if and only if there exists an oracle Turing machine M that represents f, such
that having n in unary as the content of the input tape and any x as oracle, the
running time of M is g(n) uniformly in x.

Definition 3. A computable function f : Zp → Qp is polynomially time com-
putable (or computable in polynomial time) if and only if there exists a Turing
machine M that represents f and the running time of M having n in unary as
content of the input tape and any x as oracle, is bounded by a polynomial in n
uniformly in x.

A basic theorem of recursive analysis over the real numbers is that a com-
putable function is continuous and that a continuous function is computable
relative to some oracle set. A similar statement is also true at the polynomially
time computable level for the real numbers [6] and for the polynomially time
computable p-adic numbers. For the proof of this theorem which is a compu-
tation relative to a set, the notion of a set oracle Turing machine is used. The
model is a variant of the function oracle model. In addition to the states of an
ordinary Turing machine the set oracle Turing machine has a yes state, a no
state and a set query state. During the computations if the Turing machine en-
ters the set query state the set oracle will examine the content of the oracle tape
and then the Turing machine will continue the calculations having as the next
state the yes state or the no state, depending on the membership of the content
of the oracle tape in the set oracle.

Theorem 1. If f : Zp → Qp is a computable function then f is continuous.

Proof. Let f be computed by a Turing machineM as above. Then M on input
n, and with any oracle y will halt after a finite number of steps m(n, y). Then we
have that on any oracle y the machine will examine at most the first m(n, y) cells
of the oracle tape, i.e. the Turing machine will examine only the first m(n, y)
digits of y. Hence we have:

|x− y| < p−m(n,y) ⇒ |My(n)−Mx(n)| < p−n.
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From this we have:

|f(x) − f(y)| = |f(x) −Mx(n) +Mx(n)−My(n) +My(n) − f(y)| ≤

≤ max
{
|f(x)−Mx(n)|, |Mx(n)−My(n)|, |My(n) − f(y)|

}
≤

≤ max
{
p−n, p−n, p−n

}
= p−n.

Hence we have |x− y| < p−m(n,y) ⇒ |f(x)− f(y)| < p−n which shows that f is
continuous. �

Theorem 2. If f : Zp → Qp is polynomially time computable, then f is con-
tinuous and has modulus of continuity bounded by a polynomial. As a partial
converse, if f : Zp → Qp has modulus of continuity bounded by a polynomial,
then there exists an oracle set O such that f is polynomially time computable
with respect to O.

Proof. Let f be polynomially time computable by a Turing machine M, and
let m(n) be the time bound of the Turing machine with x as the content of
the oracle tape and n as the content of the input tape. Since the computation
halts after a finite number of steps, we have that the amount of information used
from the oracle set is finite, and bounded by the number of steps that the Turing
machine requires to halt. This in turn implies that on input n for every p-adic
number z, which admits a representation which agrees with the content of the
oracle tape for x up to the m(n)th position, the computation will be the same,
and hence the output will be the same as well. Therefore we have the following:

|x− z| ≤ p−m(n) ⇒ |f(x) − f(z)| ≤ p−n,

which shows that the modulus of continuity is bounded by a polynomial.
For the converse we have that f is uniformly continuous on Zp since Zp is

compact. Suppose that the modulus of continuity of f is m where m is bounded
by a polynomial. For x ∈ Zp and n ∈ N, we have to calculate an approximation
of f(x) within p−n (roughly the first n digits of f(x)). To achieve this consider
the set:

O = {〈n, c, d〉 | n ∈ N, c ∈ {0, . . . , p− 1}m(n), d ∈ {0, . . . , p− 1}n and,

|d− f(c)| ≤ p−n}.
Then we have that f is computable relative to O as follows:
First calculatem(n), and obtain c ∈ {0, . . . , p−1}m(n) such that |c−x| ≤ p−m(n).
The value of f(x) can be calculated as follows:
Stage 0: let dk

0 = k, for 0 ≤ k ≤ p− 1.
Using the oracle O, exactly one of the triples 〈1, c, k〉 belongs to O, and this
determines a (unique) value for k. Let d0 = k.
Stage s+ 1: Assuming that the correct value ds has been determined (by induc-
tion), let dk

s+1 = ds + kps+1 with 0 ≤ k ≤ p − 1. Again using the oracle exactly
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one of the triples 〈s+ 1, c, dk
s+1〉 will be an element of the oracle set O, and this

one determines f(c) correctly up to s+ 1 digits. Let ds+1 = ds + k0p
s+1, where

k0 is the value of k such that 〈s+ 1, c, ds + k0p
s+1〉 ∈ O. Stop at stage n, and

let d = dn.
We have |d−f(x)| = max{|d−f(c)|, |f(c)−f(x)|} ≤ p−n. For the time bounds

now we have that O (m (n)) steps are required to determine the approximation c.
Then at each stage s we had to query the oracle at most p−1 times to determine
the correct answer, so the query phase requires (p−1)n steps, which gives a time
bound of O(k(n)) with k(n) = max{m(n), (p − 1)n}, hence it is bounded by a
polynomial. �

3 Roots of Polynomially Time Computable Functions
over p-Adic Fields

The existence of roots of equations, their properties and the effective determi-
nation of the roots is a fundamental problem in Mathematics. In the following
we study the complexity of roots of polynomially time computable functions.

We observe that by taking the identically zero function there exist functions
computable in polynomial time that have as roots p-adic numbers of arbitrarily
high complexity, even non computable numbers as we have in the case of the
real numbers.

Regarding the complexity of roots of polynomially time computable functions
over the real numbers a technique due to H. Friedman and Ker – I Ko in [6] is to
construct a polynomially time computable function having a root of arbitrarily
high complexity as the limit of a suitable sequence of piecewise linear functions.

In the case of functions over the p-adic numbers we have a similar situation
and the idea for the proofs is roughly the same. The members of the sequence
of approximating functions are locally constant functions, which are continuous
functions in the case of p-adic numbers. A function computable in polynomial
time over the p-adic numbers then can be defined as the uniform limit of a se-
quence of locally constant functions. The modulus of convergence of the sequence
is also bounded by a polynomial.

In the following definitions we assume an one to one and onto recursive
enumeration of the set of rational numbers. This allows the introduction of the
notions of effective (recursive) sequences, of effective (recursive) convergence and
effective convergence rate of sequences of rational numbers.

Definition 4. A sequence an of rational numbers effectively (recursively) con-
verges to x ∈ Qp if and only if there is a recursive function f s.t. ∀n ∈ N, m ≥
f (n)⇒ |am − x|p < 2−n.

Definition 5. A sequence of rational numbers {an | n ∈ N} is recursive (effec-
tive) if and only if there is a recursive function f s.t. ∀n ∈ N f(n) = an. An
index e s.t. φe(n) = f(n) is called an index of the sequence {an | n ∈ N}.



108 George Kapoulas

Definition 6. A recursive sequence of rational numbers {an | n ∈ N} is re-
cursively or effectively Cauchy (in the p-adic metric) if and only if there is a
recursive function g s.t. ∀n,m > g(l) we have | an − am |< p−l. The function
g is called a modulus of the Cauchy criterion (or modulus of convergence) of
the sequence {an | n ∈ N}. An index of the function g is called an index of the
Cauchy criterion.

Definition 7. A recursive p-adic number x is the limit of recursive Cauchy
sequence of rational numbers {an | n ∈ N} which converges recursively (in the
p-adic metric) to x.

The set of recursive p-adic numbers, and recursive p-adic integers, will be denoted
by Qc

p, Zc
p respectively.

Definition 8. A recursive p-adic number x is polynomially time computable
if and only if it is the limit of recursive Cauchy sequence of rational numbers
{an | n ∈ N} which converges recursively (in the p-adic metric) to x, such that
the (recursive) functions representing the modulus of convergence and the se-
quence {an | n ∈ N} are polynomially time computable w.r.t. the length of n in
unary.

Definition 9. A function f : Zp → Qp is a locally constant polynomially time
computable function if there exists a finite number of clopen balls {Ai | i ≤ n},
and a fixed finite set of polynomially time computable p-adic numbers {xi | i ≤ n}
such that:

1. The sets Ai, i ≤ n are mutually disjoint,
2. The sets Ai, i ≤ n cover Zp,
3. For all i ≤ n f(Ai) = {xi} .

Definition 10. Let {fn | n ∈ N} be a sequence of locally constant computable
functions. Then {fn | n ∈ N} uniformly converges to f with modulus of conver-
gence bounded by a polynomial (denoted by fn

p,u→f ) if and only if there exist
two functions φ, ψ computable in polynomial time where the input n is given in
unary, such that:

φ: N→ N, and ψ: N× {0, 1, 2, · · ·, p− 1}<ω → {0, 1, 2, · · ·, p− 1}<ω,

such that:

1. φ is bounded by a polynomial function,
2. length(d) ≤ n⇒ ψ(n, d) = fn(d),
3. ∀t ∈ Zp, ∀d ∈ {0, 1, 2, · · ·, p}<ω, ∀n ∈ N with length(d) ≤ φ(n) and |t −

d| ≤ p−φ(n) ⇒ |f(t) − ψ(φ(n), d)| ≤ p−n.



Polynomially Time Computable Functions over p-Adic Fields 109

Theorem 3. Let f : Zp → Qp, f is computable in polynomial time if and only if
there exists a sequence {fn | n ∈ N} of locally constant functions such that
fn

p,u→f. Each member of the set of (finite) values of p-adic numbers that each fn

takes on, is computable in polynomial time.

Proof. (⇐) The conditions 1, 2 and 3 from definition 10 give an algorithm which
runs in time bounded by a polynomial.

(⇒) Suppose that f is computable in polynomial time, M is the function
oracle Turing machine computing f , n ∈ N, and Pf is the (polynomial) bound
on the computation time of M. By Theorem 2 f has modulus of continuity
bounded by a polynomial. We can also assume without loss of generality that
the modulus of continuity satisfies m(n) ≥ n, so that we have:

for all x, y ∈ Zp |x− y| ≤ p−m(n) ⇒ |f(x)− f(y)| ≤ p−n.

Let fn be defined as follows: The open balls for the partition of Zp are the
balls having “centers” the points

∑m(n)
i=0 aip

i with ai ∈ {0, 1, . . . , p − 1}, and
radius p−m(n). These balls are mutually disjoint, and they cover Zp. The value
of the function fn on each of these balls is Mx(n) where x =

∑m(n)
i=0 aip

i is
the “center” of this ball. For w ∈ Zp, there exists a point x among the above
mentioned “centers” such that |x− w| ≤ p−m(n) so thatMw(n) =Mx(n). Let
ψ(n, w) =Mw(n), so that the second condition of the definition is satisfied. For
the third and first condition now let φ(n) = m(n). For z ∈ Zp, and x among the
centers of the above clopen sets such that

|z − x| ≤ p−φ(n)⇒
⇒ |f(z) − ψ(φ(n), x)| ≤ max{|f(z) − f(x)|, |f(x) − ψ(φ(n), x)|} =

= max{p−n, p−φ(n)} ≤ p−n.

We have that φ is a bounded by polynomial function, for d with length(d) ≤ n
ψ(n, d) = fn(d), that ψ(n, d) can be computed in Pf(n) steps, and that each
of the possible values of each fn is polynomially time computable since it is a
rational number. �

An important question when studying various number systems is, which
equations are solvable and what are the properties of the solutions. In the case
of p-adic functions (as in the case of functions over the real numbers [6]) we have
that a polynomially time computable function can have as root a p-adic number
of arbitrarily high complexity in Qc

p.

Definition 11. A recursive p-adic number x has time complexity bounded from
above by a function f : N → N if there exists a Turing machine M with index
e, such that for each n, M(n) is a code for a rational number, the sequence
{M(n) | n ∈ N} effectively converges to x, the number of steps required for the
calculation of M(n) is bounded from above by f(n), and the modulus of conver-
gence of the sequence {M(n) | n ∈ N} is bounded from above by f(n).
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Definition 12. A recursive p-adic number x has time complexity bounded below
by a function f : N → N if for all Turing machines with index e, such that for
each n,M(n) is a code for a rational number, and the sequence {M(n) | n ∈ N}
effectively converges to x, with modulus of convergence n, and the number of steps
required for the calculation ofM(n) is bounded from below by f(n).

Lemma 1. For any constant c there exists a computable p-adic number x with
complexity Θ (2cn).

Proof. Consider the characteristic function χA of a set A which has complexity
exactly 2cn and define x =

∑∞
n=0 χA (n) pn. �

Theorem 4. There exists a function computable in polynomial time f : Zp → Qp,
f 6= 0 on any sphere S ⊆ Zp, such that f is a uniform limit of locally constant
functions, f ′ ≡ 0, and f has a root which is not polynomially time computable.

Proof. Let x be a number in Zp such that x has time complexity g(n), with
g ∈ Θ(2cn) for some constant c. Let {φ(i) | i ∈ N} be a computable sequence of
rational numbers such that |φ(n)− x| ≤ p−n.

Define a sequence of functions {fn | n ∈ N} as follows:

1. For pk < n < pk+1 let fn = fpk ,
2. For n = pk define fn to be the following function:

fn(y) =
{

0, if |x− y| < p−k,
ppi if |x− y| = p−i, i ≤ k.

i.e. fpk (y) = ppi if and only if y = φ (i) for some i ≤ k, otherwise the value of
the function is 0. We have that for any value of k, fpk and fpk+1 will differ only
at the “annulus” with center x and radii pk, pk+1 and so we will have:

∀y ∈ Zp sup |fpk(y) − fpk+1 (y)| = |ppk+1 | = p−pk+1
,

so fn converges uniformly with a linear modulus to a function f . We have that
fn(d) = ppi for d ∈ Zp such that length(d) ≤ n and |x−d| = pi, hence f(d) = ppi

for such d.
We have f(x) = 0 and f ′(y) = 0 for y 6= x. For x we have:

f ′(x) = lim
h→0

f(x + h)− f(x)
h

= lim
h→0

f(x + h)
h

= 0.

To show that f is polynomially time computable it suffices to show fn
p,u→f .

For this let φ(n) = n, ψ(n, d) = fn(d). From these definitions we have that
the first two clauses of the definition 10 are satisfied. For t ∈ Zp such that
|t− d| ≤ p−n ⇒ |f(d)−ψ(n, d)| = 0 so that the third clause of the definition 10
is satisfied. The values of the function fpk (y) can be calculated by generating
the first k digits of x and y and comparing, this requires time bounded above by
Θ

(
2c(k+1)

)
and then we have to output the appropriate string which has length

bounded by pk. �
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The idea in the above proof can be generalized to the case where x can have
arbitrarily high complexity in Qc

p.

Corollary 1. For any computable p-adic number x ∈ Zp there exists a polyno-
mially time computable function f : Zp → Qp such that f(x) = 0, f 6= 0, on any
sphere S ⊆ Zp, f is differentiable and f ′ = 0.

Proof. There exists a recursive function B such that for all n we can calculate a
p-adic integer z such that |z−x| ≤ p−n in at most B(n) steps, i.e. we can calculate
the set {φ (k) | k ∈ N} referred in the proof of Theorem 4 in time

∑n
i=0 B(i).

Since B represents time complexity we can assume w.l.o.g. that ∀n ∈ N B(n) is
computable in time O (B (n)). Define:

B(l) =
l∑

i=0

B(i),

and let gB(l) be defined as follows:

gB(l)(y) =
{

0, if |x− y| < p−l,
pB(i) if |x− y| = p−i, i ≤ l.

and gn(y) = gB(k)(y) for B(k) ≤ n < B(k + 1). These two inequalities are
decidable in polynomial time with respect to max{k, n} (from the definition of
gn). As before we have that there exists a function g such that gn

p,u→g and
|gB(l) − g| ≤ p−B(l) so g is polynomially computable, g(x) = 0, and g′(x) = 0. �

For a certain class of functions we will show that the solutions to the equation
f(x) = 0 are polynomially time computable as in the case with the real number
system [6]. However the condition for the p-adic case is weaker than the condition
for the real numbers since it involves the behavior of the limit of the first quotient
of differences while in the real case the corresponding condition is analyticity [6].
The condition for the p-adic case is a local version of the Mean Value Theorem of
Real Analysis which gives all the necessary information for the calculations. We
note that the p-adic fields are not ordered fields and the Mean Value Theorem
fails in general. The local version of the Mean Value Theorem is strong enough
to imply a local isometry. Having a local isometry makes it possible to use an
argument similar to the binary search argument adapted to the p-adic case. The
time estimates in the present case are linear with respect to the input length
and logarithmic with respect to the search space.

In the case of polynomially time computable real numbers, it is proved that a
root of an analytic polynomially time computable function is polynomially time
computable. This statement is essentially about inverting a function at a single
point [6].

For the case of polynomially time computable function over the p-adic num-
bers it is possible to invert a C1 polynomially time computable function over
a neighborhood of any point x when f ′(x) 6= 0. The definition of C1 p-adic
functions is as follows:
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Definition 13. A function f : Qp → Qp is C1 at a if and only if

lim
(x,y)→(a,a)

f(x) − f(y)
x− y

exists at a.

Theorem 5. Let f : Zp → Qp polynomially time computable, and f ∈ C1 at
a ∈ Zp. Suppose that f ′(a) 6= 0, then a neighborhood N of a exists such that f−1

is polynomially time computable in N .

Proof. Assume first that |f ′(a)| = 1 and that f(a) = 0. In particular, the value of
|f ′(a)| is a rational number. Let m be the modulus of convergence of the quotient
f(x)−f(y)

x−y
to f ′(a). Then there exists k ∈ N such that for x, y ∈ S (

a, p−m(k)
)

=
N we have: ∣∣∣∣f(x) − f(y)x− y − f ′(a)

∣∣∣∣ < |f ′(a)|.
Since we have that for any triangle at least two of the sides of the triangle have
equal length this inequality reduces to:∣∣∣∣f(x) − f(y)x− y

∣∣∣∣ = |f ′(a)| ⇒

⇒ |f(x) − f(y)| = |f ′(a)||x− y| ⇒
⇒ |f(x) − f(y)| = |x− y|. (1)

Let f be computed by a Turing machine M which runs in time bounded by a
polynomial q. Given n ≥ m(k), the following procedure will determine correctly
the first n digits of a: Let z ∈ Zp such that |z−a| = p−m(k) and z has minimum
length (omitting trailing zeroes), let c0 = z.
Stage 1: Let ci1 = z + ipm(k)+1, 0 ≤ i ≤ p − 1. Compute Mci1(m(k) + 1), for
each i and choose the ci1 that gives 0 as the first digit. Exactly one of the ci1
will satisfy the above condition since |f(x) − f(y)| = |x− y| so the first digit is
computed correctly.
Suppose now that cl is the initial approximation to the f−1(x) i.e. l stages of
the above algorithm have been carried out.
Stage l+1 : Let cil+1 = cl+ipl+1 , 0 ≤ i ≤ p−1. For all i computeMcil+1 (m(k)+l+
1) and choose the one that has 0 as output (by the condition |f(x)−f(y)| = |x−y|
there is going to be exactly one number satisfying this condition). Stop at stage
n−m(k).

Since we have an isometry there exists only one root in this neighborhood
and the approximation to the root will be determined correctly by the above
procedure.

The running time of the algorithm is calculated as follows: At stage l, p− 1
computations are required (if the result of the first p − 1 is not the correct one
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then the last choice is the correct one). Each one of these will take q(l) steps
by M, hence in total will have an upper bound for the calculations given by:
(p−1)[q(1)+ q(2)+ q(3)+ . . .+ q(n)]. Without loss of generality we may assume
that q(x) is non decreasing so (p − 1)(

∑n
i=1 q(i)) ≤ n(p − 1)q(n) is an upper

bound for the time required.
In case that |f ′(a)| = pm 6= 1 and |f (a)| = 0 where m ∈ Z, equation 1

becomes in this case |f(x) − f(y)| = |f ′(a)(x − y)| = pm|x− y|. In this case at
the previous proof at stage l we will have to carry the i computationsMcil (n+m)
and the running time will be bounded above by n(p− 1)q(n+m) with m fixed
and m+ n ≥ 0.

For the case that f(a) = d 6= 0, given n ∈ N there exists a k such that for
all x, y ∈ S (

a, p−m(k)
)

= N we have:
∣∣∣∣f(x) − f(y)x− y − f ′(a)

∣∣∣∣ < |f ′(a)|.

which as in the previous case reduces to :

|f(x) − f(y)| = |f ′(a)(x− y)| = pm|x− y|.
Hence we have a local isometry again and we can determine z ∈ Z such that
|z − a| < p−m(k) and z has minimal length. Letting c0 = z we we can repeat
the above argument and at the case that we determine the digits cil , instead of
checking against 0 we have to check with the appropriate digit of d to determine
the value of each cil , and the above estimates for the bounds are the same in this
case. �

Essentially the theorem states that the modulus of continuity of the inverse
function of f has a bound similar with the bound of the modulus of continuity
of the function f under certain hypotheses.

It is interesting to compare the above theorem with the case of polynomially
time computable functions over the real numbers. In this case Ker – I Ko [8]
proved that there exists a C∞ polynomially time computable function over the
real numbers which has a root which is not polynomially time computable (ex-
cluding the case of being identically zero).

Proposition 1. Let f : Zp → Qp be given by a power series expansion over Zp,
with domain of convergence of the power series that contains Zp, f not identically
0 and computable in polynomial time, then all roots of f are computable in
polynomial time.

Proof. Since f is analytic and Zp is compact f has finitely many roots. From this
fact we have that the roots of f are isolated. Let x be a root, then it will have a
multiplicity m <∞. Apply Proposition 5 to f(m−1) where m is the multiplicity
of the root. �

After establishing a version of the inverse function theorem it is natural to
ask whether there is a version of the implicit function theorem.
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Proposition 2. Let f : Zp × Zp → Qp be a polynomially time computable func-
tion. For (x0, w0) ∈ Zp × Zp suppose that

lim
(y,z)→(w0,w0)

f(x0, y) − f(x0, z)
y − z

exists and is not 0. Then the equation f(x, y(x)) = 0 with y(x0) = w0 defines y
as a polynomially time computable function of x, in a neighborhood of (x0, w0).

Proof. Let D2 denote the partial derivative with respect to the second variable.
Fix x0 and choose a neighborhood N of (x0, w0) such that for all y, z ∈ N :

∣∣∣f(x0 , y)− f(x0, z)
y − z −D2f(x0, w0)

∣∣∣ < ∣∣D2f(x0, w0)
∣∣,

so that for all y, z ∈ N we have:
∣∣f(x0, y) − f(x0 , z)

∣∣= ∣∣D2f(x0, w0)
∣∣∣∣y − z∣∣.

As in the proof of Theorem 5 given m we can search (essentially one digit
at each stage) for m stages. At each stage i, p − 1 calculations are required to
calculate a p-adic number z such that |f(x, z)| ≤ p−i. If the first p−1 calculations
are wrong, then the last one has to be the correct value since we have an isometry.

The total running time of the algorithm now is :

(p− 1)
m∑

i=0

q (i) ≤ (p− 1) (m+ 1) q (m)

(assuming w.l.o.g. that q(m) is nondecreasing). �

4 Derivatives of Polynomially Time Computable
Functions over p-Adic Fields

Since most of analysis is concerned with approximate calculations, and in com-
putability and complexity theory the effort is to delineate the effectiveness of
these approximate calculations or obtain as sharp quantitative results as possi-
ble, the notion of the derivative is an important topic as a way of doing simpler
approximate calculations.

The first question is whether there exists any relationship between the no-
tion of differentiation and computability. In the case of the p-adic numbers the
situation is similar to the real number case [6] as we have that there exists a
function f which is polynomially time computable and f is nowhere differen-
tiable. The proof essentially is a verification that the constructed function has
linear modulus of continuity and hence it is computable in polynomial time.

Theorem 6. There exists a function f : Zp → Qp, such that f is polynomially
time computable on Zp, and f ′(x) does not exist for any x ∈ Zp.
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Proof. Case 1. (p 6= 2, Dieudonné) Define the following function f :

for x =
∞∑

i=0

aip
i, let f(x) =

∞∑
i=0

a2
i p

i.

with ai ∈ {0, 1, . . . , p − 1}. We have that f is well defined, since |ai| ≥ |a2
i | so

that limi→∞ |a2
ip

i| = 0. We have:

f ′(x) = lim
h→0

f(x + h)− f(x)
h

.

For h = bpn, with |b| = 1 we have that the limits in the summation defining f(x)
exist and the convergence is absolute hence we can rearrange the summation and
we have:

f ′(x) = lim
n→∞

∑n−1
i=0 a

2
i p

i + (an + b)2pn +
∑∞

n+1 a
2
ip

i −∑∞
i=0 a

2
i p

i

bpn
=

= lim
n→∞

(2anb+ b2)pn

bpn
= lim

n→∞ 2an + b.

We have that this limit depends on an. Since p 6= 2 the possible values for b
are more than one, and the limit depends on b as well, hence the limit does not
exist. From the definition of f we have that f is polynomially time computable
on Zp since it has linear modulus of continuity.

Case 2. (p = 2) Consider the representation of x in base 4 instead of base 2
so that we have the following definition for f :

for x =
∞∑

i=0

ai4i, let f(x) =
∞∑

i=0

a2
i 4

i.

The derivative is:

f ′(x) = lim
h→0

f(x + h)− f(x)
h

.

For h = b4n with b ∈ {1, 2, 3} we have:

f ′(x) = lim
n→∞

∑n−1
i=0 a

2
i 4

i + (an + b)24i +
∑∞

i=n+1 ai4i −∑∞
i=0 a

2
i 4

i

b4n
=

= lim
n→∞

(2anb+ b2)4n

b4n
= lim

n→∞2an + b,

and the limit of this expression does not exist as in the previous case. The func-
tion f is polynomially time computable since it has linear modulus of continuity.
�

The proof for the case p 6= 2 is given in Dieudonné [4] without any computability
considerations.
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5 Maximum Values of Polynomially Time Computable
Functions

In discrete complexity theory optimization problems play an important role in
delineating complexity classes. Usually the setting is maximizing a function with
the possible presence of constraints. A reasonable candidate for a class of opti-
mizing problems in analysis (real and p-adic numbers) is the study of the extrema
of functions. In the real case the problems for maximum and minimum are es-
sentially the same, and the study of either kind of extremum is equivalent with
the other.

In the p-adic case these two notions seem to give rise to two different cases.
The problem of maximizing a function (for a non identically zero function),
reduces to the determination of rational number, and once a value has been
determined this value will not change. The problem of determining the mini-
mum value includes the problem of finding roots of functions. This is one more
difference compared with the real number case.

The problem of minimizing a function in the case of p-adic numbers contains
the problem of finding roots. In the case of of polynomially time computable
functions from Corollary 1 we have that such numbers can have arbitrarily high
complexity.

Theorem 7. Let f : Zp → Qp computable. Suppose f 6≡ 0. The maximum value
M of |f | and a point x0 such that |f(x0)| = M can be determined in constant
time.

Proof. Let m be the modulus of continuity of f . Order Zp lexicographically.
Searching (using the above order) we can find x0 such that f (x0) 6= 0. Let k
such that p−k = |f (x0)|.

For x ∈ Zp such that |x− x0| < p−m(k), we have that |f (x0)− f (x)| < p−k

so suffices to check (in the above order) the values of f at one point of the finitely
many disjoint spheres of radius p−m(k)+1 that partition Zp. Either we have that
the maximum value of |f (x)| occurs at x0 i.e. max{|f (x)| : x ∈ Zp} = p−k or
the maximum value of |f (x)| occurs at a different point z where |f (z)| = p−l

with l < k. In the latter case such a point z will be member of the finitely many
disjoint spheres of radius p−(m(k)+1). We can take such a z to be of minimum
length w.r.t. the lexicographic ordering (omitting trailing zeroes).

The time requirements of the above procedure are independent of the input
n hence the maximum value is calculated in constant time. �

Proposition 3. Let f(x, y): Zp × Zp → Qp be computable. Suppose that for all
x there exists y such that f(x, y) 6= 0, then the mapping x 7→ y such that |f(x, y)|
is maximum, and y is the least in the lexicographic ordering of Zp is computable
in constant time.

Proof. Claim: Let Mx = max{|f(x, y)| | y ∈ Zp}. Then min{Mx | x ∈ Zp} 6= 0.
Proof of claim. Suppose min{Mx | x ∈ Zp} = 0. Then for any n ∈ N there
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exists xn ∈ Zp such that Mxn < p−n. By compactness of Zp the sequence
{xn | n ∈ N} has a convergent subsequence {x̂n | n ∈ N}. Let x̂ = limn→∞ x̂n.
Then by Theorem 1 f is continuous so we have max{|f(x̂, y)| | y ∈ Zp} = 0 which
contradicts that for any x ∈ Zp there exists a y ∈ Zp such that f(x, y) 6= 0.
End of claim.
For fixed x0 the function |f(x0, y)| attains a nonzero maximum because range(f)
is compact. Let m(n) be the modulus of continuity of f(x, y) (in both variables).
Without loss of generality we may assume that the modulus of continuity is an
increasing function.
For each i, starting with i = 1, calculate f(x0, y) for all y ∈ Zp with length(y) ≤
m(i). If for some y,

|f(x0, y)| > p−i,

stop and output the least such y. the result. This will happen for some y since
for some y f(x0, y) 6= 0. Suppose y0 is the result of the calculations. Let a =
f(x0, y0). Then |a| is the maximum value of f . If p−j = maxy∈Zp

|f(x0, y)| >
|a| = p−i then the value of y such that f(x0 , y) attains maximum value would
be a value such that length(y) ≤ m(j) < m(i), which contradicts the fact that
the y found was the least one in the lexicographic order of Zp.

We have that y is computable in constant time because y is a rational in-
teger and if there is a z such that |f(x0, z)| = p−j then there is a z′ such that
f(x0, z

′) = p−j with length(z′) ≤ m(j), as m is the modulus of continuity of f .
Hence some y0 exists with length(y) ≤ m(n) with p−n = min{Mx | x ∈ Zp} and
this value y0 will be found in the above calculations. Once such value for y has
been determined this value will not change. �
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1 General Introduction

This paper (and its companion [29]) is another case study in the project of
‘proof mining’ 1 in analysis by which we mean the logical analysis of mathe-
matical proofs (typically using non-effective analytical tools) with the aim of
extracting new numerically relevant information (e.g. effective uniform bounds
or algorithms etc.) hidden in the proofs.2

Many problems in numerical (functional) analysis can be seen as instances of
the following general task: construct a solution x of an equation

A(x) :≡ (F (x) = 0),

where x is an element of some Polish (i.e. complete separable metric) space
(typically with additional structure) and F : X → IR (usually F will depend
on certain parameters a which again belong to Polish spaces). Quite often the
construction of such a solution is obtained in two steps:

1) One shows how to construct (uniformly in the parameters of A) approximate
solutions (sometimes called ‘ε-solutions’) xε ∈ X for an ε-version of the
original equation

Aε(x) :≡ (|F (x)| < ε
)
.

2) Exploiting compactness conditions on X one concludes that either (x 1
n
)n∈IN

itself or some subsequence of it converges to a solution of A(x).

The first step usually is constructive. However, the non-effectivity of the second
step in many cases prevents one from being able to compute a solution x̂ of
A effectively within a prescribed error 1

k , i.e. to compute a function n(k) such

that dX(xn(k), x̂) < 1
k . In many cases X := K is compact and x̂ is uniquely

determined. Then (xn) itself converges to x̂ so that no subsequence needs to be
selected. However, the problem of how to get a-priori bounds (in particular not
depending on x̂ itself) on the rate of convergence of that sequence remains. In
numerical analysis, often such rates are not provided (due to the ineffectivity of
the proof of the uniqueness of x̂).3

In a series of papers we have demonstrated the applicability of proof theoretic
techniques to extract so-called uniform moduli of uniqueness (which generalize
1 The term ‘proof mining’ (instead of G. Kreisel’s ‘unwinding of proofs’) for the activity

of extracting additional information hidden in given proofs using proof theoretic tools
was suggested to the author by Professor Dana Scott.

2 For a different case study in analysis in the context of best approximation theory
see [21],[22]. For other kinds of logical analyzes of specific proofs see [33] and [36].

3 In interesting critical discussion of this and related issues can be found in [32].
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the concept of strong unicity as used e.g. in Chebycheff approximation theory)
from non-constructive uniqueness proofs and to use them to get effective rates
of convergence (e.g. [25], [21],[22],[23],[30] for concrete applications to approxi-
mation theory).

In this paper we carry out a logical analysis of examples for the first of the
two steps mentioned above in situations where an effective solution of 2) is not
possible (mainly due to the lack of uniqueness) and already the fact that the
sequence yn := x 1

n
yields better and better approximate solutions is proved non-

constructively (using sequential compactness).

These applications to 1) fall under (an extension of) the same general logical
scheme as our previous applications to 2). In a series of papers ([23],[24],[25],[27]
among others) we have developed general meta-theorems which guarantee the
extractability of uniform bounds from proofs which are allowed to make use of
substantial parts of analysis. In particular, we specified situations where (due to
the fact that only weak forms of induction are used) exponential and even polyno-
mial bounds are guaranteed. Furthermore, these results show that many lemmas
used in such proofs do not need to be analyzed (since they do not contribute
to the bound) because of their logical form. The proofs of these meta-theorems
actually provide an extraction algorithm (based on certain proof-theoretic trans-
formations of the specific proof to be analyzed). So applied to a given proof p

in analysis we get another proof p∗ which provides more numerical information.
When this transformation is carried out explicitly we obtain a new ordinary
mathematical proof of a stronger statement which no longer relies on any logical
tools at all. Of course, the general proof-theoretic algorithm will usually be used
only as a guideline but not followed step by step in the actual construction of
p∗ (unless this is necessary).

The special case of our general meta-theorems which is relevant for the present
paper has the following form:
Let X be a Polish space, K a compact metric space and A1 a purely existential
property. If a theorem of the form

(∗) ∀n ∈ IN∀x ∈ X∀y ∈ K∃m ∈ INA1(n, x, y, m)

has been proved in certain formal systems T for (fragments of) analysis, then
one can extract a computable uniform bound Φ(n, x)4 for ∃m, i.e.

(∗∗) ∀n ∈ IN∀x ∈ X∀y ∈ K∃m ≤ Φ(n, x)A1(n, x, y, m).

An important feature of the bound Φ(n, x) is that it does not depend on y ∈ K.
Typically, ∃mA1 is monotone in m so that the bound Φ(n, x) actually realizes
4 This bound (as well as the logical form of A1) will in general depend on the specific

representation of x ∈ X used in T .
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the quantifier. In [25] we have specified a system PBA of polynomially bounded
analysis which guarantees that Φ(n, x) will be a polynomial. If we add the ex-
ponential function to PBA we obtain a system EBA which guarantees that Φ

uses at most a finite iteration of exp (so if exp is not iterated at all the bound
will be exponential in n relative to x). Whereas for our first application in the
present paper (theorem 4 below) this result for PBA is already sufficient for
providing the general logical framework, our analysis of a proof from [4] carried
out in theorem 7 needs an extended version due to the use of a principle used in
that proof which is not available in PBA or EBA. Whereas these systems con-
tain quite some parts of non-constructive analysis, principles based on sequential
compactness are not included. The significant and highly non-trivial impact of
such principles for the extraction of bounds has been determined completely in
[27] and [28]. We only discuss the results for the particular simple case of the
principle

PCM(ak) :≡ [∀n(0 ≤ an+1 ≤ an)→ ∃a ∈ IR+( lim
n→∞an = a)]

of convergence for bounded monotone sequences (an)n∈IN of reals, as it is this
principle which is used in the proof from [4] we are going to analyze. In systems
like PBA, real numbers are represented as Cauchy sequences of rational numbers
with fixed rate of convergence. Because of this representation PCM(an) is a fairly
strong principle equivalent to

(+) ∀n(
0 ≤ an+1 ≤ an)→ ∃f : IN→ IN∀k, m

(
m ≥ f(k)→ af(k)−am ≤ 1

k + 1
)
.

Because of the existence of the ‘Cauchy modulus f ’, ‘∀(a)n PCM(an)’ is equiv-
alent to the principle of so-called arithmetical comprehension which potentially
creates bounds of huge complexity when added to systems like PBA, EBA (see
[28]). What we showed in [27] is that things are quite different when PCM(an)
is only applied to sequences (an) in a given proof of a theorem (∗) which can
be explicitly defined in terms of the parameters n, x, y of (∗). Then, relative to
PBA and EBA, the use of PCM(an) can be reduced to its arithmetical version5

PCMar(an) :≡
[
∀n(

0 ≤ an+1 ≤ an)→ ∀k∃n∀m(
m ≥ n→ an − am ≤ 1

k + 1
)]

.

By further proof theoretic considerations, the use of PCMar can even be reduced
to that of its so-called ‘no-counterexample interpretation’ (or ‘Herbrand normal
5 Because of (+), PCM(an) essentially is the so-called Skolem normal form of

PCMar(an). In general it is NOT possible (in a context like PBA or EBA) to
reduce the use of the Skolem normal form of an arithmetical principle A to A itself.
The fact that this IS possible for PCMar makes profound use of the fact that this
principle satisfies a strong monotonicity property, see [26].
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form’) PCMH
ar(an) :≡

[
∀n(

0 ≤ an+1 ≤ an)→ ∀k, g∃n(
g(n) ≥ n→ an − ag(n) ≤ 1

k + 1
)]

.

The computational significance of this reduction is, that in contrast to the quan-
tifier dependency ‘∀k∃n’ in PCMar , which in general has no computable bound,
the quantifier ‘∃n’ in PCMH

ar can be bounded (uniformly in k, g and an upper

bound N ∈ IN of a0) by Ψ̂(k, g, N) := max
i≤(k+1)N

Ψ(i, g), where Ψ(k, g) is the

k-times iteration of g applied to 0, i.e.

Ψ(0, g) := 0, Ψ(k + 1, g) := g(Ψ(k, g))

(see [27] for details on all this). We like to stress, that this quantitative bound
for PCMH

ar(an) only depends on (an) via an upper bound N ≥ a0 whereas a
bound for ∃n in PCMar(an) of course has to depend on (an). So the reduction
from PCMar(an) to PCMH

ar(an) also provides an important independence from
(an) which will play a crucial role in our proof of corollaries 3 and 4 below.
We have seen that the use of PCM(an) for definable (an) contributes to the

bound Φ in (∗∗) by Ψ̂ . By finite iteration, Ψ (and hence Ψ̂) is able to produce
arbitrary primitive recursive growth rates. However, in practice it will usually
only be applied to some fixed functions g which can explicitly be defined in terms
of the parameters of the problem. It is the construction of these functions which
plays a crucial role in the process of proof mining. This fact is clearly reflected
in the bounds we obtain in theorem 7 and corollary 3 below (see the definition
of α̂ in these results).6

We have discussed the logical background of our results in order to convince
the reader, that these results are instances of a general scheme for proof mining.
Once one is familiarwith this scheme, one can produce improvements of existence
theorems of the kind we illustrate here using examples from fixed point theory
also in other areas of analysis.

6 In the concrete application in this paper it is mainly the reduction from PCMar to
PCMH

ar which plays a significant role in the proof mining. The (in general much more
complicated) reduction from PCM to PCMar is almost straightforward. However,
we expect that this will be different for other examples. In any case, we believe that
the fact that our applications to concrete proofs reflect crucial steps of the general
proof-theoretic reduction and are instances of a general meta-theorem (which at least
under an additional compactness assumption predicts the type of results we obtain),
makes it justified to call them genuine applications of logic in the sense discussed in
[10].
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2 Applications to the Fixed Point Theory of
Nonexpansive Mappings

In this paper we will analyse proofs from the fixed point theory of nonexpansive
mappings f : C → C for certain sets C in normed spaces X.

Definition 1. Let (X, ‖ · ‖) be a normed linear space and S ⊆ X be a subset of
X. A function f : S → S is called nonexpansive if

(∗) ∀x, y ∈ S
(‖f(x) − f(y)‖ ≤ ‖x− y‖).

Whereas the fixed point theory for mappings with Lipschitz constant < 1 (i.e.
contractions) is essentially trivial (even from a computational point of view)
because of the well-known Banach fixed point theorem, the fixed point theory
for nonexpansive mappings has been one of the most active research areas in
nonlinear functional analysis from the 50’s until today. Let us indicate how the
picture known for contractions breaks down for nonexpansive mappings:

1) Whereas in Banach’s fixed point theorem no boundedness conditions are
necessary, fixed points of a nonexpansive mapping will not exist unless the
set C is at least bounded: take X := C := IR and f(x) := x + 1.

2) Even when C is compact (and therefore fixed points exist by the fixed point
theorems of Brouwer and Schauder), they are not uniquely determined: take
X := IR, C := [0, 1] and f(x) = x.

3) Even when the fixed point is uniquely determined, it will in general not be
approximated by the Banach iteration xn+1 := f(xn): take X := IR, C :=
[0, 1], f(x) := 1− x and x0 := 0. Then xn alternates between 0 and 1.

The early history of the fixed point theory for nonexpansive mappings rests on
two main theorems which both use a geometric assumption on the normed space
X, namely that it is uniformly convex:

Definition 2 ([6]). A normed linear space (X, ‖ · ‖) is uniformly convex if

∀ε > 0∃δ > 0∀x, y ∈ X
(‖x‖, ‖y‖ ≤ 1 ∧ ‖x− y‖ ≥ ε→ ‖1

2
(x + y)‖ ≤ 1− δ

)
.

A function η : (0, 2]→ (0, 1] providing such a δ := η(ε) > 0 for given ε > 0 is a
modulus of uniform convexity.

The following fundamental existence theorem for fixed points of nonexpansive
mappings and uniformly convex Banach spaces was proved independently by
Browder, Göhde and Kirk (note that no compactness assumption is made in
this result):
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Theorem 1 ([5],[13],[17]). Let (X, ‖ · ‖) be a uniformly convex Banach space,
C ⊆ X a non-empty convex closed and bounded subset of X and f : C → C a
nonexpansive mapping. Then f has a fixed point.

Remark 1. In 1975, a counterexample showing that the assumption of X being
uniformly convex in theorem 1 cannot be omitted was found (see [7], p. 37).

Another fundamental theorem in the fixed point theory for nonexpansive map-
pings is the following result due to Krasnoselski, which shows that (under an
additional compactness condition, which by the Schauder fixed point theorem
guarantees the existence of a fixed point) a fixed point of f can be approximated
by a special iteration sequence:

Theorem 2 (Krasnoselski [31]). Let K be a non-empty convex closed and
bounded set in a uniformly convex Banach space (X, ‖ · ‖) and f a nonexpansive
mapping of K into a compact subset of K. Then for every x0 ∈ K, the sequence

xk+1 :=
xk + f(xk)

2

converges to a fixed point z ∈ K of f.

Remark 2. Due to a much more general result from [16], which we will discuss
below, the assumption of X being uniformly convex is actually superfluous in
theorem 2.

We will show below that there cannot be an effective procedure to compute
a rate of convergence of the iteration in the Krasnoselski fixed point theorem
uniformly in f and the starting point x ∈ K of the iteration. This already
holds for the special case of X := IR and K := [0, 1] and the fixed starting
point x0 := 0 as there exists no computable function F from the set of all
nonexpansive functions f : [0, 1] → [0, 1] into [0, 1] which computes uniformly
in f a fixed point of f (this is closely related to the fact that such a function
F cannot be continuous with respect to the maximum norm ‖f‖∞). Logically,
this ineffectivity in Krasnoselski’s theorem corresponds to the fact the statement
that (xk)k∈IN converges is Π0

3 .
On the other hand if we consider the weaker question of how far we have to go
in the iteration to obtain an ε-fixed point, then we notice that the logical form
of the statement

(∗) ∀k ∈ IN∃n ∈ IN
(‖xn − f(xn)‖ <

1
k + 1

)

is Π0
2 (assuming that real numbers are represented as Cauchy sequences with

fixed rate of convergence so that <IR∈ Σ0
1). That is why we are able to extract
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an algorithm for n in (∗) uniformly in x0 and f (if X, C have a computable
representation).
The following crucial monotonicity property holds (see lemma 2 below):

‖xm+1 − f(xm+1)‖ ≤ ‖xm − f(xm)‖

Hence the formula

‖xn − f(xn)‖ <
1

k + 1

is equivalent to

∀m ≥ n
(‖xm − f(xm)‖ <

1
k + 1

)
.

Thus any bound on (∗) provides a rate of convergence for

(∗∗) ‖xn − f(xn)‖ n→∞→ 0,

where (∗∗) is called the asymptotic regularity of (xn) (we will see below that
this asymptotic regularity holds without any compactness assumption).
Let us assume for the moment that C := K itself is compact. Then the standard
proof (as given in e.g. [3]) of the Krasnoselski fixed point theorem (more precisely
of its consequence (∗∗) above) directly fits into the general extraction scheme
discussed above. Besides basic arithmetical reasoning only the existence of a
fixed point y ∈ K of f (which follows from the Schauder fixed point theorem) is
used to show (∗). Since the statement

(a) ∃y ∈ K
(‖f(y) − y‖ = 0

)

has the logical form of those assumptions which do not contribute to the growth
of extractable bounds and which furthermore can be reduced to their ε-weakening

(b) ∀ε > 0∃y ∈ K
(‖f(y) − y‖ < ε

)

and since furthermore the starting point x0 ∈ K belongs to a compact set and
the set of all nonexpansive mappings f : K → K is also compact, we know
a-priori that the extractability of a uniform bound (of low complexity) for n in
(∗) which does not depend on x0 or f (but only on ε and a modulus of uniform
convexity) is guaranteed and its verification only uses (b). The actual extraction
shows that instead of the compactness only the boundedness of K is needed.
This is even true for the reduction of (a) to (b) which allows furthermore to
remove the assumption on K being closed (and X being complete), since the
existence of approximate fixed points (but not of fixed points) can be shown
without these assumptions. This, of course, is a-posteriori information which was
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not guaranteed by a general logical result. Nevertheless, the a-priori information
provided for the special case with K being compact prompted the search for
such uniform bounds. As a result we get for an arbitrary convex bounded subset
C ⊂ X a uniform bound for (∗) depending only on ε, a modulus of uniform
convexity η of X and an upper bound for the diameter of C. The bound itself
is not new: for the special compact case it is essentially already contained in
Krasnoselski’s original paper ([31]) and was proved for the case of closed bounded
convex sets in [18] using the deep Browder–Göhde–Kirk fixed point theorem. We
nevertheless carry out the analysis because it shows two phenomena:
1) the possibility of replacing the existence of fixed points by the existence of
ε-fixed points which permits a completely elementary verification of the bound
(without assuming X complete or C closed), which does not even rely on the
Schauder fixed point theorem used by Krasnosleski in the compact case. Even
the qualitative asymptotic regularity had been obtained before only either with
the use of the Browder–Göhde–Kirk fixed point theorem or as a corollary of a
much more general result due to Ishikawa which we discuss below.
2) There is a logical modification of the proof from [3] which makes use of
the above mentioned no-counterexample interpretation PCMH

ar of PCMar and
allows the use of a certain multiplicative property typically satisfied by moduli
η, by which we obtain (for such moduli) a numerically better result. As a special
instance of this we get a bound which is polynomial in ε of degree p for the spaces
Lp with p ≥ 2 (a result which (for this special case only) was first obtained in
1990 in [18] by an ad hoc calculation).7 For X := IR, C := [0, 1] we even get a
linear bound (see also [18], p.192).

We now move on to vast extensions of Krasnoselski’s fixed point theorem. In
[16] it is shown that Krasnoselski’s fixed point theorem even holds without the
assumption of X being uniformly convex and for much more general so-called
Krasnoselski–Mann iterations

xk+1 := (1− λk)xk + λkf(xk),

where λk is a sequence in [0, 1] which is divergent in sum and satisfies
lim sup

k→∞
λk < 1.

Furthermore, [16] establishes that for such iterations

(I) lim
k→∞

‖xk − f(xk)‖ = 0,

where X is an arbitrary normed linear space, C any bounded convex subset of
X and f : C → C is nonexpansive.
7 For p = 2, no better bound is known. For p ≥ 3 a better bound was only obtained

by the extremely complicated work of [1].
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In [4], a generalization of this result to the case of unbounded convex sets C is
proved:

(II) lim
k→∞

‖xk − f(xk)‖ = rC(f),

where
rC(f) := inf

x∈C
‖x− f(x)‖

will in general be strictly positive. Note that (by lemma 1 below) rC(f) = 0 for
bounded convex C. Hence (II) entails (I) as a special case.

In section 4, we will report on results from [29] which for the first time provide a
quantitative analysis of (II) (see theorem 7). These results were obtained as an
instance of our general result on the extractability of bounds from proofs using
PCM(ak) for a sequence (ak)k∈IN which is definable in the parameters of the
problem. In the case at hand (ak)k∈IN is just (‖xk−f(xk)‖)k∈IN. By specializing
the resulting bound to the case where C is bounded we get a uniform bound for
(I) which only depends on ε, an upper bound dC for the diameter d(C) of C and
some rather general information on (λk) (see corollary 3). In particular the bound
is independent of f , the starting point x0 and the space X. Such uniformity
results are of great interest in the area of nonlinear functional analysis. In the
final section of this paper we discuss the long history of partial results towards
our new full uniformity result from [29].
These applications clearly show the usefulness of logical proof mining even if one
is not primarily interested in quantitative results like the numerical quality of
the bounds (or the bounds extractable happen to be too large to be useful in
practice) but is interested in new qualitative results on the independence of the
quantity in question from certain input data.8

3 Effective Uniform Bounds on the Krasnoselski Iteration
in Uniformly Convex Spaces

We start by showing that the rate of convergence of the Krasnosleski iteration in
Krasnolselski’s fixed point theorem is in general not computable (uniformly in
the input data). We then show in the main part of this section that, in contrast
to this negative result, one can obtain computable rates of convergence (of low
complexity) for the asymptotic regularity of xn, i.e. for ‖xn − f(xn)‖ → 0. This
8 For another instance of this see our explicit uniform constants of strong unicity for

Chebycheff approximation which were extracted in [21],[22] from classical uniqueness
proofs for the best Chebycheff approximation (known already since about 1905-
1917). These constants in particular imply the existence of a common constant of
unicity for compact sets K of functions f ∈ C[a, b], if inff∈K dist(f,H) > 0 (H
a Haar space), a fact that was proved in approximation theory only in 1976 and
non-effectively (see [15]).
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is even true without any compactness, closedness or completeness assumptions
on the convex set C or the space X.

Let (X, ‖ · ‖) be a uniformly convex normed space, K ⊂ X a compact and
convex set and f : K → K. By the Krasnoselski fixed point theorem we know
that the Krasnoselski iteration (xn) converges to a fixed point of f . We now show
that already for X := IR, K := [0, 1] and a very simple class of nonexpansive
mappings f , no rate of convergence for (xn) (starting from x0 := 0) can be
computed uniformly in f .

Theorem 3. There is no Turing machine Mα which uniformly in α : IN →
{0, 1} as an oracle computes a number m such that

∀j ≥ m
(|xj − xm| < 1

2
)
,

where
x0 := 0, xn+1 := xn+fλα (xn)

2 and

fλα(x) := λαx + 1− λα, where λα :=
∞∑

i=0

α(i)2−i−1.

Proof: Assume that there is a Turing machine Mα which computes an m sat-
isfying

∀j ≥ m
(|xj − xm| < 1

2
)
.

One easily verifies that

(1) λα < 1⇒ xn → 1⇒ xm ∈ [ 12 , 1] and
(2) λα = 1⇒ ∀n(xn = 0)⇒ xm = 0.

Since with m also xm is computable uniformly in α and one can decide whether
xm ∈ [ 1

2
, 1] or xm = 0, one can decide uniformly in α whether λα < 1 or λα = 1,

i.e. whether ∃n(α(n) 6= 1) or ∀n(α(n) = 1), which is impossible. a
Remark 3. The representation of λ ∈ [0, 1] via α in the proof above is very
strong in that it provides a rather special Cauchy sequence of rationals with
fixed rate of convergence which in general cannot be uniformly computed in an
arbitrary Cauchy sequence of rationals with fixed rate of convergence. However,
this makes the non-computability result even stronger in that not even this
strong representation of the input allows one to compute a fixed point.

Definition 3. Let (X, ‖·‖) be a normed linear space, S a subset of X, f : S → S

and ε > 0. A point x ∈ S is called an ε-fixed point of f if ‖x− f(x)‖ ≤ ε.

Lemma 1. Let (X, ‖ · ‖) be a normed linear space, let ∅ 6= C ⊆ X be convex
with bounded diameter d(C) < ∞ and let f : C → C be nonexpansive. Then f

has ε-fixed points in C for every ε > 0.
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Proof: Since the lemma is trivial for ε > d(C), we may assume that ε ≤ d(C).
To reduce the situation to the Banach fixed point theorem we use the following
well-known construction (see e.g. [4] but also [13]): ft(x) := (1− t)f(x) + tc for
some c ∈ C and t ∈ (0, 1]. ft : C → C is a contraction and therefore Banach’s
fixed point theorem applies. Note furthermore that the completeness assumption
in Banach’s theorem is needed only to guarantee the existence of a limit of the
Cauchy sequence (fn

t (c))n∈IN, where fn
t denotes the n-times iteration of ft, which

is not necessary to ensure that fn
t (c) is an ε-fixed point of ft for sufficiently large

n and hence (for t := ε/d(C)) a 2ε-fixed point of f . That is why we do not have
to assume that X is complete or that C is closed. a
The following lemma belongs to the ‘folklore’ of the subject. We include its
simple proof for the sake of completeness.

Lemma 2. Let (X, ‖ ·‖) be a normed linear space, let C ⊆ X be a convex subset
of X and let f : C → C be a nonexpansive function. Let x0 ∈ C be arbitrary and

define xk+1 := xk+f(xk)
2 . Then

∀k(‖xk+1 − f(xk+1)‖ ≤ ‖xk − f(xk)‖).
Proof:

‖xk+1 − f(xk+1)‖ = ‖ 1
2xk + 1

2f(xk)− f(1
2xk + 1

2f(xk))‖ =
‖(1

2xk − 1
2f(xk)) + (f(xk)− f(1

2xk + 1
2f(xk)))‖ ≤

‖ 1
2xk − 1

2f(xk)‖+ ‖f(xk)− f(1
2xk + 1

2f(xk))‖ ≤
‖ 1

2xk − 1
2f(xk)‖+ ‖xk − (1

2xk + 1
2f(xk))‖ =

1
2‖xk − f(xk)‖+ 1

2‖xk − f(xk)‖ = ‖xk − f(xk)‖.

a

Quantitative Analysis of the Proof of Theorem 2 in [3]:

We now give two quantitative versions of the consequence

(∗) ∀k ∈ IN∃n ∈ IN
(‖xn − f(xn)‖ <

1
k + 1

)

of theorem 2 discussed in the previous section. The first one follows directly the
proof of the theorem as given in [3]. The second one uses a logical modification of
that proof which is motivated by our general elimination procedure for PCMar .
This second analysis allows to take into account in a very easy way a property
which is satisfied by many moduli of uniform convexity, e.g. for all spaces Lp

with p ≥ 2, which makes it possible to improve the results obtained from the
first, direct analysis for such spaces.
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General Logical Preliminaries:

Let us for the moment assume that K itself is compact. In Bonsall’s [3] proof of
theorem 2, the following is established (where x0 := x, xk+1 := (xk + f(xk))/2
is the Krasnoselski iteration starting from x):

∀x, y ∈ K∀ε > 0
(
f(y) = y ∧ ∀k(‖f(xk)− xk‖ ≥ ε)→ lim

n→∞ ‖xn − y‖ = 0
)

and hence

∀x, y ∈ K∀ε > 0
(
f(y) = y ∧ ∀k(‖f(xk) − xk‖ ≥ ε)→ ∃n(‖xn − y‖ < ε)

)
,

where the existence of a fixed point y ∈ K is derived from the Schauder fixed
point theorem. This can be rephrased in the following form

∀x, y ∈ K∀ε > 0∃k, n, l ∈ IN(
‖f(y) − y‖ ≤ 1

l + 1
∧ ‖f(xk)− xk‖ ≥ ε→ ∃ñ ≤ n(‖xñ − y‖ < ε)

)
︸ ︷︷ ︸

∈Σ0
1

.

By our general results on the extractability of uniform bounds we know a priori
(using the compactness of K as well as of the space of all nonexpansive mappings
f : K → K) that we can extract bounds K(ε), N(ε), L(ε) (and hence because
of the monotonicity in k, n, l of the formula above, which follows from lemma 2,
also realizations) for k, n, l which are independent of x, y ∈ K and f and only
depend on ε > 0 (and a modulus of uniform convexity η of X). Since we may
assume that L(ε) > 1

ε
and since by the nonexpansivity of f

‖f(y) − y‖ ≤ ε ∧ ‖xñ − y‖ ≤ ε→ ‖f(xñ) − xñ‖ ≤ 3ε,

this yields
∃n ≤ max

(
K(ε), N(ε)

)(‖f(xn) − xn‖ ≤ 3ε
)
,

and so again by lemma 2

∀n ≥ max
(
K(ε), N(ε)

)(‖f(xn) − xn‖ ≤ 3ε
)
.

Thus we have obtained a uniform bound and at the same time reduced the as-
sumption ‘∃y ∈ K(f(y) = y)’ to ‘∀ε > 0∃y ∈ K(‖f(y) − y‖ < ε)’. In particular,
as the bound does not depend on y, the computation of such an approximate
fixed point and hence an analysis of the proof of its existence is not needed.
The actual extraction of the bound carried out below reveals that such uniform
bounds K, N, L even exist when the compactness assumption on K is replaced
by the boundedness of K. Since by lemma 1 the existence of approximate fixed
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points (but not of fixed points) in this much more general setting is even guar-
anteed for spaces X which are not complete, we can remove this assumption as
well and the result is proved without appeal to any fixed point theorem other
than Banach’s (actually only its ε-version):

Theorem 4 (Direct Analysis of Bonsall’s [3] Proof of Theorem 2).
Let (X, ‖ · ‖) be a uniformly convex normed space with modulus of convexity
η : (0, 2]→ (0, 1] and C ⊆ X be a non-empty convex set with

d(C) := sup
x1,x2∈C

‖x1 − x2‖ ≤ dC ∈ Q∗+.

Let f : C → C be a nonexpansive function.
Define for arbitrary x ∈ C

x0 := x, xk+1 :=
xk + f(xk)

2
.

Then
∀x ∈ C∀ε > 0∀k ≥ h(ε, dC)

(‖xk − f(xk)‖ ≤ ε
)
,

where h(ε, dC) :=
⌈

ln(4dC)−ln(ε)
η(ε/(dC+1))

⌉
for ε < dC and h(ε, dC) := 0 otherwise.

Proof: The theorem is trivial for ε ≥ dC. So we can assume that ε < dC . By
lemma 1, f has ε-fixed points xε ∈ C, ‖f(xε) − xε‖ < ε for every ε > 0. Let
δ > 0 be such that δ < min(1, ε

12h(ε,dC) ) and let y ∈ C be a δ-fixed point of f ,

i.e.
(1) ‖y− f(y)‖ < δ.

Assume that

(2) ‖xk − f(xk)‖ = ‖(xk − y) − (f(xk)− y)‖ > ε.

Then

(3)
∥∥∥∥ xk − y

‖xk − y‖ + δ
− f(xk)− y

‖xk − y‖ + δ

∥∥∥∥ >
ε

‖xk − y‖ + δ
≥ ε

dC + 1
.

Because of

(4) ‖f(xk) − y‖
(1)

≤ ‖f(xk) − f(y)‖ + δ ≤ ‖xk − y‖+ δ,

we have

(5)
∥∥∥∥ xk − y

‖xk − y‖ + δ

∥∥∥∥ ,

∥∥∥∥ f(xk) − y

‖xk − y‖ + δ

∥∥∥∥ ≤ 1
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and therefore

(6)
∥∥∥∥1

2

(
xk − y

‖xk − y‖ + δ
+

f(xk)− y

‖xk − y‖+ δ

)∥∥∥∥ ≤ 1− η(ε/(dC + 1)).

Hence

(7)
{‖xk+1 − y‖ = ‖ 1

2
(xk + f(xk))− y‖ = ‖ 1

2
(xk − y + f(xk)− y)‖ ≤(

1− η(ε/(dC + 1))
)
(‖xk − y‖ + δ).

Therefore, if (2) holds for all k ≤ k0 := h(ε, dC)− 1 then

(8)




‖xk0+1 − y‖
≤ (

1− η(ε/(dC + 1))
)k0+1‖x0 − y‖ +

k0+1∑
i=1

(1− η(ε/(dC + 1)))i · δ
≤ (

1− η(ε/(dC + 1))
)k0+1 · dC + (k0 + 1)δ

≤ (
1− η(ε/(dC + 1))

)k0+1 · dC + ε
12

.

We now show that

(9)
(
1− η(ε/(dC + 1))

)k0+1 · dC ≤ ε

4
.

Proof of (9): If η(ε/(dC + 1)) = 1, then the claim holds trivially. Otherwise, (9)
is equivalent to

k0 + 1 ≥ ln(ε/4dC)
ln(1− η(ε/(dC + 1)))

.

Since ln(1) = 0 and d
dx ln(x) = 1

x ≥ 1 for all x ∈ (0, 1], we get

− ln(1− η(ε/(dC + 1))) ≥ η(ε/(dC + 1)).

Together with − ln(ε/4dC) = log(4dC) − ln(ε) this yields (9).

(8) and (9) together imply

(10) ∀k ≤ h(ε, dC)− 1
(‖xk − f(xk)‖ > ε

)→ ‖xh(ε,dC) − y‖ ≤ ε

3
.

Since f is nonexpansive and y is an ε
3
-fixed point of f the right-hand side of the

implication yields ‖xh(ε,dC) − f(xh(ε,dC ))‖ ≤ ε. So

(11) ∃k ≤ h(ε, dC)
(‖xk − f(xk)‖ ≤ ε

)

and hence by lemma 2 above

(12) ∀k ≥ h(ε, dC)
(‖xk − f(xk)‖ ≤ ε

)
,

which concludes the proof of the theorem. a
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Theorem 5 (Analysis of a Modification of Bonsall’s [3] Proof of
Theorem 2).
Under the same hypotheses as in theorem 4 we obtain

∀x ∈ C∀ε > 0∀k ≥ h(ε, dC)
(‖xk − f(xk)‖ ≤ ε

)
,

where h(ε, dC) :=
⌈

4·dC

ε·η( ε
dC +1 )

⌉
for ε < dC and h(ε, dC) := 0 otherwise.

Moreover, if η(ε) can be written as η(ε) = ε · η̃(ε) with

(∗) ∀ε1, ε2 ∈ (0, 2]
(
ε1 ≥ ε2 → η̃(ε1) ≥ η̃(ε2)

)
,

then the bound h(ε, dC) can be replaced (for ε < dC) by

h̃(ε, dC) :=

⌈
2 · dC

ε · η̃( ε
dC+1 )

⌉
.

Proof: By lemma 1, f has ε-fixed points xε ∈ C, ‖f(xε) − xε‖ < ε for every
ε > 0.
Let δ > 0 be such that δ < min(1, ε

3 , ε
12 · η(ε/(dC + 1))) and let y ∈ C be a

δ-fixed point of f , i.e.
(1) ‖y− f(y)‖ < δ.

Assume that
(2) ‖xk − y‖ ≥ ε

3
and

(3) ‖xk − f(xk)‖ = ‖(xk − y) − (f(xk)− y)‖ > ε.

As in the proof of theorem 4 one shows that

(4)
∥∥∥∥1

2

(
xk − y

‖xk − y‖ + δ
+

f(xk)− y

‖xk − y‖+ δ

)∥∥∥∥ ≤ 1− η(ε/(dC + 1)).

Hence

(5)



‖xk+1 − y‖ = ‖ 1

2 (xk + f(xk))− y‖ = ‖ 1
2 (xk − y + f(xk)− y)‖ ≤

‖xk − y‖ + δ − (‖xk − y‖ + δ) · η(ε/(dC + 1))
(2)

≤
‖xk − y‖ + δ − ε

3 · η(ε/(dC + 1)) ≤ ‖xk − y‖ − ε
4 · η(ε/(dC + 1)).

Define

nε :=
⌈

dC
ε
4 · η(ε/(dC + 1))

⌉
=

⌈
4 · dC

ε · η(ε/(dC + 1))

⌉
.

If (2), (3) both hold for all k ≤ nε, then (5) yields

(6) ‖xnε+1 − y‖ < ‖x0 − y‖ − dC ,
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which contradicts the choice of dC by which ‖xk − y‖ ∈ [0, dC] for all k ∈ IN.

Hence
(7) ∃k ≤ nε

(‖xk − y‖ ≤ ε

3
∨ ‖xk − f(xk)‖ ≤ ε

)
.

By the choice of δ,(1) and the nonexpansivity of f , the first disjunct also implies
that ‖f(xk) − xk‖ ≤ ε and so by the preceding lemma

(8) ∀k ≥ nε

(‖xk − f(xk)‖ ≤ ε
)
.

The last claim in the theorem follows by choosing y ∈ C as a δ-fixed point of f

with δ < min(1, ε
3
, ε

2
· η̃(ε/(dC + 1))) and the following modifications of (4), (5)

to

(4)∗
∥∥∥∥1

2

(
xk − y

‖xk − y‖ + δ
+

f(xk) − y

‖xk − y‖ + δ

)∥∥∥∥ ≤ 1− η(ε/(‖xk − y‖ + δ)).

(5)∗




‖xk+1 − y‖ = ‖ 1
2
(xk + f(xk)) − y‖ = ‖ 1

2
(xk − y + f(xk)− y)‖ ≤

‖xk − y‖ + δ − (‖xk − y‖+ δ) · η(ε/(‖xk − y‖ + δ)) =

‖xk − y‖ + δ − ε · η̃(ε/(‖xk − y‖ + δ))
(∗)
≤ ‖xk − y‖ + δ − ε · η̃(ε/(dC + 1))

≤ ‖xk − y‖ − ε
2
· η̃(ε/(dC + 1))

(note that we can apply η to ε/(‖xk − y‖ + δ) since (3) and

‖f(xk)− y‖
(1)

≤ ‖f(xk)− f(y)‖ + δ ≤ ‖xk − y‖ + δ

imply
ε ≤ ‖xk − y‖ + ‖f(xk) − y‖ ≤ 2(‖xk − y‖ + δ)

and therefore
ε/(‖xk − y‖ + δ) ∈ (0, 2]).

a
If we disregard for a moment the diameter estimate dC in the bounds in theorems
4 and 5 and put ε := 2−n, then we see that the bound from theorem 4 essentially
is n/η(2−n), whereas the first bound in theorem 5 is only about 2n/η(2−n). If,
however, η(ε) can be written as ε · η̃(ε) with η̃ satisfying (∗), then theorem 5
roughly gives 1/η(2−n) which is better than the bound from theorem 4. It is this
fact that we will use in the example below to obtain a polynomial bound for Lp

(p ≥ 2) which is of degree p.

Examples: It is well-known that the Banach spaces Lp with 1 < p < ∞ are
uniformly convex (this was first proved in [6], see also [20]). For p ≥ 2, the
following explicit modulus ηp of uniform convexity was obtained in [14]

ηp(ε) := 1− (1− (ε/2)p)1/p.
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One easily shows (using the derivative of x1/p) that (for ε ∈ (0, 2])

ηp(ε) ≥ εp

p2p
.

Hence εp

p2p is a modulus of convexity as well. Since

εp

p2p
= ε · η̃p(ε)

with

η̃p(ε) =
εp−1

p2p

satisfying (∗) in the theorem above, we obtain the following

Corollary 1. Let p ≥ 2, C ⊆ Lp a non-empty convex subset with d(C) ≤ dC ∈
Q∗+, f : C → C nonexpansive and (xk)k∈IN defined as in the theorem. Then

∀x ∈ C∀ε > 0∀k ≥
⌈

dCp(dC + 1)p−12p+1

εp

⌉ (‖xk − f(xk)‖ ≤ ε
)
.

Note that the bound in corollary 1 only depends on p, ε and an upper bound dC

of d(C) but not on x ∈ C or f .

For the case X := IR, C := [0, 1], theorem 5 even gives a linear bound, since ε/2
is a modulus of uniform convexity in this case and η̃(ε) := 1

2 satisfies (∗).

Remark 4. Our result in corollary 1 can easily be improved by replacing (dC +1)
by (dC + δ) for any δ > 0 and so in the limit by dC . In [18], using a direct
calculation based on the modulus of uniform convexity for Lp, essentially the
same result is obtained (only with a better constant as the factor ‘p2p+1’ is
missing). For a linear bound in the case [0, 1], [18] refers to an unpublished
result of J. Alexander. Note, however, that our bounds in these examples were
derived just as special instances of the general bound in theorem 5.

4 Effective Uniform Bounds on the Krasnoselski–Mann
Iteration in Arbitrary Normed Spaces

In this section we discuss some of the results from [29]. Throughout this section,
(X, ‖ · ‖) will be an arbitrary normed linear space, C ⊆ X a non-empty convex
subset of X and f : C → C a nonexpansive mapping.
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We consider the so-called Krasnoselski–Mann iteration (which is more general
than the Krasnoselski iteration and due to Mann [34]) generated starting from
an arbitrary x ∈ C by

x0 := x, xk+1 := (1− λk)xk + λkf(xk),

where (λk)k∈IN is a sequence of real numbers in [0, 1]. For the background infor-
mation on this iteration and related references see [4].

Lemma 3 ([4]). For all k ∈ IN and x ∈ C :
‖xk+1 − f(xk+1)‖ ≤ ‖xk − f(xk)‖.
For the results in this section we assume (following [4]) that (λk)k∈IN is divergent
in sum, which can be expressed (since λk ≥ 0) as

(A) ∀n, i ∈ IN∃k ∈ IN


i+k∑

j=i

λj ≥ n


 .

We also assume (again as in [4]) that

(B) lim sup
k→∞

λk < 1.

Define
rC(f) := inf

x∈C
‖x− f(x)‖.

Theorem 6 ([4]). 9 Suppose that (λk)k∈IN satisfies the conditions (A) and (B).
Then for any starting point x ∈ C and the Krasnoselski–Mann iteration (xn)
starting from x we have

‖xn − f(xn)‖ n→∞→ rC(f).

By lemma 1, the theorem implies

Corollary 2 ([16],[11],[4]). Under the assumptions of theorem 6 plus the ad-
ditional assumption that C has bounded diameter d(C) <∞ the following holds:

‖xn − f(xn)‖ n→∞→ 0.

Remark 5. In [11] it is actually shown that one can choose n in the corollary
independently of x ∈ C and f . Whereas in [11] a complicated functional theo-
retic embedding into the space of all nonexpansive mappings is used to derive
9 With the additional assumption that λk is bounded away from zero, this result is

also proved in [35].
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this uniformity statement, it trivially follows from our quantitative analysis in
corollary 3 below which even provides an explicit effective description of such a
uniform n. For a more restricted iteration the existence of a bound n indepen-
dent of x was also obtained by [8] using, however, also a universal embedding
theorem (due to Banach and Mazur). The use of non-trivial functional theoretic
arguments in [11] and [8] to obtain the (ineffective) existence of a uniform n

clearly indicates that the authors were not aware of explicit effective uniform
bounds hidden in the proof of lim

k→∞
‖f(xk)−xk‖ = 0 as given e.g. in [11] and its

generalization in [4].10

We will now show how the proof of theorem 6 as given in [4] fits under the
general schema of logical proof mining discussed in the introduction. The actual
extraction of the bound itself will be carried out in [29].

General Logical Form of the Quantitative Analysis of the Proof of
Theorem 6 in [4]:

As we have discussed above, we only can expect to be able to extract a bound
∀x∃y ≤ Φ(x)A(x, y) from a non-constructive proof if A is a purely existential
formula. Since the statement in theorem 6 involves two implicative assumptions
on (λk)k∈IN as well as the existence of rC(f), it prima facie does not have the
required form. However, it can be reformulated so as to have the right logical form
by enriching the input (λk)k∈IN, f, x, ε by additional data K ∈ IN, α : IN×IN→ IN
and x∗ ∈ C.
Let us first examine conditions (A) and (B) on (λk)k∈IN :
An explicit version of (A) asks for a function α : IN × IN → IN realizing the
existential quantifier, i.e.

(Aα) ∀n, i ∈ IN


i+α(i,n)∑

j=i

λj ≥ n


 .

(B) states the existence of a K ∈ IN such that

λk ≤ 1− 1
K

from some index k0 on. Since k0 only contributes an additive constant to our
bound we may assume for simplicity that k0 = 0. So let

(BK) ∀k ∈ IN
(
λk ≤ 1− 1

K

)
.

10 For a more detailed discussion, see the final section of this paper.
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We now formulate the theorem more explicitly as follows:

(∗)
{∀(λk) ∈ [0, 1]IN∀f : C → C∀x, x∗ ∈ C∀K, α∀ε > 0∃n ∈ IN(

f nonexpans. ∧ (Aα) ∧ (BK )→ ‖xn − f(xn)‖ < ‖x∗ − f(x∗)‖+ ε
)
.

Note that by lemma 3, (∗) immediately implies theorem 6.
By our representation of real numbers by which ≤IR∈ Π0

1 and <IR∈ Σ0
1 , the

implication

(f nonexpansive ∧ (Aα) ∧ (BK )→ ‖xn − f(xn)‖ < ‖x∗ − f(x∗)‖+ ε
)

is equivalent to a purely existential formula. The proof of (∗) only uses tools
formalizable in EBA plus the principle PCM(‖xk − f(xk)‖) (discussed in the
introduction) applied to (‖xk−f(xk)‖)k∈IN and a complicated inequality due to
[11]. This inequality can be treated just as another purely universal implicative
premise and does therefore not increase the logical complexity of the theorem
(nor does its proof need to be analyzed). Since, furthermore, the Hilbert cube
[0, 1]IN is a compact space, our general results discussed in the introduction
guarantee (at least for complete separable X and definable C)11 the existence
of an effective bound for n which does not depend on (λk) directly but which
may possibly depend on K, α, x, x∗, f, ε and γ. This information on what type
of result we should look for is a significant application of our logical approach to
the specific proof of theorem 6 which would not have been visible without the
reformulation of the theorem focusing on its logical form.
We also know a-priori from our general logical meta-theorem, that a uniform
bound on n which does not depend on x, x∗ ∈ C, γ > 0 or f is extractable if C is
compact (and hence has bounded diameter). For the bound actually extracted,
the dependence on x, x∗, f, γ can already be eliminated as soon as we have an
upper bound on the diameter d(C) of C. This stronger uniformity result is a-
postiori information we get for free just by examining the extracted bound.

The extraction itself will be published in another paper [29]. We present here
only the results:

Theorem 7 ([29]). Let (X, ‖ · ‖) be a normed linear space, C ⊆ X a non-
empty convex subset and f : C → C a nonexpansive mapping. Let (λk)k∈IN be a
sequence in [0, 1] which is divergent in sum and satisfies

∀k ∈ IN
(
λk ≤ 1− 1

K

)
11 The actually extracted bound will in fact turn out to be valid for arbitrary normed

linear spaces X and convex subsets C ⊂ X . Note that the convexity assumption on
C is purely universal.
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for some K ∈ IN.
Let α : IN × IN→ IN be such that

∀i, n ∈ IN
(
α(i, n) ≤ α(i + 1, n)

)
and

∀i, n ∈ IN
(
n ≤

i+α(i,n)−1∑
s=i

λs

)
.

Let (xn)n∈IN be the Krasnoselski–Mann iteration

xn+1 := (1− λn)xn + λnf(xn), x0 := x

starting from x ∈ C. Then the following holds

∀x, x∗ ∈ C∀ε > 0∀n ≥ h(ε, x, x∗, f, K, α)(‖xn− f(xn)‖ < ‖x∗ − f(x∗)‖+ ε),

where

h(ε, x, x∗, f, K, α) := α̂(d2‖x− f(x)‖ · exp(K(M + 1))e−· 1, M),
with M :=

⌈
1+2‖x−x∗‖

ε

⌉
and

α̂(0, M) := α̃(0, M), α̂(m + 1, M) := α̃(α̂(m, M), M) with
α̃(m, M) := m + α(m, M) (m ∈ IN)

(Instead of M we may use any upper bound IN 3 M̃ ≥ 1+2‖x−x∗‖
ε ). Likewise, we

may replace ‖x− f(x)‖ by any upper bound).

Corollary 3 ([29]).
Under the same assumptions as in theorem 7 plus the assumption that C has a
positive12 bounded diameter d(C) <∞ the following holds:

∀x ∈ C∀ε > 0∀n ≥ h(ε, d(C), K, α)
(‖xn − f(xn)‖ ≤ ε

)
,

where

h(ε, d(C), K, α) := α̂(d2d(C) ·exp(K(M +1))e−1, M), with M :=
⌈

1 + 2d(C)
ε

⌉

and α̂ as in the previous theorem.

Remark 6. The behaviour of the bound in corollary 3 w.r.t. d(C) can be im-
proved as follows: if d(C) is different from 1 we renorm the space by the mul-
tiplicative factor 1

d(C) . Then h(ε, 1, K, α) gives the rate of the asymptotic regu-

larity w.r.t. this new norm and hence h( ε
d(C) , 1, K, α) for the original norm.

12 For d(C) = 0 things are trivial.
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Corollary 4 ([29]). Let d, ε > 0, K ∈ IN and β : IN→ IN an arbitrary function.
Then there exists an n ∈ IN such that for any normed space X, any non-empty
convex set C ⊆ X such that d(C) ≤ d, any nonexpansive function f : C → C,

any sequence λk ∈ [0, 1 − 1
K ] satisfying n ≤

β(n)∑
s=0

λs (for all n ∈ IN) and any

starting point x0 ∈ C of the corresponding Krasnoselski–Mann iteration the
following holds

∀m ≥ n
(‖xm − f(xm)‖ < ε

)
.

Corollary 5 ([29]). Let (X, ‖ · ‖), C, d(C), f be as in corollary 3, k ∈ IN, k ≥ 2
and λn ∈ [ 1

k , 1− 1
k ] for all n ∈ IN. Consider the Krasnoselski–Mann iteration

xn+1 := (1 − λn)xn + λnf(xn) starting from x0 := x ∈ C. Then the following
holds:

∀x ∈ C∀ε > 0∀n ≥ g(ε, d(C))
(‖xn − f(xn)‖ ≤ ε

)
,

where

g(ε, d(C)) := kM · d2d(C) exp(k(M + 1))e with M :=
⌈

1 + 2d(C)
ε

⌉
.

5 Evaluation of the Results of the Case Study

We have seen that there are interesting proofs in non-linear functional analysis
(and specifically in fixed point theory) which fall under general proof theoretic
results on the extractability of uniform bounds we had obtained in previous
papers.
We applied these results to essentially two proofs

1) A standard proof from [3] (from the year 1962)13 of the well-known Kras-
noselski fixed point theorem.

2) A proof from [4] (which contains as a special case a proof from [11] from 1982)
for a general result on the asymptotic behaviour of the Krasnoselski–Mann
iteration in arbitrary normed spaces (generalizing a result from Ishikawa
[16]).

Results on 1): Logical analysis of a proof from 1955/62 yielded uniform bounds
together with an elementary verification for arbitrary bounded convex sets C.
Under slightly less general conditions and with the use of the deep Browder–
Göhde–Kirk fixed point theorem our result in theorem 4 was obtained only in
1990 ([18]) (The compact case is due already to Krasnoselski). Moreover, a logical
13 Krasnoselski’s original proof from 1955 is very similar to that as far as we can judge

from the Russian text.
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modification of the proof using PCMH
ar (with g(n) = n+1 as the Herbrand index

function in ‘∀g’ of PCMH
ar(an)) allowed to improve this bound under a further

condition usually satisfied by moduli of uniform convexity (theorem 5). Applying
this general bound to Lp (p ≥ 2) resulted in a polynomial bound of degree p (a
result which for this special case was obtained in [18] by an ad hoc calculation).
For X := IR and C := [0, 1] we even get a linear bound out of our general result
(see also [18], p.192).

Results on 2): The logical analysis of the proof in [4] (resp. [11]) carried out in
[29] provides the first effective bound for Ishikawa’s theorem on the asymptotic
behaviour of general Krasnoselski–Mann iterations in arbitrary normed spaces
X and for bounded sets C (corollary 3). Moreover, our bound is uniform in
the sense that it only depends on the error ε and an upper bound dC of the
diameter of C (and some quite general data from the sequence of scalars λk used
in defining the iteration). I.e. it is independent of the normed space (X, ‖ · ‖).
the starting point x0 ∈ C of the iteration, the nonexpansive function f and
C-data other than dC . Moreover, it is to a certain extent independent of λk.
Our result has a long history of partial results: In [8] the ineffective existence of
a bound which is independent of x0 was shown in the special case of constant
λk = λ. In [11] the non-effective existence of a bound independent of x0 and f

was shown for the case of general λk (both [8] and [11] use non-trivial functional
theoretic embeddings to obtain these uniformities. Recently, W.A. Kirk ([9])
found an interesting application of this uniformity). In [18] the non-effectivity of
all these results is explicitly mentioned and it is stated that ‘it seems unlikely that
such estimates would be easy to obtain in general setting’ (p.191) and therefore
in [18] only the special ‘tractable’ (p.191) classical case of uniformly convex
spaces is studied (see the discussion in remark 4 above). Not even the ineffective
existence of bounds which, moreover, only depend on C via dC (corollary 4), was
known before and actually in [12] (p.101) conjectured as ‘unlikely’ to be true
(by the same authors whose proof of ‖xk − f(xk)‖ → 0 in [11] does yield such
a bound by logical analysis!). Only in the special case of λk := λ ∈ (0, 1) being
constant, a uniform (and in fact optimal quadratic) bound was recently obtained
using extremely complicated computer aided proofs involving hypergeometric
functions (see [1], where once more the non-effectivity of all known proofs of the
full Ishikawa result is emphasized). Subsequently, only for the even more special
case of λk := 1

2 a classically proved result of that type has been obtained (see
[2]). This result, of course, is – for that highly special case – numerically better
than the exponential bound we obtain in [29] for the much more general case
of λk ∈ [ 1

n
, 1 − 1

n
] (n ≥ 2). The authors stress, however, that their method as
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it stands does not apply to non-constant sequences (λk). 14 Our bound for the
general case of unbounded C treated in [4] (theorem 7) is apparently all new.
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Abstract. Based on an effective theory of continuous domains, notions
of computability for operators and real-valued functionals defined on the
class of continuous functions are introduced. Definability and semantic
characterisation of computable functionals are given. Also we propose a
recursion scheme which is a suitable tool for formalisation of complex
systems, such as hybrid systems. In this framework the trajectories of
continuous parts of hybrid systems can be represented by computable
functionals.

1 Introduction

In recent times, new applications of Domain Theory to computation on various
spaces have been developed. Domain Theory was independently introduced by
Dana Scott [31] as a mathematical theory of computation in the semantics of
programming languages and by Yu.L.Ershov [8] as a theory of partial computable
functionals of finite types.

A domain is a partially ordered set equipped with the notions of limit and
finite approximation; the partial order corresponds to information on the ele-
ments.

Given a computation based on an algorithm, each of the sets of input and
output forms a domain. The program which carries out the computation is repre-
sented as a function between these domains. Every new step in the computation
results in an element of the domain of output which provides more information
and better approximation to the ultimate result.

A continuous function is one which preserves the information order (so that
more input information gives more output information) and the limits of infinite
computations in the domain (so that the total information obtainable as output
from an infinite sequence of input elements with refining information is the sum
of all information obtained from each input element).
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There are a number of categories of domains in according to various addi-
tional properties that they satisfy e.g. [1,18]. In this work, to construct computa-
tional models for real-valued functions and functionals we will use continuous do-
mains. Continuous domains, e.g. [31,32,14,6,7,10,38,39,40], are generalisation of
algebraic domains, e.g. [2,29,34,35]. The continuous domain (more precisely, the
interval domain) for the reals was first proposed by Dana Scott [31] and later was
applied to mathematics, physics and real number computation in [6,7,39,40,29]
and others.

In this article we propose continuous domains, named as function domains
to construct a computational model of operators and real-valued functionals
defined on the set of continuous real-valued functions. In Section 2, we recall
basic definitions and tools from [7] and introduce some new ones to construct
our computational model. We introduce function domains which are effective
ω-continuous domains. In general case topological properties of such continuous
domain were investigated in [14,11,12]. Based on the notion of computability
of mapping between two domains, we propose computability of operators and
functionals defined on continuous real-valued functions. The main feature of this
approach is related to the fact that continuous operators and functionals defined
on continuous real-valued functions can be extended to continuous operators and
functionals defined on a function domain.

Then, in Section 3, we give characterisations of computable functions and
functionals in logical terms via the definability theory. Thus, computable oper-
ators and functionals can be described by finite Σ-formulas.

We also propose a recursion scheme which is a suitable tool for formalisation
of complex systems such as hybrid systems. Modelling, design, and investigation
of the behaviour of hybrid systems have recently become active areas of research
in computer science (for example, see [16,17,22,25,28]).

In the framework proposed in this paper the trajectories of continuous parts
of hybrid systems (performance specifications) can be represented by computable
functionals. This is a subject of a further paper.

2 Basic Notions

For background material on continuous domain we refer to [1,31,32,14,7]. To
propose notions of computability of operators and real-valued functionals, we,
following the papers [31,7], recall the definitions of continuous domain for the
reals (the interval domain) and computable functions and introduce functional
domains.

2.1 Terminology

Throughout the article, we consider the standard model of the real numbers〈
IR, 0, 1, +, ·,−x, x

2 , <
〉
, denoted also by IR, where +, ·, −x and x

2 are regarded
as the usual arithmetic operations on the reals. We use the language of strictly
ordered rings, so the predicate < occurs positively in formulas.
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Let IR− denote IR∪{−∞}, IR+ denote IR∪{+∞}, IN denote the set of natural
numbers and D2 denote the set {z · 2−n|z ∈ ZZ, n ∈ IN}.

Let us use r̄ to denote r1, . . . , rm. By dom(f) we denote the domain of a
function f . We use the standard notations for real intervals (a, b), [a, b], (a, b],
[a, b). In addition, 〈a, b〉 denotes any of those intervals. We use the standard
denotation C([a, b]) for the set of continuous real-valued functions defined on a
compact interval [a, b].

2.2 The Effective Interval Domain for the Reals

By the interval domain for the reals we mean the set of compact intervals of
IR, partially ordered with reversed subset inclusion and endowed with the least
element.
We recall the definition of the interval domain I proposed in [7]:
I = {[a, b]⊆ IR | a, b ∈ IR, a ≤ b} ∪ {⊥} .
The order is reversed subset inclusion, i.e. ⊥ v I for all I ∈ I and [a, b] v [c, d]
iff a ≤ c and d ≤ b in the usual ordering of the reals. One can consider the least
element ⊥ as the set IR. Directed suprema are filtered intersections of intervals.
The way-below relation is given by I � J iff J ⊆ int(I), where int(I) denotes
the interior of I. For the relation � we have the following properties: ⊥ � J
for all J ∈ I and [a, b]� [c, d] if and only if a < c and b > d. Note that I is an
effective ω-continuous domain. A countable basis I0 is given by the collection of
all intervals with rational endpoints together with the least element ⊥. Similarly,
we can define the interval domain I[a,b] for an interval [a, b].

The maximal elements are the intervals [a, a] denoted as {a}. We denote the
set of maximal elements as max(I). It is easy to see that the maximal elements
with the subspace topology of Scott topology on I is homeomorphic to the real
line with the standard topology. That is why we can identify a real number r
with {r}.
Definition 1. Let I0 = {b0, . . . , bn, . . .} be an effective enumerated set of all
intervals with rational endpoints endowed with the least element ⊥.
A continuous function f : I → I is computable, if the relation bm � f(bn) is
computably enumerable in n, m, where bm, bn ∈ I0.

Definition 2. A function f : IR → IR is computable if and only if there is
an continuous enlargement g : I → I (i.e., dom(f) = {x|g({x}) ∈ max(I)}
and g({x}) = {f(x)} for all x ∈ dom(f) ) which is computable in the sense of
Definition 1.

2.3 The Effective Function Domain

In this section we introduce effective function domains which are effective ω-
continuous domains. Based on the notion of computability of mapping between
two domains we propose computability of operators and functionals defined on
C([a, b]). The main feature of this approach is related to the fact that con-
tinuous operators and functionals defined on continuous real-valued functions
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can be extended to continuous operators and functionals defined on the corre-
sponding function domain. Moreover, we propose a semantic characterisation of
computable operators and functionals via validity of finite Σ-formulas.

Let I be equipped with Scott topology (for the definition we refer to
[31,32,14]). We consider the set of continuous functions f : [a, b]→ I defined on
a compact interval [a, b] with computable endpoints.

Remark 1. A function f : [a, b]→ I is continuous in x0 iff f(x0) = ⊥ or
f(x0) = [c, d] and ∀ε1ε2∃δ (∀x ∈ [a, b]) (|x− x0| < δ → [c− ε1, d + ε2]� f(x)).

A function is continuous on [a, b] if it is continuous in every point of [a, b].

Definition 3. A function f : [a, b]→ IR− is said to be lower semicontinuous if
the set Y −f = {x|f(x)6=−∞} is open w.r.t the standard topology and

(
∀x0 ∈ Y −f

)
(∀y < f(x0))∃δ (|x0 − x| < δ → y < f(x)) .

A function f : [a, b]→ IR+ is said to be upper semicontinuous if the set Y +
f =

{x|f(x)6= +∞} is open w.r.t the standard topology and
(
∀x0 ∈ Y +

f

)
(∀y > f(x0))∃δ (|x0 − x| < δ → y > f(x)) .

For the classical theory of semicontinuous functions the reader should is referred
to a standard textbook (e.g. [4]). The reader can also find some properties of
computability on continuous and semicontinuous real functions in [41]. It is easy
to see that a continuous function f : [a, b] → I is closely related to the pair of
functions

〈
f1 : [a, b]→ IR−, f2 : [a, b]→ IR+

〉
, where f1(x) = inf f(x) is lower

semicontinuous and f2(x) = sup f(x) is upper semicontinuous (see [10]). The
function f1 is called a lower bound of f and f2 is called a upper bound of f .
Below we denote Yf = {x|f(x) 6= ⊥} for f : [a, b]→ I.

To introduce our notions of computable operators and real-valued function-
als, we introduce functional domains which are effective ω-continuous domains.

Definition 4. Let a, b be computable real numbers. A function domain If([a, b])
is the collection of all continuous functions f : [a, b]→ I with the least element
⊥[a,b] partially ordered by the following relation: f v g iff (∀x ∈ [a, b]) (f(x) v
g(x)) and ⊥[a,b] v I for all I ∈ If([a, b]).

The way-below relation � is induced by v in the standard way.

Proposition 1. For each compact interval [a, b] with computable endpoints the
function domain If ([a, b]) is an effective ω-continuous domain.

Proof. The existence of
∨↑

A for each directed subset A ⊆ If([a, b]) follows
from the properties of semicontinuous functions. Indeed,

∨↑A =< supf∈A f1,

inff∈A f2 >, where f1 is the lower bound and f2 is the upper bound of f .
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Let us prove that f = ∨↑ (↓↓f)
for f ∈ If([a, b]), where ↓↓f denotes the set

{g ∈ If([a, b])|g � f}. Let U be open and clU = Ū ⊂ Yf . The set ↓↓f contains
all functions of the type gn

U = 〈an
U , cn

U〉, where

an
U (x) =

{−∞ if x 6∈U,
infz∈Ū f1(z) − 1

n if x ∈ U,

cn
U (x) =

{
+∞ if x 6∈U,
supz∈Ū f2(z) + 1

n if x ∈ U,

By the properties of semicontinuous functions, ∨↑{gn
U |Ū ⊂ Yf , n ∈ ω} = f , so

∨↑↓↓f = f .
It is obvious that the function domain If([a, b]) is ω-continuous. An example

for a countable basis is the set If,0([a, b]) = {bn}n∈ω ∪ {⊥[a,b]}, where the lower
bound b1

n and the upper bound b2
n of bn satisfy the following conditions: there

exist a = a0 . . .≤ ai ≤ . . . ≤ an = b such that

1. for all x ∈ (ai, ai+1) b1
n(x) = −∞ and b2

n(x) = +∞ or b1
n(x) = αix + βi and

b2
n(x) = γix + ζi;

2. if for x ∈ (ai, ai+1)∪(ai+1, ai+2) b1
n and b2

n are finite then b1
n(ai+1) = αiai+1+

βi = αi+1ai+1 + βi+1 and b2
n(ai+1) = γiai+1 + ζi = γi+1ai+1 + ζi+1;

3. if b1
n and b2

n are infinite on (ai, ai+1) then b1
n(ai) = b1

n(ai+1) = −∞ and
b2
n(ai) = b2

n(ai+1) = +∞, where ai, αi, βi, γi, ζi ∈ D2.

Using the standard numbering of the set of piecewise linear functions with coef-
ficients from D2, it is easy to prove that If,0([a, b]) is countable and effective. ut

In the same way we can construct an functional domain If ([a, b]n) for n ∈ ω.

Corollary 1. For each compact n-cube [a, b]n, with computable a and b, the
functional domain If([a, b]n) is an effective ω-continuous domain.

Proof. It is similar to the proof of Proposition 1. ut
Now we consider a useful property of the way-below relation ’�’. Thus, f � g if
and only if these functions are separated. Also we refer to [32,14,11] for similar
characterisations of the way-below relation on spaces of continuous functions
from topological spaces into continuous posets.

Definition 5. Let f and g be lower semicontinuous functions, clY −f ⊂ Y −g and
f ≤ g. The functions f, g are said to be separated if there exists a continuous on
Y −g function h such that f(x) ≤ h(x) < g(x) for all x ∈ Y −g .

Let f and g be upper semicontinuous functions, clY +
g ⊂ Y +

f and f ≤ g. The
functions f and g are said to be separated if there exists a continuous on Y +

f

function h such that f(x) < h(x) ≤ g(x) for all x ∈ Y +
f .

Let f : IR→ I and g : IR→ I be continuous. The functions f and g are said
to be separated if clY −f1 ⊂ Y −g1 , clY +

f2 ⊂ Y +
g2 and their lower bounds f1 , g1 and

their upper bounds f2, g2 are separated.
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Proposition 2. Let f and g be lower semicontinuous and clY −f ⊂ Y −g , f ≤ g.
The following assertions are equivalent.

1. f and g are separated;
2. there exists an upper semicontinuous step function h such that

f(x) ≤ h(x) < g(x) for x ∈ Y −g ;
3. there exists an upper semicontinuous function h such that

f(x) ≤ h(x) < g(x) for x ∈ Y −g ;
4. (∀x ∈ Y −g )∃Ux(∃tx > 0)(∀z, w ∈ Ux)(g(z) > f(w) + tx), where Ux denotes

some neighbourhood of x.

Proof. We prove nontrivial passages.
1 → 2. It follows from the fact that each continuous function is approximated
by an upper semicontinuous step function (see [4] ).
2→ 1. See [36].
2→ 3. Obviously.
3 → 4. Let h : [a, b] → IR+ be upper semicontinuous and f(x) ≤ h(x) < g(x)
for x ∈ Y −g . For x ∈ Y −g put τ = g(x) − h(x) and ε = t

3
. According to upper

semicontinuity of h and lower semicontinuity of g, there exists a neighbourhood
Ux of x such that for all z, w ∈ Ux : f(z) ≤ h(z) < h(x)+ε and g(w) > g(x)−ε.
We have g(w) > g(x)− ε = h(x)+ 2

3
τ > h(z)+ τ

3
≥ f(z). For tx = τ

3
assertion 4

holds.
4 → 2. Let {Ux}x∈clY −

f
have the following property: for all z, w ∈ Ux g(z) >

f(w) + tx. Since clY −f is compact, we can construct a finite set {Ūxi}i≤n such
that:

1. Ūxi is closed;
2. Ūxi ∩ Ūxj is one-element or empty;
3. Y −f ⊆

⋃
i≤n Ūxi .

Put h(x) = sup{y|y ≥ f(x) ∧ (∃i(x ∈ Ūxi) ∧ (y ≤ inf
z∈Ūxi∩ clY −

f

g(z) − txi)}.
By the properties of lower semicontinuity of g, the function h is a required

one. ut

Proposition 3. Let f and g be upper semicontinuous and clY +
g ⊂ Y +

f , f ≤ g.
The following assertions are equivalent.

1. f and g are separated;
2. there exists a lower semicontinuous step function h such that

f(x) < h(x) ≤ g(x) for x ∈ Y +
f ;

3. there exists a lower semicontinuous function h such that
f(x) < h(x) ≤ g(x) for x ∈ Y +

f ;
4. (∀x ∈ Y +

f )∃Ux(∃tx > 0)(∀z, w ∈ Ux)(g(z) > f(w) + tx), where Ux denotes
some neighbourhood of x.

Proof. It is similar to the proof of Proposition 2. ut
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Lemma 1. Let A be a directed set of lower semicontinuous functions and
lima∈A a(x) = g(x). For a compact V and every c ∈ IR the following asser-
tion holds. If g(x) > c for all x ∈ V , then there exists a ∈ A such that a(x) > c
for all x ∈ V .

Proof. Clearly, for all x ∈ V there exists ax ∈ A such that ax(x) > c. By
the definition of lower semicontinuity, there exists a neighbourhood Ux of x
with (∀z ∈ Ux) (ax(z) > c). The set {Ux}x∈V covers the compact V , so we can
extract a finite subcovering {Uxi}i≤n. For all z ∈ Uxi we have axi(z) > c. By the
definition of directed set, there exists a function a ∈ A such that a(x) > axi(x)
for all x ∈ V . This is a required function. ut

Theorem 1. Continuous functions f : [a, b] → I and g : [a, b] → I are sepa-
rated if and only if f � g.

Proof. Let f and g be separated and f1, g1 be their lower bounds. We show
that for a directed set A ⊆ If [a, b] with g v ∨↑A there exists a ∈ A such that
f v a. It is sufficient to prove that there exists a with the lower bound a1 such
that a1(x) ≥ f1(x) for x ∈ [a, b]. By Proposition 2 we have clY −f1 ⊆ Y −g1 ∧ (∀x ∈
Y −g1 )∃Ux(∃tx > 0)(∀z, w ∈ Ux)(g1(z) > f1(w) + tx), where Ux denotes some
neighbourhood of x.

From the set {Ux}x∈Y −
g1

which covers cl Y −f1 we can extract a finite set

{Uxi}i≤n such that cl Y −f1 ⊆ {Uxi}i≤n. Moreover, it is easy to construct {Ūxi}i≤m

which covers clY −f1 , where Ūxi is compact. For i ≤ m we define ci = sup{y|y ≤
(infx∈Ūxi

g1(x)− txi)}.
Clearly, g1(x) > ci ≥ f1(x) for all x ∈ Ūxi . From Lemma 1 we have that

there exists ai with the lower bound a1
i such that a1

i (x) > ci ≥ f1(x) for all
x ∈ Ūxi . Since A is directed, there exists a w ai for all i ≤ m. This function is a
required one.
Let f � g. We show that

1. clY −f1 ⊆ Y −g1 and
2. (∀x ∈ Y −g1 )∃Ux(∃tx > 0)(∀z, w ∈ Ux)(g1(z) > f1(w) + tx),

where Ux denotes a neighbourhood of x and f1 , g1 denote the lower bounds of
f and g. For the upper bounds the corresponding assertion is proved by analogy.
Obviously, Yf ⊆ Yg and f v g. Let us prove that clY −f ⊆ Y −g . Suppose the
contrary: there exists a sequence {xn}n∈ω such that for all n xn ∈ Yf ⊆ Yg, but
lim

x→∞xn = x 6∈ Yg , i.e. g(x) = ⊥. We can extract a subsequence {xmn}n∈ω such

that |xmn − x| < 1
n . We define a sequence of lower semicontinuous functions in

the following way:

a1(x) =
{

g1(y) if |y − x| > 1
n ,

−∞ if |y − x| ≤ 1
n
.

On the one hand lim
n→∞a1

n(y) = g1(y) for all y ∈ [a, b] and on the other hand

−∞ = a1
n(xmn) < f1(xmn) 6= −∞. This is a contradiction with the assumption

f � g.
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Let us prove (∀x ∈ Y −g1 )∃Ux(∃tx > 0)(∀z, w ∈ Ux)(g1(z) > f1(w) + tx).
Suppose contrary: there exists x ∈ Yg such that ∀Ux∀tx (∃z, w ∈ Ux) g1(z) <
f1(w) + tx. Let us define {Un}n∈ω by the following rule:

Un = (x− 1
n

, x +
1
n

) if x ∈ (a, b),

Un = [a, a +
1
n

) if x = a,

Un = (b− 1
n

, b] if x = b.

There exists n0 such that for all n ≥ n0 we have Un ⊆ Y −g1 and there exists
wn ∈ Un with infz∈Ūn g1(z) < f1(wn) + 1

n
. We construct an increasing sequence

of lower semicontinuous functions such that the limit of this sequence is g1, but
there is no n such that an(y) ≥ f1(y) for all y ∈ [a, b].

Put

a1
n(y) =

{
g1(y) if y 6∈ Un,
infz∈Ūn g1(z) − 1

n if y ∈ Un,

where Ūn is closure of Un. It’s easy to see that lim
n→∞a1

n(y) = g1(y) for all y ∈ [a, b].
For y 6= x it is obvious. We consider the nontrivial case when y = x. Suppose the
contrary: there exists c such that a1

n(x) < c < g1(x). By lower semicontinuity of
g, there exists N with infz∈ŪN g1(z) > c + 1

N . So infz∈ŪN g1(z) = a1
N (x) > c.

This is a contradiction.
On the one hand, lim

n→∞ a1
n(y) = g1(y) for all y ∈ [a, b] and, on the other

hand, there is no n such that an(y) ≥ f1(x) for all y ∈ [a, b] because for all n
a1

n(wn) < f1(wn). This is a contradiction with the assumption f � g.
ut

Now we introduce notions of computable operators and computable function-
als defined on total continuous real-valued functions. Below we use the standard
notion of continuity of a total operator F : If([a, b])→ If([c, d]) w.r.t. the Scott
topologies on If([a, b]) and If([c, d]).

Definition 6. Let If([a, b]), If([c, d]) be some function domains and If,0([a, b])
= {bi}i∈ω, If,0([c, d]) = {ci}i∈ω be their effective bases constructed as in Propo-
sition 1. A continuous total operator F : If([a, b])→ If([c, d]) is computable, if
the relation cm � F (bn) is computably enumerable in n and m, where bn ∈
If,0([a, b]) and cm ∈ If,0([c, d]).

Definition 7. A partial operator F : C[a, b]→ C[c, d] is computable, if dom (F )
is open and there exists a computable operator F ∗ : If([a, b]) → If([c, d]) such
that

F (f) = g ↔ F ∗(f̂) = ĝ, where f̂(x) = {f(x)}, ĝ(x) = {g(x)}.

Definition 8. A partial functional F : C[a, b] × [c, d] → IR is computable, if
there exists a computable operator F ∗ : C[a, b]→ C[c, d]) such that

F (f, x) = y ↔ F ∗(f)(x) = y.
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Proposition 4. Computable operators and functionals defined on continuous
real-valued functions are continuous w.r.t. the standard topology induced by the
uniform norm.

Proof. It follows from the definition and continuity of corresponding operator
F ∗ : If([a, b]) → If([c, d]) and the fact that subspace Scott topologies on
C([a, b]) and C([c, d]) coincide with the standard topologies (see [32,14]). ut

To introduce computability of a functional of the type F : C[a, b]× IR→ IR,
we use an effective sequence of domains {If([−n, n])}n∈ω with coordinated bases
in the following sense. We consider a sequence of bases {If,0([−n, n])}n∈ω =
{{bn

i }i∈ω}n∈ω with the homomorphisms resm,n : If([−m, m]) → If ([−n, n]) of
restrictions for m > n defined by the natural rules resm,n(bm

i ) = bm
i |[−n,n] = bn

i

and resm,n(⊥[−m,m]) = ⊥[−n,n].

Definition 9. A sequence {Fk}k∈ω of computable operators Fk : If [a, b] →
If [−k, k] is uniformly computable, if bk

m � Fk(bk
n) is computably enumerable

in k, n and m.

Definition 10. A sequence {Fk}k∈ω of computable operators Fk : C[a, b] →
C[−k, k] is uniformly computable, if there exists a uniformly computable sequence
{F ∗k }k∈ω of computable operators Fk : If [a, b]→ If [−k, k] such that

Fk(f) = g ↔ F ∗k (f̂) = ĝ, where f̂(x) = {f(x)}, ĝ(x) = {g(x)}, k ∈ ω, x ∈ [a, b].

Definition 11. A functional F : C[a, b]×IR→ IR is computable, if there exists a
uniformly computable sequence {F ∗k }k∈ω of computable operators F ∗k : C[a, b]→
C[−k, k] such that

F (f, x) = y ↔ ∀k (x ∈ [−k, k]→ F ∗k (f)(x) = y) .

Note that for m > n the condition resm,n(F ∗m(f)) = F ∗n(f) holds by construction.

Proposition 5. A computable functional F : C[a, b] × IR → IR is continuous
w.r.t. the standard topology induced by the uniform norm.

Proof. It follows from the definition and continuity of the corresponding opera-
tors F ∗k : If([a, b])→ If([−k, k]) for k ∈ ω. ut

In the same way we can define computability of functionals
F : C[a, b]× IRn → IR.

Corollary 2. A computable functional F : C[a, b]× IRn → IR is continuous.

Proof. It follows from the definition and continuity of the corresponding opera-
tors F ∗k : If([a, b])→ If([−k, k]n) for k ∈ ω. ut
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Also we point attention to the following property. Every continuous total oper-
ator F : C[a, b]→ C[a, b] has a continuous extension to the functional domain.
This means there is a continuous operator F ∗ : If([a, b])→ If([a, b]) such that

F (f) = g ↔ F ∗(f̂) = ĝ, where f̂(x) = {f(x)}, ĝ(x) = {g(x)}.
To prove this fact, we will use the following notion.

Definition 12. Let f be a lower semicontinuous function defined on [a, b] and
g be a upper continuous function defined on [a, b]. A sequence {hs}s∈ω of con-
tinuous functions defined on [a, b] is said to be closely approximating to 〈f, g〉 ∈
I f ([a, b]) if

∀ε > 0∃N∀n ≥ N (hn ∈ 〈f − ε, g + ε〉) .

Theorem 2. Every continuous total operator F : C[a, b] → C[c, d] has a con-
tinuous extension to the functional domains.

Proof. It is enough to define operator F ∗ : I0
f([a, b])→ If([a, b]), where I0

f([a, b])
denotes the set {h ∈ If([a, b])|h : [a, b] → I \ ⊥} which is an ω-continuous
domain. Indeed, the operator F ∗ can be extended to F ∗∗ : If ([a, b])→ If ([a, b])
by the rule:

F ∗∗(h) =
{

F ∗(h) if h ∈ I 0
f ([a, b]),

⊥[c,d] otherwise.

Note that the set I0
f,0([a, b]) = {〈f, g〉 |f, g ∈ C[a, b]} can be considered as a basis

for I0
f([a, b]).

Let us denote U−F (f) = {(x, t)|F (f)(x) > t} and U+
F (f) = {(x, t)|F (f)(x) < t}

for a continuous function f .
First we define auxiliary operators F defined on the set I0

f,0([a, b]) of stripes
with continuous bounds, and then extend it to an operator defined on I0

f([a, b]).
For

〈
f1, f2

〉 ∈ I0
f,0([a, b]), where f1 and f2 are continuous, we define two

open sets U− < U+ by the following rules.
We define (x, t) ∈ U− if and only if there exists ε > 0 such that for each sequence
{hn}n∈ω which is closely approximating to

〈
f1, f2

〉
we have:

∃N (∀n ≥ N)B((x, t), ε) ⊂ U−F (hn),

where B((x, t), ε) is the ball of the radius ε centred at (x, t).
By analogy, (x, t) ∈ U+ if and only if there exists ε > 0 such that for each
sequence {hn}n∈ω which is closely approximating to

〈
f1, f2

〉
we have:

∃N (∀n ≥ N)B((x, t), ε) ⊂ U+
F (hn),

where B((x, t), ε) is the ball of the radius ε centred at (x, t).
Let us define g1(x) = supU−(x) and g2(x) = inf U+(x).
Put F(

〈
f1 , f2

〉
) =

〈
g1, g2

〉
. Since g1 is lower semicontinuous and g2 is up-

per semicontinuous, the operator F is well-defined. For F we denote U− as
U−F(〈f1,f2〉) and U+ as U+

F(〈f1,f2〉).
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We show that F(〈f, f〉) = 〈F (f), F (f)〉. Indeed, a sequence {hn}n∈ω, which
is closely approximate to 〈f, f〉, uniformly converges to f . By continuity of
the operator F , the sequence {F (hn)}n∈ω uniformly converges to F (f). So
U−F(〈f,f〉) = U−F (f) and U+

F(〈f,f〉) = U+
F (f).

Monotonicity of the operator F follows from the definitions of U−F(〈f1,f2〉) and

U+
F(〈f1,f2〉). Let A = {〈u1

n, u2
n

〉}n∈ω be a monotonic directed set and
∨↑A =<

u1, u2 >. We check that if u1
n, u2

n, u1 and u2 are continuous then
∨↑ F(

〈
u1

n, u2
n

〉
) =

F(
〈
u1, u2

〉
). By monotonicity of F , F(

〈
u1, u2

〉
) w F(

〈
u1

n, u2
n

〉
) for all n ∈ ω.

Hence F(
〈
u1, u2

〉
) w ∨↑ F(

〈
u1

n, u2
n

〉
). To prove the inclusion

∨↑ F(
〈
u1

n, u2
n

〉
) w

F(
〈
u1, u2

〉
), it is enough to check that for (x, t) such that (x, t) ∈ U−F(〈u1,u2〉)

there exists n ∈ ω with (x, t) ∈ U−F(〈u1
n,u2

n〉). Suppose the contrary. For some
(x, t) ∈ U−F(〈u1,u2〉), and for all n ∈ ω we have (x, t)6∈U−F(〈u1

n,u2
n〉). Let us find

ε > 0 provided the condition (x, t) ∈ U−F(〈u1,u2〉). For all n we have a sequence
{hn

m}m∈ω which is closely approximating to
〈
u1

n, u2
n

〉
and B((x, t), ε)6⊆U−

F (hnm)

for infinitely many m. From the set {hn
m}n∈ω,m∈ω we can extract a sequence

{τn}n∈ω which is closely approximating to
〈
u1, u2

〉
and B((x, t), ε)6⊆U−F (τn) for

n ∈ ω. This is a contradiction with the choice of ε.
Now, we define F ∗ for

〈
f1 , f2

〉 ∈ I 0
f ([a, b]) by the following rule: F ∗(

〈
f1 , f2

〉
)

=
∨↑ F(

〈
f1

n, f2
n

〉
), where

∨↑ 〈
f1

n, f2
n

〉
=

〈
f1 , f2

〉
and f1

n, f2
n are continuous, n ∈

ω. Let us prove correctness of this definition. Suppose
∨↑ 〈

f1
n , f2

n

〉
=

∨↑ 〈
u1

n, u2
n

〉
=

〈
f1 , f2

〉
. For a fix n we have

〈
u1, u2

〉 v ∨↑ 〈
f1

n, f2
n

〉
and

〈
u1

n, u2
n

〉
=

∨↑
g.l.b.

(
〈
f1

k , f2
k

〉
,
〈
u1

n, u2
n

〉
). By the property of F , F(

〈
u1

n, u2
n

〉
) =

∨↑ F(g.l.b.(< f1
k ,

f2
k >,

〈
u1

n, u2
n

〉
)). By monotonicity of F , F(g.l.b.(

〈
f1

k , f2
k

〉
,
〈
u1

n, u2
n

〉
)) v

F(
〈
f1

k , f2
k

〉
). So F(

〈
u1

n, u2
n

〉
) v ∨↑ F(

〈
f1

k , f2
k

〉
). As a consequence,

∨↑F(
〈
u1

n, u2
n

〉
)

v ∨↑ F(
〈
f1

k , f2
k

〉
).

Similarly we can check inclusion
∨↑ F(

〈
u1

n, u2
n

〉
) w ∨↑ F(

〈
f1

k , f2
k

〉
). Mono-

tonicity of F ∗ follows from monotonicity of F . Now we prove continuity of
F ∗. Let the sequence {〈f1

n, f2
n

〉}n∈ω be monotonic, and
∨↑ 〈

f1
n, f2

n

〉
=

〈
f1, f2

〉
for

〈
f1, f2

〉 ∈ I 0
f ([a, b]). By the property of bases,

〈
f1

n, f2
n

〉
=

∨↑
κm

n where
κm

n ∈ I 0
f,0([a, b]). Put l.u.b.

i≤i≤n
{κm

n } = λm
n . Then

〈
f1

n , f2
n

〉
=

∨↑
λm

n and λm+1
n ≥ λm

n .

We have
∨↑ 〈

f1
n, f2

n

〉
=

∨↑∨↑
λm

n .

Let us check that
∨↑

F ∗(
〈
f1

n, f2
n

〉
) = F ∗(

∨↑ 〈
f1

n , f2
n

〉
). We have F ∗(

∨↑ 〈
f1

n , f2
n

〉
)

= F ∗(
∨↑∨↑

λm
n ) =

∨↑∨↑
F ∗(λm

n ) ≥ ∨↑
F ∗(λm

n ) = F ∗(
∨↑

λm
n ) = F ∗(

〈
f1

n, f2
n

〉
).

So
∨↑

F ∗(
〈
f1

n, f2
n

〉
) v F ∗(

∨↑ 〈
f1

n , f2
n

〉
).

Moreover, F ∗(
∨↑ 〈

f1
n, f2

n

〉
) =

∨↑∨↑
F ∗(λm

n ) and F ∗(λm
n ) v F ∗(

〈
f1

n , f2
n

〉
). So∨↑ F ∗(

〈
f1

n , f2
n

〉
) w F ∗(

∨↑ 〈
f1

n , f2
n

〉
). Continuity of F ∗ is proved and so F ∗ is a

required one.
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3 Definability of Computable Functions and Functionals

To semantically characterise computable real-valued functions, operators and
functionals via validity of finite formulas, we use comparative analyses with
real-valued majorant-computable functions proposed in [19,20] and generalised
computable operators and functionals introduced below.

The computation of real-valued function is an infinite process that produces
approximations closer and closer to the result. The class of majorant-computable
real-valued functions has clear and exact classifications in logical and topological
terms.

3.1 Majorant-Computable Functions and Generalised Computable
Operators and Functionals

To recall the notion of majorant-computability and to introduce generalised
computability, let us construct the set of hereditarily finite sets HF(M) over
a model M. This structure is rather well studied in the theory of admissible sets
[3] and permits us to define the natural numbers, to code and store information
via formulas.

Let M be a model of a language σ0 whose carrier set is M . We construct
the set of hereditarily finite sets, HF(M), as follows:

1. S0(M) ⇀↽ M, Sn+1(M) ⇀↽ Pω(Sn(M)) ∪ Sn(M), where n ∈ ω and for every
set B, Pω(B) is the set of all finite subsets of B.

2. HF(M) =
⋃

n∈ω Sn(M).

We define HF(M) as the following model:

HF(M) ⇀↽
〈
HF(M), M, σ0, ∅HF(M),∈HF(M)

〉
,

where the unary predicate ∅ singles out the empty set and the binary predicate
symbol ∈HF(M) have the set-theoretic interpretation. Denote σ = σ0∪{∈, ∅}. To
introduce the notions of terms and atomic formulas we use variables of two sorts.
Variables of the first sort range over M and variables of the second sort range
over HF(M). Below we will consider M ⇀↽ IR and σ0 = {0, 1, +, ·,−x, x

2 , <}.
The notions of a term and an atomic formula are given in the standard manner.

The terms are defined inductively by:

1. The constant symbols 0 and 1 are terms;
2. The variables of the first sort are terms;
3. If t1, t2 are terms then t1 + t2, t1 · t2, −t1, t2

2 are terms.

The following formulas are atomic: t1 < t2, t ∈ s and s1 ∈ s2 where t1, t2, t are
terms and s1, s2 are variables of the second sort.

The set of ∆0-formulas is the closure of the set of atomic formulas un-
der ∧,∨,¬, (∃x ∈ s) and (∀x ∈ s), where (∃x ∈ s) ϕ denotes ∃x(x ∈ s ∧ ϕ)
and (∀x ∈ s) ϕ denotes ∀x(x ∈ s→ ϕ), s is any variable of second type.

The set of Σ-formulas is the closure of the set of ∆0 formulas under ∧,∨,
(∃x ∈ s) , (∀x ∈ s) , and ∃. We define Π-formulas as negations of Σ-formulas.
The natural numbers 0, 1, . . . are identified with ∅, {∅, {∅}}, . . . so that, in
particular, n + 1 = n ∪ {n} and the set ω is a subset of HF(IR).
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Definition 13. 1. A set B ⊆ HF(IR) is Σ-definable , if there exists a Σ-
formula Φ(x) such that x ∈ B ↔ HF(IR) |= Φ(x).

2. A function f : HF(IR)→ HF(IR) is Σ-definable, if there exists
a Σ-formula Φ(x, y) such that f(x) = y ↔ HF(IR) |= Φ(x, y).

In a similar way, we define the notions of Π-definable functions and sets. The
class of ∆-definable functions (sets) is the intersection of the class of Σ-definable
functions (sets) and the class of Π-definable functions (sets).

Note that the sets IR and IRn are ∆0–definable. This fact makes HF(IR)
a suitable domain for studying functions from IRk to IR.

To introduce the definition of majorant-computability, we use a class of Σ-,
Π-definable sets as the basic classes. So, we recall some useful properties of Σ-
,Π-definable subsets of IRn.

Proposition 6. 1. The sets HF(∅), ω and the predicate of equality on HF(∅)
are Σ-definable.

2. The set {〈n, r〉 | n is a Gödel number of a Σ-formula Φ, r ∈ IR, and
HF(IR) |= Φ(r)} is Σ-definable.

3. A set B ⊆ IRn is Σ-definable if and only if there exists an effective sequence
of formulas in the language σ0 with existential quantifiers over the reals,
{Φs(x)}s∈ω, such that x ∈ B ↔ IR |= ∨

s∈ω Φs(x).
4. A set B ⊆ IRn is Π-definable if and only if there exists an effective se-

quence of formulas in the language σ0 with universal quantifiers over the
reals, {Φs(x)}s∈ω, such that x ∈ B ↔ IR |= ∧

s∈ω Φs(x).

Proof. The parts 1.-2. can be easy proved by technique developed in [3,9,20].
The parts 3.-4. immediately follow from the part 2. ut
Below we will write (∃n ∈ IN)Φ(n, x) instead of

∨
n Φ(n, x) and (∃r ∈ D2)Φ(r, x)

instead of
∨

r,m

(
Φ( n

2m , x) ∨ Φ(−n
2m , x)

)
, where 0 = 0 . . . n + 1 = n + 1.

Let us recall the notion of majorant-computability for real-valued functions
proposed and investigated in [19,20,21,22]. We use the class of Σ- and Π-
definable sets as the basic classes. A real-valued function is said to be majorant-
computable if we can construct a special kind of nonterminating process com-
puting approximations closer and closer to the result.

Definition 14. A function f : IRn → IR is called majorant-computable if there
exist an effective sequence of Σ-formulas {Φs(x, y)}s∈ω and an effective sequence
of Π-formulas {Gs(x, y)}s∈ω such that the following conditions hold.

1. For all s ∈ ω, x ∈ IRn, the formulas Φs and Gs define nonempty intervals
< αs, βs > and < δs, γs >.

2. For all x ∈ IRn, the sequences {< αs, βs >}s∈ω and {< δs, γs >}s∈ω

decrease monotonically and < αs, βs >⊆< δs, γs > for all s ∈ ω.
3. For all x ∈ dom(f), f(x) = y ↔ ⋂

s∈ω < αs, βs >= {y} ↔⋂
s∈ω < δs, γs >= {y} holds; for all x6∈dom(f), ||∩s∈ω < δs, γs > || > 1.

The sequence {Φs}s∈ω in Definition 14 is called a sequence of Σ-approximations
for f . The sequence {Gs}s∈ω is called a sequence of Π-approximations for f .
As we can see, the process which carries out the computation is represented by
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two effective procedures. These procedures produce Σ-formulas and Π-formulas
which define approximations closer and closer to the result. Below we will write
A(x, ·) < B(x, ·) if HF(IR) |= A(x, y)∧B(x, y) → y < z for all real numbers y, z.
The following theorem connects a majorant-computable function with validity
of finite formulas in the set of hereditarily finite sets, HF(IR).

Proposition 7. For all functions f : IRn → IR the following assertions are
equivalent:.

1. The function f is majorant-computable.
2. There exist Σ–formulas A(x, y), B(x, y) such that A(x, ·) < B(x, ·) and

f(x) = y ↔ (A(x, ·) < y < B(x, ·) ∧
{z | A(x, z)} ∪ {z | B(x, z)} = IR \ {y}).

Proof. →)Let f : IRn → IR be majorant-computable. By Definition 14, there
exist a sequence {Fs}s∈ω of Σ-approximations for f and a sequence {Gs}s∈ω

of Π-approximations for f . Put

A(x, y) ⇀↽ (∃s ∈ ω) (y 6∈< δs, γs > ∧ (∃z ∈< αs, βs >) (y < z))

and
B(x, y) ⇀↽ (∃s ∈ ω) (y 6∈< δs, γs > ∧ (∃z ∈< αs, βs >) (y > z)) .

By construction, A and B are the sought formulas.
←) Let A and B satisfy the requirements of the theorem. Let us construct
approximations in the following way.

Fs(x, y) ⇀↽ ∃z∃v (A(x, z) ∧B(x, v) ∧ y ∈ (z, v) ∧ v − z < 1/s) ,

Gs(x, y) ⇀↽ ∀z (A(x, z)→ z − y < 1/s) ∧ ∀z (B(x, z)→ y − z < 1/s) .

ut
As a corollary we note that a total real-valued function is majorant-computable
if and only if its epigraph and ordinate set are Σ-definable (i.e. effective sets).
The same proposition holds for a total function f : [a, b]n → IR for some compact
n-cube [a, b]n.

Definition 15. A real-valued function f is said to be shared by Σ-formulas
ϕ1, ϕ2 if

f |[x1,x2] > c↔ HF(IR) |= ϕ1(x1, x2, c),
f |[x1,x2] < c↔ HF(IR) |= ϕ2(x1, x2, c).

Proposition 8. A real-valued function is majorant-computable if and only if it
is shared by two Σ-formulas.

Proof. The claim immediate follows from Proposition 7.
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Theorem 3. The class of computable real-valued functions coincides with the
class of majorant-computable real-valued functions.

Proof. Without loss of generality we consider a function f : IR → [0, 1]. Let
f∗ : I → I[0,1] be computable and f∗({x}) = {f(x)}. For n ∈ ω, we define
An = {x ∈ IR | µ(f∗({x})) < 1

n
}, where µ is Borel measure. It is easy to see

that An is a Σ-definable open set, and dom(f) =
⋂

n∈ω An.
Because each Σ-definable subset of IR is an effective union of open intervals, we
can denote A1 =

⋃
i∈ω(αi, βi), where αi, βi ∈ D2 and αi ≤ βi.

The following formulas satisfy the conditions of Proposition 7 :

A(x, z) ⇀↽ x ∈ A1 ∧ (∃a ∈ D2) (∃b ∈ D2) (∃y ∈ D2) (x ∈ (a, b) ∧ y > z ∧
[y, y + 1]� f∗([a, b]),

B(x, z) ⇀↽ x ∈ A1 ∧ (∃a ∈ D2) (∃b ∈ D2) (∃y ∈ D2) (x ∈ (a, b)∧ y < z ∧
[y, y + 1]� f∗([a, b])

By Proposition 6, f is majorant-computable.
Let f be majorant-computable and A and B satisfy the properties from

Proposition 7. We construct a computable function f∗ : I → I such that
f∗({x}) = {f(x)}.

Put f∗([a, b]) =
⋃

x∈[a,b] f
∗∗(x), where the auxiliary function f∗∗ is defined

in the following way:

f∗([a, b]) =
{∩{[u, v] | u, v ∈ D2, < x, u >∈ A, < x, v >∈ B} if such u, v exist
⊥ elsewhere

It is easy to see that f is continuous and the set E =< a, b, c, d >| a, b, c, d ∈
D2, [c, d]� f∗([a, b]) is Σ-definable by the following Σ-formula

∃x ∈ (a, b) (< x, c >∈ A∧ < x, d >∈ B) .

So the function f is computable. ut
To introduce generalised computability of operators and functionals we ex-

tend the language σ by two 3-ary predicates U1 and U2.

Definition 16. A total operator F ∗ : If [a, b]→ If [c, d] is said to be shared by
two Σ-formulas ϕ1 and ϕ2 if the following assertions hold. If F ∗(

〈
u1, u2

〉
) =〈

h1, h2
〉

then

h1|[x1,x2] > z ↔ HF(IR) |= ϕ1(U1, U2, x1, x2, z);

h2|[x1,x2] < z ↔ HF(IR) |= ϕ2(U1, U2, x1, x2, z),

where U1(x1, x2, c) ⇀↽ u1|[x1,x2] > c, U2(x1, x2, c) ⇀↽ u2|[x1,x2] < c and the predi-
cate U1 and U2 positively occur in ϕ1, ϕ2.
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Definition 17. An operator F : C[a, b]→ C[c, d] is said to be generalised com-
putable, if there exists an operator F ∗ : If [a, b]→ If [c, d] which is shared by two
Σ-formulas and F (f) = g ↔ F ∗(f̂) = ĝ, where f̂(x) = {f(x)}, ĝ(x) = {g(x)}.

Definition 18. A functional F : C[a, b]× [c, d] → IR is said to be generalised
computable, if there exists a computable operator F̃ : C[a, b]→ C[c, d] such that
F (f, x) = F̃ (f)(x).

Definition 19. A functional F : C[a, b] × IR → IR is said to be generalised
computable, if there exists an effective sequence {F̃n}n∈ω of computable operators
F̃n : C[a, b]→ C[−n, n] such that

F (f, x) = y ↔ ∀n
(
−n ≤ x ≤ n→ F̃n(f)(x) = y

)
.

Theorem 4. An operator F : C[a, b]→ C[c, d] is computable if and only if it is
generalised computable.

Proof. Let F : C[a, b]→ C[c, d] be computable. To show generalised computabil-
ity of its corresponding operator F ∗ : If [a, b] → If [c, d], we construct two Σ-
formulas ϕ1, ϕ2 satisfying the conditions of Definition 17. Let If,0([a, b]) =
{bi}i∈ω and If,0([c, d]) = {ci}i∈ω be effective bases constructed as in Proposi-
tion 1 for If([a, b]) and If,0([c, d]).
Suppose F ∗(u) = h. By Proposition 7 and Corollary 8 the relation bn �
u is definable by Σ-formulas with positive occurrences of U1 and U2, where
U1(r1, r2, c) ⇀↽ u1|[r1,r2] > c, U2(r1, r2, c) ⇀↽ u2|[r1,r2] < c. Therefore the set
{(n, m)|u� cn ∧F ∗(bn)� bm} is definable by some Σ-formula Φ(n, m, U1, U2).
Then F ∗(u)� cm ↔ HF(IR) |= ∃nΦ(n, m, U1, U2).

Put

ϕ1(U1, U2, x1, x2, z) ⇀↽ ∃m∃n (
b1
m|[x1,x2] > z

) ∧ Φ(n, m, U1, U2),

ϕ2(U1, U2, x1, x2, z) ⇀↽ ∃m∃n (
b2
m|[x1,x2] < z

) ∧ Φ(n, m, U1, U2).

Clearly, ϕ1, ϕ2 are required formulas.
Let F : C[a, b]→ C[c, d] be generalised computable. We prove computability

of its corresponding operator F ∗ : If [a, b]→ If [c, d]. Monotonicity of F ∗ follows
from positive occurrences of U1 and U2 in the formulas ϕ1 and ϕ2.

Because If [a, b] and If [c, d] are ω-continuous domains, it is enough to prove
that F ∗ preserves suprema of countable directed sets.

Let A = {< u1
n, u2

n >}n∈ω and
∨↑

A =< u1, u2 >. Put U1n(x1, x2, c) ⇀↽
u1

n|[x1,x2] > c and U2n(x1, x2, c) ⇀↽ u2
n|[x1,x2] < c for n ∈ ω and U1(x1, x2, c) ⇀↽

u1|[x1,x2] > c, U2(x1, x2, c) ⇀↽ u2|[x1,x2] < c.
By Lemma 11, if u1|[x1,x2] > c then there exists n such that u1

n|[x1,x2] > c,
and if u2|[x1,x2] < c then there exists n such that u2

n|[x1,x2] < c.
So

U1(x1, x2, c) =
∨
n∈ω

U1n(x1, x2, c) and U2(x1, x2, c) =
∨

n∈ω

U2n(x1, x2, c).
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By the properties of Σ-formulas and positive occurrences of U1 and U2 in ϕ1

and ϕ2,

ϕ1(U1, U2, x1, x2, c)↔
∨

n∈ω ϕ1n(U1, U2, x1, x2, c),
ϕ2(U1, U2, x1, x2, c)↔

∨
n∈ω ϕ2n(U1, U2, x1, x2, c).

Hence it is clear that F ∗(
∨↑

A) =
∨↑

F ∗(A).
Now we show that the set {(n, m)|F ∗(bn) � cm} is Σ-definable and, as a

consequence, is computable enumerable in n and m. Let F ∗(< b1
n, b2

n >) =<
h1, h2 >. Since b1

n, b2
n, c1

m and c2
m are piecewise linear, it is obvious that the

sets b1
n|[x1,x2] > c, b2

n|[x1,x2] < c and c1
m|[x1,x2] > c, c2

m|[x1,x2] < c are Σ-definable.
As is evident from the definition of F ∗, the sets h1|[x1,x2] > c, h2|[x1,x2] < c
are Σ-definable too. By Proposition 2, there exist upper semicontinuous step
functions s1 and s2 such that c1

m(x) < s1(x) < h1(x) and c2
m(x) > s2(x) > h2(x)

for x ∈ [c, d].
As one can see, the following Σ-formula

∃x0 . . .∃xn∃y1 . . .∃yn∃z1 . . .∃zn

∧
i≤n

(
(c1

m|[xi,xi+1] < yi

) ∧ (
h1|[xi,xi+1] > yi

) ∧(
c2
m|[xi,xi+1] > zi

) ∧ (
h2|[xi,xi+1] < zi

)
defines the set {(n, m)|F ∗(bn) � cm}. As a consequence this set is computable
enumerable in n and m. ut
Note that using the previous theorem one can elegantly prove computability
of such functions as supx∈[x1,x2] f(x), infx∈[x1,x2] f(x) and Riemann integral on
[x1, x2].

Corollary 3. A functional F : C[a, b]× [c, d]→ IR is computable if and only if
it is generalised computable.

Proof. The claim follows from generalised computability of its corresponding
operators. ut

Corollary 4. A functional F : C[a, b]× IR→ IR is computable if and only if it
is generalised computable.

Proof. The claim follows from the property of Σ- formulas: an effective sequence
of Σ-formulas is equivalent to a Σ-formula. ut

3.2 Semantic Characterisation of Computable Functions and
Functionals

After mentioning the main properties of majorant-computable real-valued func-
tions and generalised computable operators and real-valued functionals, we pass
to computable ones.

Corollary 5. For a function f : IRn → IR the following assertions are equiva-
lent:
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1. The function f is computable.
2. There exist Σ–formulas A(x, y) and B(x, y) such that A(x, ·) < B(x, ·) and

f(x) = y ↔ (A(x, ·) < y < B(x, ·) ∧
{z | A(x, z)} ∪ {z | B(x, z)} = IR \ {y}).

Proof. The claim follows from Proposition 7 and Theorem 3. ut

Corollary 6. A real-valued function is computable if and only if it is shared by
two Σ-formulas.

Proof. The claim follows from Proposition 8 and Theorem 3. ut

Proposition 9. Let f be a computable function such that [a, b] ⊆ dom(f) and
g be a computable function such that [b, c] ⊆ dom(g) and f(b) = g(b). Then

the function h(x) =

{
f(x) if x ≤ b,
g(x) if x ≥ b

is computable.

Proof. From Theorem 26 in [7] (cf. [21] ) it follows that there exist an effective
modulus of continuity wf for f and an effective modulus of continuity wg for g.
In other words, for every s ∈ ω for all x1, x2 ∈ [a, b] and x3, x4 ∈ [c, d] we have

|x1 − x2| < wf(
1
s
)→ |f(x1) − f(x2)| < 1

s
and

|x3 − x4| < wg(
1
s
)→ |g(x3)− g(x4)| < 1

s
.

Put wh(ε) = min{wf(ε), wg(ε)}. The following Σ-formula defines the epi-
graph of the function h.

y > h(x)↔ (x < b ∧ y > f(x)) ∨ (x > b ∧ y > g(x)) ∨([∃ε ∈ D+
2

]
(|x− b| < wh(ε) ∧ ([∃t < b] |x− t| < wh(ε) ∧ y > f(t) + ε)

)
Analogously, the ordinate set of h is Σ–definable. By Corollary 6, the function
h is computable. ut

Corollary 7. A functional F : C[a, b] × [c, d] → IR is computable if and only
if there exists an operator F ∗ : If [a, b] → If [c, d] which is shared by two Σ-
formulas and F (f, x) = y ↔ F ∗(f̂)(x) = {y}, where f̂(x) = {f(x)}.
Proof. It follows from Theorem 4. ut

Corollary 8. If a computable operator F : C[a, b] → C[c, d] is defined in a
computable function f, then the function F (f) is computable.

Proof. We only note that if a function u is computable, then the following rela-
tions u1|[x1,x2] > z and u2|[x1,x2] < z are Σ-definable. This follows from Propo-
sition 8. ut
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Corollary 9. A total computable operator F : C[a, b] → C[c, d] maps com-
putable functions to computable functions.

Proof. It follows from Corollary 8. ut

Corollary 10. The composition of computable operators is computable.

Proof. The claim follows from properties of Σ-formulas and Theorem 4. ut
Now we introduce a useful recursion scheme which permits us to describe the

behaviour of complex systems such as hybrid systems.
Let F : C[a, b]×C[0, 1]× IR→ IR and G : C[a, b]× [0, 1]→ IR be computable

functionals. Then F : C[a, b]× [0, +∞)→ IR is defined by the following scheme:
{

F (f, t)|t∈[0,1] = G(f, t),
F (f, t)|t∈(n,n+1] = F(f, t, λy.F (f, y + n− 1))

Proposition 10. If F is continuous then F is computable, with F defined above.

Proof. We prove that there exists an effective sequence of generalised computable
operators F ∗n : C[a, b]→ C[0, n]. For this we state that for each k there exist two
Σ-formulas τ1 and τ2 which share F ∗k . Clearly, on the m-th step of computation
via the recursion scheme, we obtain a computable functional where t ranges
over the interval [m, m + 1]. Hence, there exist two effective sequences of Σ-
formulas {τm

1 }m∈ω and {τm
2 }m∈ω such that for m ≤ x1 ≤ x2 ≤ m + 1 and

F ∗(< u1, u2 >) =< h1, h2 > we have

h1|[x1, x2] > c↔ τm
1 (U1, U2, x1, x2, c),

h2|[x1, x2] < c↔ τm
2 (U1, U2, x1, x2, c),

where U1(x1, x2, c) ⇀↽ u1|[x1,x2] > c, U2(x1, x2, c) ⇀↽ u2|[x1,x2] < c and the
predicate U1 and U2 positively occur in ϕ1 and ϕ2. Let us denote

ϕ(U1, U2, x1, x2, c) ⇀↽

(∃i, j ∈ IN) i ≤ j ∧ i < x1 < i + 1 ∧ j < x2 < j + 1 ∧ τ i
1(U1, U2, x1, i + 1, c)∧

τ j
1 (U1, U2, j, x2, c) ∧

∧
i+1≤m≤j−1

τm
1 (U1, U2, m, m + 1, c);

θ(U1 , U2, x, c) ⇀↽

(∃n ∈ IN)


x < n ∧

∧
0≤m≤n−1

τm
1 (U1, U2, m, m + 1, c)


 ∨

(∃i ∈ IN)


i < x < i + 1 ∧

∧
0≤m≤i

τm
1 (U1, U2, m, m + 1, c)∧ τ i

1(U1, U2, i, x, c)


 .



Formalisation of Computability of Operators 165

The required formula τ1 can be defined as follows:

τ1(U1, U2, x1, x2, c) ⇀↽

∃y1∃y2 (y1 < y2 ∧ y1 < x1 ∧ x2 < y2 ∧ ϕ(U1, U2, y1, y2, c))∨
(∃y > x2) ∧ θ(U1 , U2, y, c)

The required formula τ2 can be defined in the similar way. ut
We would note that the recursion scheme is a useful tool for formalisation of
hybrid systems. Indeed, in this framework the trajectories of the continuous
component of hybrid systems (the performance specifications) can be represented
by computable functionals which can be constructed by the specifications SHS
of hybrid systems proposed in [23]. ut

3.3 Comparison with Similar Domain-Theoretic Approaches

We compare approaches to higher order computability over the reals via function
domains presented here and continuous domains proposed in [10,29]. Actually
a function domain is a retract of the standard continuous domain

[I[a,b] ⇒ I
]
.

The injection 4 : If([a, b])→ [I[a,b] ⇒ I
]

is defined by the rule:

f4([α, β]) =
⋃

x∈[α,β]

f(x) for all f ∈ If([a, b]).

To show that f4 : I[a,b] → I is continuous let us suppose the contrary. Assume
that for some decreasing sequence {[αi, βi]}i∈ω with

∨↑[αi, βi] = [α, β], there
exists c ∈ IR such that infIR f4([αi, βi]) < c < infIR f4([α, β]) for all i ∈ ω. It
contradicts to continuity of f in α and β. Indeed, since c < f(α) and c < f(β),
there exists i0 such that infIR f4([αi0, βi0 ]) > c. So 4 is correctly defined.

The prove of continuity of 4 is based on Lemma 1. Let
∨↑

i fi = f and
for some [α, β] ∈ I[a,b] we have

∨↑
i f4i ([α, β]) = f4([α, β]) = [γ, δ]. Without

a loss of generality suppose that supIR

∨↑
i f4i ([α, β]) > δ1 > δ. By Lemma 1,

∃i0∀i ≥ i0∀x ∈ [α, β]fi(x) ≤ δ1, so f4i ([α, β]) ≤ δ1, a contradiction.
So

∨↑
i fi = f and 4 is continuous.

A surjection 5 :
[I[a,b] → I

] ⇒ If ([a, b]) is defined by the rule: h5(x) =
h({x}) for all h ∈ [I[a,b] ⇒ I

]
. Its correctness is clear. The proof of continuity

of the mapping 5 is standard as well as the proof of the equality f45 = f for
all f ∈ If([a, b]).

So, the function domain If([a, b]) is a retract of
[I[a,b] ⇒ I

]
considered in

[10]. In Section 2.3 it was shown that every element of the functional domain
is described in terms of semicontinuous functions. Therefore we believe that in
practice it is easier to deal with elements of our domain.

The basic function space C([a, b]) is embedded in our function domain via
natural injection em defined by the rule fem = {f(x)} for all x ∈ [a, b], f ∈
C([a, b]).
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It is worth to note, that a standard basis of the domain
[I[a,b] ⇒ I

]
is gener-

ated by the subbasis consisting of the elements ai ⇒ bj , where ai ranges over the
basis of I[a,b] and bj ranges over the basis of I (e.g. [14,10]). In general, α⇒ β

is defined by the rule (α⇒ β) (x) =
{

β if α� x,
⊥ otherwise .

So, this standard subbasis is a subset of the image of 4 since, in general,
a⇒ b = f4 for the element f ∈ If([a, b]) defined by the rule

f(x) =
{

β if α� {x},
⊥ otherwise .

So, some standard basis of our domain is mapped onto some decidable subset
of the basis of the domain

[I[a,b] ⇒ I
]

via 4. Moreover, it is easy to compute
the element g = (

⊔n
i=1 ai ⇒ bi)

5 for all x ∈ [a, b] by the rule

g(x) =
{⊔

i:ai�x bi , if there exists ,
⊥ , otherwise .

In particular, the operators 4 and 5 are computable.
Using these facts and descriptions of the relation ’�’ on

[I[a,b] ⇒ I
]
(e.g.[14,11]),

it is easy to show that every computable operator H from
[I[a,b] ⇒ I

]
to[I[c,d] ⇒ I

]
induces a computable operator F : If([a, b]) → If([c, d]) by the

rule F (f)(x) = H(f4)5. Moreover, H(gem4)5 = F (gem) for all g ∈ C([a, b]).
In particular, the operators H and F induce the same (partial) operator from
C([a, b]) to C([c, d]). In similar manner one can extend every computable oper-
ator F : If([a, b])→ If([c, d]) to some computable operator H :

[I[a,b] ⇒ I
] →[I[c,d] ⇒ I

]
by the rule H(h) = F (h4)5. Again, the operators F and H in-

duce the same (partial) operator from C([a, b]) to C([c, d]). So, notions of com-
putability for operators on C([a, b]) defined via considered domains coincide. It
is worth to remark that some semantic characterisation for higher order com-
putability over the reals was considered in [10] in terms of the programming
language PCF with additional distinguished functional Max that maps (f, a, b)
to maxx∈[a,b] f(x). Moreover, some absoluteness principle and completeness of
this language was obtained in [10]. By this reason it is not surprising that con-
sidered notions of computability coincide. It is likely that expressive power of
extended PCF is the same as one of the language of Σ-formulas.

4 Conclusions

In this work we analyse computability of operators and functionals defined on
the class of continuous functions. Using the small effective ω-continuous domains
presented here we introduce several notions of computability. We take into con-
sideration semantic and topological characterizations of computable objects. It
was shown that domain theory, in particular the effective theory of continu-
ous domains, can be useful for analysing computability of higher order objects
over the reals. Moreover this theory can be useful for analysing computability of
complex systems which is a subject for further investigation.
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1 Introduction

A real number can be represented as a sequence of nested, closed intervals whose
lengthes tend to zero. In the LFT approach to Exact Real Arithmetic the se-
quence of intervals is generated by a sequence of one–dimensional linear frac-
tional transformations (1–LFTs) applied to a base interval, [9,13,11,4,12,7].

These intervals (1–LFTs applied to the base interval) are better and better
approximations to the real number. Knowing the lengthes of the intervals we
can say how good the approximations are. Here, we show how to determine the
lengthes of the intervals and in particular, how to obtain a required decimal
precision of a real number, extending a result in [12].

2 Representation of Real Numbers

We will give a brief review of the LFT approach to Exact Real Arithmetic; for
more details see [4,12,7]. Note that we will work in the one–point compactifi-
cation R∗ = R ∪ {∞} of the real line, which is usually represented by the unit
circle and the stereographic projection.

Let us denote the set of matrices by:

M =
{(

a c
b d

) ∣∣∣∣ a, b, c, d ∈ R

}
.

A matrix of the form
(

a c
b d

)
induces a 1–dimensional linear fractional transfor-

mation (1–LFT), Θ

(
a c
b d

)
, which is a function from R∗ to R∗ given by:

Θ

(
a c
b d

)
(x) =

ax + c

bx + d
.

We can identify a 1–LFT Θ(M) with the matrix M and this identification is
unique up to scaling by a non–zero number. The composition of two 1–LFTs
corresponds to matrix multiplication. A non–singular matrix M maps an inter-
val to an interval: the interval [p, q] is mapped to [Mp, Mq] for detM > 0 and

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 169–186, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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[Mq, Mp] for detM < 0. In R∗, represented by the unit circle and the stereo-
graphic projection, the interval [p, q] is the set of all points which belong to the
arc starting from p and going anti–clockwise to q on the unit circle. For example,
[1,−1] = {x | |x| ≥ 1}.

One can easily verify that for any two intervals I and J, there exists a 1–LFT
M such that M(I) = J . This implies that all intervals can be encoded as a
1–LFT applied to a fixed interval, which is called the base interval. Although
the choice of the base interval is essentially not relevant (whatever holds for one,
will hold, with minor adjustments, for any other base interval), we should choose
it in a way to make computations as efficient as possible. There are two base
intervals which have been used, namely [−1, 1] and [0,∞]. See [2,4,12,7] for more
details.

For a base interval [a, b], we say that a matrix M is refining if M [a, b] ⊆
[a, b]. The set of all refining matrices is denoted by M+. We also define the
information of a 1–LFT M by Info[a,b](M) = M [a, b]. When the choice of the
base interval [a, b] is clear, we write Info[a,b](M) simply as Info(M).

As we have mentioned earlier, a real number can be represented as a shrinking
sequence of nested, closed intervals whose length tends to zero. Or, using the
facts given above, as a sequence of 1–LFTs:

{x} =
⋂
n

[pn, qn] , pn, qn ∈ R ,

[pn, qn] = M0M1 . . .Mn[a, b] , ∀n ∈ N ,

⇒ {x} =
⋂
n

M0M1 . . .Mn[a, b] ,

where [a, b] is the base interval, M0 ∈ M, and Mn ∈M+, n > 0. This represen-
tation is called normal product. The first matrix, M0, determines an interval
which contains the real number x, while all other matrices refine that interval
further and further. By analogy with the usual representation of real numbers,
the first matrix of the normal product, M0 ∈ M, is called a sign matrix, while
the matrices Mn ∈M+ are called digit matrices.

Note that most previous research has been done on LFTs (matrices) with
integer coefficients, [2,4]. In such cases, the generated sequences of intervals have
rational end–points.

Edalat and Potts in [2,4] proposed a standard form, called exact floating
point, EFP, where both sign and digit matrices belong to predetermined finite
sets of matrices. The information in the sign matrices should overlap and cover
R∗. The four sign matrices proposed by Edalat and Potts correspond to rotations
of the unit circle by 0◦ (i.e. identity), 90◦, 180◦ and 270◦, and form a cyclic
group. Digit matrices should overlap, cover the base interval [a, b], and contract
distances in [a, b].
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3 The Base Interval [0, ∞]

The main reason to choose [0,∞] as a base interval is that it allows us to calculate

the information of a matrix M =
(

a c
b d

)
very efficiently: InfoM = [ c

d
, a

b
] if

detM > 0 or InfoM = [ a
b , c

d ] if det M < 0. In the base interval [0,∞], the four
sign matrices are named as follows:

S+ =
(

1 0
0 1

)
= S4k

∞ = Id , Info(S+) = [0,∞] ,

S∞ =
(

1 1
−1 1

)
= S4k+1∞ , Info(S∞) = [1,−1] ,

S− =
(

0 −1
1 0

)
= S4k+2

∞ , Info(S−) = [∞, 0] ,

S0 =
(

1 −1
1 1

)
= S4k+3∞ , Info(S0) = [−1, 1] ,

for any k ∈ N. It is easy to check that, for example, S0S∞ = S∞S0 = S+ = Id.
Edalat and Potts have shown, [4], that for any base b > 1, the signed digit

representation on [−1, 1] in base b induces via the homeomorphism S0 : [0,∞]→
[−1, 1] a suitable set of digit matrices. The signed digit system in base b > 1 in
[−1, 1] is generated by the contracting maps Ad : [−1, 1]→ [−1, 1], given by:

Ad(x) =
(

1 d
0 b

)
(x) =

x + d

b
,

with d ∈ Dig(b) = {−b +n, b−n | n ∈ N, 1 ≤ n ≤ bbc}. We now define the digit
matrices in base b:

Dd = S−1
0 AdS0 = S∞

(
1 d
0 b

)
S0 =

(
b + d + 1 b + d− 1
b− d− 1 b− d + 1

)
,

where d ∈ Dig(b). For example, Dig(2) = {−1, 0, 1}, Dig(φ) = {−φ + 1, φ− 1},
where φ = 1+

√
5

2 is the golden ratio.
Products of digit matrices can be obtained using the following:

Proposition 1. The product, Dd1Dd2 . . .Ddn , of digit matrices in base b is
given by:

Dd1Dd2 . . .Ddn =
(

bn + c + 1 bn + c− 1
bn − c− 1 bn − c + 1

)
=: Dn

c ,

where c = c(d1, d2, . . . , dn) =
∑n

i=1 dib
n−i. Furthermore, Dn

c Dd = Dn+1
bc+d ,

DdD
n
c = Dn+1

d·bn+c and Dn
c Dn′

c′ = Dn+n′

c·bn′
+c′

.
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Proof. As Dd = S∞

(
1 d
0 b

)
S0 and S0S∞ = Id we have:

Dd1Dd2 . . .Ddn = S∞

(
1 d1

0 b

)
S0S∞

(
1 d2

0 b

)
S0 . . .S∞

(
1 dn

0 b

)
S0

= S∞

(
1 d1

0 b

) (
1 d2

0 b

)
. . .

(
1 dn

0 b

)
S0

= S∞

(
1 c
0 bn

)
S0

=
(

bn + c + 1 bn + c− 1
bn − c− 1 bn − c + 1

)
,

where c =
∑n

i=1 dib
n−i. Let us check the second claim:

Dn
c Dd =

(
bn + c + 1 bn + c− 1
bn − c− 1 bn − c + 1

) (
b + d + 1 b + d− 1
b− d− 1 b− d + 1

)

=
(

2bn+1 + 2bc + 2d + 2 2bn+1 + 2bc + 2d− 2
2bn+1 − 2bc− 2d− 2 2bn+1 − 2bc− 2d + 2

)

=
(

bn+1 + (bc + d) + 1 bn+1 + (bc + d)− 1
bn+1 − (bc + d)− 1 bn+1 − (bc + d) + 1

)

= Dn+1
bc+d .

Similarly, we prove the last two equalities. ut
The number c provides a compact representation for this product of digit ma-
trices. However, the original sequence of digits usually cannot be recovered from
Dn

c .
The most common base in both theory and practise is the base b = 2. As

Dig(2) = {−1, 0, 1} we get the following three digit matrices:

D−1 = S∞

(
1 −1
0 2

)
S0 =

(
1 0
1 2

)
, Info(D−1) = [0, 1] ,

D0 = S∞

(
1 0
0 2

)
S0 =

(
3 1
1 3

)
, Info(D0) = [ 1

3
, 3] ,

D1 = S∞

(
1 1
0 2

)
S0 =

(
2 1
0 1

)
, Info(D1) = [1,∞] .

Any sequence of n digits in base 2, Dd1 , Dd2 , . . . , Ddn can be compressed into
the number c(d1, d2, . . . , dn), which can be represented by n+1 bits of memory.

The fact that for 1 < b < 2 we get only two digit matrices can be exploited
in practise as we need only one bit of memory to denote a digit matrix. The
golden ratio φ = 1+

√
5

2 , which is the positive root of the equation x2 − x −
1 = 0, satisfies the above property and has been extensively studied [1,8]. It
provides an interesting base because the rules for addition and subtraction using
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the positional representation for the real numbers is extremely elegant. Using
identities obtained from φ2 = φ + 1, we have Dig(φ) = {− 1

φ , 1
φ} and

D− 1
φ

=
(

1 0
1
φ φ

)
, Info(D− 1

φ
) = [0, φ] ,

D 1
φ

=
(

φ 1
φ

0 1

)
, Info(D 1

φ
) = [ 1

φ ,∞] .

3.1 S0Dd1Dd2 . . .

The information of the sign matrix S0 is the interval [−1, 1], i.e. Info(S0) =
[−1, 1]. Any digit in base b will contract distances on the real line by a factor 1

b .
We have the following:

Proposition 2.

width(Info(S0Dd1Dd2 . . .Ddn )) =
2
bn

,

where Ddi , i = 1 . . . n, are digits in base b.

Proof. Using Proposition 1 we get:

width(Info(S0Dd1Dd2 . . .Ddn)) = width(S0D
n
c [0,∞])

= width

((
c + 1 c− 1
bn bn

)
[0,∞]

)

= width

([
c− 1
bn

,
c + 1
bn

])

=
2
bn

.

ut
With the above proposition, it is easy to calculate a sufficient number of digits
which will achieve any required accuracy.

3.2 S+Dd1Dd2 . . .

All real numbers represented by the product S+Dd1Dd2 . . . = Dd1Dd2 . . . are
points of the interval Info[0,∞](S+) = [0,∞]. An infinite product of digits Db−1

in base b represents ∞. Any other infinite product can be written as a finite
product of Db−1 (called the exponent), followed by an infinite product of digits
starting with Dd where −(b − 1) ≤ d ≤ (b − 2) (called the mantissa). Any such
product represents a non–negative real number x ∈ [0,∞).

If the product represents ∞, as it happens with 1
0 , the computation of the

interval lengthes will not finish in finite time (unless we put a time limit). In all
other cases, using Proposition 4 below, we will be able to determine how many
digit matrices will be sufficient to satisfy the required accuracy. Proposition 4 is
a generalisation of Proposition 8, [12], which we present later.
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Lemma 3. Let d1, d2, . . . , dn be real numbers such that |di| ≤ (b − 1), i =
2, . . . , n and −(b − 1) ≤ l ≤ d1 ≤ u ≤ (b − 2). Then, (l − 1)bn−1 + 1 ≤ c ≤
(u + 1)bn−1 − 1, where c =

∑n
i=1 dib

n−i.

Proof. We have:

c ≥ lbn−1 − (b− 1)bn−2 − . . .− (b − 1)b0

= lbn−1 − (bn−1 − 1)
= (l − 1)bn−1 + 1 ,

c ≤ ubn−1 + (b− 1)bn−2 + (b− 1)bn−3 + . . . + (b− 1)b0

= ubn−1 + (bn−1 − 1)
= (u + 1)bn−1 − 1 .

ut

Proposition 4. Let De
b−1Dd1Dd2 . . .Ddn be a finite product of digits in base b

with d1 6= (b− 1). Then:

be−n < width(Info(De
b−1Dd1Dd2 . . .Ddn)) < 4be−n+2 .

Proof. The product De
b−1Dd1Dd2 . . .Ddn = De

b−1D
n
c can be compressed into Dn′

c′

where

n′ = e + n ,
c′ =

[
(b − 1)be+n−1 + . . . + (b− 1)bn

]
+

[
d1b

n−1 + . . . + dn−1b + dn

]
= bn(b − 1)

be − 1
b− 1

+ c

= be+n − bn + c .

The information of De
b−1D

n
c is given by:

Info(De
b−1D

n
c ) =

(
bn′

+ c′ + 1 bn′
+ c′ − 1

bn′ − c′ − 1 bn′ − c′ + 1

)
[0,∞]

=
(

2be+n − (bn − c− 1) 2be+n − (bn − c + 1)
bn − c− 1 bn − c + 1

)
[0,∞]

=
[

2be+n

bn − c + 1
− 1,

2be+n

bn − c− 1
− 1

]
.

Therefore,

width(Info(De
b−1D

n
c )) =

2be+n

bn − c− 1
− 2be+n

bn − c + 1

=
4be+n

(bn − c)2 − 1
. (1)
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This holds for any sequence of digits, even if all the n digits compressed into Dn
c

are Db−1. Then,

4be+n

(bn − c)2 − 1
=

4be+n

(bn − (bn − 1))2 − 1

=
4be+n

0
=∞ ,

which corresponds to the length of the interval:

Info(De
b−1D

n
bn−1) =

[
2be+n

bn − c + 1
− 1,

2be+n

bn − c− 1
− 1

]

= [be+n − 1,∞] .

For d1 6= b − 1, i.e. −(b − 1) ≤ d1 ≤ (b − 2), using Lemma 3 we get that
−bn + 1 ≤ c ≤ (b − 1)bn−1 − 1. Note that the (1) is a monotonic function in c.
Therefore, the upper and lower bounds of width(Info(De

b−1D
n
c )) are respectively

obtained at c = (b− 1)bn−1 − 1 and c = −bn + 1:

width(Info(De
b−1D

n
c )) =

4be+n

(bn − c)2 − 1

≤ 4be+n

(bn − (b− 1)bn−1 + 1)2 − 1

=
4be+n

b2(n−1) + 2bn−1

=
4be+1

bn−1 + 2
< 4be−n+2 ,

width(Info(De
b−1D

n
c )) ≥ 4be+n

(bn + bn − 1)2 − 1

=
4be+n

4b2n − 4bn

=
be

bn − 1
> be−n .

ut

Therefore, as soon as we get a digit in base b different from Db−1, i.e. when
we have determined a non–negative integer e as in Proposition 4, we can use
the above formula to calculate the total number of digit matrices which will
guarantee the absolute tolerance we wish to achieve.
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3.3 S−Dd1Dd2 . . .

This case is basically the same as in the previous section. In base b, the sequence
S−D−(b−1)D−(b−1)D−(b−1) . . . will represent ∞. Hence, any attempt to obtain
an absolute precision will be futile. For any other sequence we can use a variation
of Proposition 4, in which D−(b−1) takes the position of Db−1.

3.4 S∞Dd1Dd2 . . .

As we have seen earlier in Sections 3.2 and 3.3 the information of an EFP
may contain ∞. Of course, that will prevent us from obtaining any absolute
precision. That is also the case when the sign matrix of an EFP is S∞. We have
the following:

Proposition 5. The information of an EFP S∞Dn
c will contain ∞ if and only

if |c| ≤ 1.

Proof. We have:

Info(S∞Dn
c ) =

(
1 1
−1 1

) (
bn + c + 1 bn + c− 1
bn − c− 1 bn − c + 1

)
[0,∞]

=
(

bn bn

−1− c 1− c

)
[0,∞]

=
[

bn

1− c
,

bn

−1− c

]
.

If c > 1 then −1 − c < 1− c < 0 which implies

−∞ <
bn

1− c
<

bn

−1− c
< 0 .

Similarly, if c < −1 the interval Info(S∞Dn
c ) does not contain ∞. On the other

hand, for |c| ≤ 1 we have −1− c ≤ 0 ≤ 1− c implying that the interval
[

bn

1− c
,

bn

−1 − c

]
,

contains ∞. This completes the proof. ut
If |c| > 1, then the interval

Info(S∞Dn
c ) =

[
bn

1− c
,

bn

−1− c

]
,

is bounded, with width given by:

width(Info(S∞Dn
c )) = bn

−1−c − bn

1−c

= 2bn

c2−1 .
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Every subsequent digit matrix will contract the interval by 1
b , which helps us to

determine how many more digits we need for required accuracy. For a general real
number b > 1 we need c in order to express lower and upper bounds. However,
we are able to determine the bounds for integer bases b ∈ N, b ≥ 2, as well as
for b = φ without computing c explicitly. In this section we will consider integer
bases and in Section 3.6 we study b = φ.

Assume throughout this section that b is an integer base, i.e. b ∈ N, b ≥ 2.
For such b the set Dig(b) = {1 − b, 2 − b, · · · ,−1, 0, 1, · · · , b − 2, b − 1} con-
tains integer values only. We have that c(d1, d2, . . . , dn) = 0 if and only if
d1 = d2 = . . . = dn = 0. Furthermore, c(d1, d2, . . . , dn) is 1, respectively −1,
iff the product of digit matrices Dd1Dd2 . . .Ddn is of the form De

0D1D
n−e−1
−(b−1),

respectively De
0D−1D

n−e−1
b−1 , for an integer b and some e ∈ N, e < n. We use

these facts for the following two Propositions:

Proposition 6. Let S∞De
0D−1D

f
b−1Dd1Dd2 . . .Ddn be a finite product of ma-

trices in an integer base b with d1 6= (b − 1) (that is, the information of such a
product is a bounded interval). Then:

1
2
be+f−n+1 < width(Info(S∞De

0D−1D
f
b−1D

n
c )) < 2be+f−n+3 ,

where Dn
c = Dd1Dd2 . . .Ddn .

Proof. Since D−1Db−1 = D2
−1 = D0D−1 we obtain D−1D

f
b−1 = Df

0 D−1. Hence
we can assume f = 0 and at the end, replace e by e+ f . Using Proposition 1 we
have:

S∞De
0D−1D

n
c = S∞De

0D
n+1
−1·bn+c

= S∞De+n+1
0−bn+c

=
(

1 1
−1 1

)(
be+n+1 − bn + c + 1 be+n+1 − bn + c− 1
be+n+1 + bn − c− 1 be+n+1 + bn − c + 1

)

=
(

be+n+1 be+n+1

bn − c − 1 bn − c + 1

)
.

Therefore,

width(Info(S∞De
0D−1D

n
c )) = width

((
be+n+1 be+n+1

bn − c− 1 bn − c + 1

)
[0,∞]

)

= width

([
be+n+1

bn − c + 1
,

be+n+1

bn − c− 1

])

=
be+n+1

bn − c − 1
− be+n+1

bn − c + 1

=
2be+n+1

(bn − c)2 − 1
.
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As −(b − 1) ≤ d1 ≤ (b − 2), using Lemma 3 we have that −(bn − 1) ≤ c ≤
(b− 1)bn−1 − 1, which implies:

width(Info(S∞De
0D−1D

n
c )) =

2be+n+1

(bn − c)2 − 1

≤ 2be+n+1

(bn − (b− 1)bn−1 + 1)2 − 1

=
2be+n+1

b2(n−1) + 2bn−1

=
2be+2

bn−1 + 2
< 2be−n+3 ,

width(Info(S∞De
0D−1D

n
c )) ≥ 2be+n+1

(bn + bn − 1)2 − 1

=
2be+n+1

4b2n − 4bn

=
be+1

2(bn − 1)

>
1
2
be−n+1 .

ut

Proposition 7. Let S∞De
0D1D

f
−(b−1)Dd1Dd2 . . .Ddn be a finite product of ma-

trices in base b with d1 6= −(b− 1) (that is, the information of such a product is
a bounded interval). Then:

1
2be+f−n+1 < width(Info(S∞De

0D1D
f
−(b−1)D

n
c )) < 2be+f−n+3 ,

where Dn
c = Dd1Dd2 . . .Ddn .

3.5 Absolute Decimal Precision in Base b = 2

Usually we want to obtain the decimal precision of a given number. Yet, base
b = 2 is the most common base in both theory and practice. Therefore, the issue
of computing the absolute decimal precision in base b = 2 is of great importance
[5].

Of course, we can use the above propositions for a general base b, but in base
2 we obtain better bounds obtained by taking more digits into account.

S0Dd1Dd2 . . . . If the sign digit is S0, we do not have any problems to yield
any required absolute precision. The information of S0 is a bounded interval and
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every digit matrix will halve the previous interval. We use 3.322 as an upper
bound for log2 10. If we choose

n = d1 + 3.322ke ,

where k is the required decimal accuracy, we have:

n = d1 + 3.322ke ,
⇒ n > 1 + k log2 10 ,
⇒ −k log2 10 > 1− n ,
⇒ 10−k > 21−n

= width(Info(S0Dd1Dd2 . . .Ddn)) .

S+Dd1Dd2 . . . , S−Dd1Dd2 . . . . In the case when the sign digit is S+ we
wait until we get a digit other than D1 (recall that S+D1D1 . . . represents ∞).
Then we will get a bounded interval (one which does not contain ∞) and every
subsequent digit will refine that interval. Basically, we require that e, the number
of leading digits D1, is finite. We call such a digit an effective digit. Similarly,
if the sign matrix is S− we wait until we get a digit other that D−1.

The following proposition, which we use below to determine a sufficient num-
ber of digits in base 2 for a required absolute decimal precision, is given in [12],
page 129.

Proposition 8. For any e ∈ N, α ∈ {−1, 0}, β ∈ {−1, 0, 1} and γ ∈ Z, if

n = e− 1− γ + (1 + α)(1 + β) ,

then,

2γ−1 < width(Info(De
1DαDβDn

c )) < 2γ+1 ,

for all c ∈ Z, |c| < 2n.

Suppose that we have a real number whose EFP representation is given by
S+Dd1Dd2 . . . . Provided that e, the number of leading digit matrices D1 is finite,
we can calculate correctly the number up to the required decimal accuracy 10−k

by emitting not more than e + 2 + n digit matrices, where

n = de + 3.322k + 2e .

The reasoning is as follows:

n = de + 3.322k + 2e ,
⇒ n > e + k log2 10 + 2 ,
⇒ −k log2 10 > e− n + 2 ,
⇒ 10−k > 2e−n+2

≥ 2e−n+(1+α)(1+β)

= 2γ+1 ,
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where γ = e− n− 1 + (1 + α)(1 + β). By Proposition 8:

width(Info(De
1DαDβDn

c )) < 2γ+1 < 10−k ,

for all c ∈ Z, |c| < 2n.
The same conclusion can be used in the case S−Dd1Dd2 . . . . The only differ-

ence is that e is the number of leading digit matrices D−1.

S∞Dd1Dd2 . . . . Using Proposition 5 it is easy to check that in the case when
the leading matrix is S∞, we need two effective digits. The first digit is D−1,
respectively D1, while the second one is either D−1 or D0, respectively D0 or
D1. The reason is that all of the sequences:

S∞D0D0 . . . (⇔ c = 0) ,
S∞De

0D−1D1D1 . . . (⇔ c = −1) ,
S∞De

0D1D−1D−1 . . . (⇔ c = 1) ,

represent ∞.
Once the information of S∞Dd1Dd2 . . . is either positive or negative (i.e. after

getting the first effective digit) we can use the proposition below.

Proposition 9. For e, f ∈ N we have:

width(Info(S∞De
0D−1D

f
1 Dn

c )) = width(Info(S+De+f
1 Dn

c )) ,

width(Info(S∞De
0D1D

f
−1D

n
c )) = width(Info(S−De+f

−1 Dn
c )) .

Proof. Let us first prove the first equality. From the proofs of Proposition 4 and
Proposition 6 putting b− 1 = 1 we get:

Info(S+De+f
1 Dn

c ) = [A− 1, B − 1] ,

Info(S∞De+f
0 D−1D

n
c ) = [A, B] ,

where

A =
2n+e+f+1

2n − c + 1
, B =

2n+e+f+1

2n − c− 1
.

This implies the first equality. Similarly, we prove the second one. ut
The proposition above enables us to use Proposition 8 in order to determine

the number of necessary digits which will produce the required absolute decimal
precision. For finite e and f , in order to achieve absolute decimal precision of
10−k (k ∈ N), we need less than e + f + 2 + n digit matrices, where

n = de + f + 3.322k + 2e .

3.6 Absolute Decimal Precision in Base b = φ

As we have already mentioned, φ is another interesting candidate for the base.
Proposition 2 and Proposition 4 are proven for a general b (not only integers),
hence they can be used to determine the required number of digits when the
sign matrix is either S0, S+ or S−.
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S0Dd1Dd2 . . . . The information of S0 is an interval [−1, 1] and every digit
matrix will shrink the previous interval by a factor 1

φ . For

n =
⌈

log 2 + k

logφ

⌉
,

where k is the required decimal accuracy, we have the following:

n =
⌈

log 2+k
log φ

⌉
,

⇒ n ≥ log 2+k
log φ

,

⇒ −k ≥ log 2− n logφ ,

⇒ −k ≥ log 2
φn

⇒ 10−k ≥ 2
φn

⇒ 10−k ≥ width(Info(S0Dd1Dd2 . . .Ddn)) .

S+Dd1Dd2 . . . , S−Dd1Dd2 . . . . If the sign digit is S+ we wait until we get
a digit D− 1

φ
(otherwise, the number represented will be ∞). Let e be a finite

number of leading digit matrices D 1
φ
. Calculating e + n digit matrices, where

n =
⌈

log 4φe+2 + k

logφ

⌉
,

we will yield the required decimal accuracy 10−k:

n =
⌈

log 4φe+2+k
log φ

⌉
,

⇒ n ≥ log 4φe+2+k
log φ ,

⇒ −k ≥ log 4φe+2 − n log φ ,

⇒ 10−k ≥ 4φe−n+2 ,

⇒ 10−k ≥ width(Info(S+De
1
φ

Dd1Dd2 . . .Ddn)) .

The same conclusion can be drawn in the case S−Dd1Dd2 . . . . The only dif-
ference is that e is the number of leading digit matrices D− 1

φ
.

S∞Dd1Dd2 . . . . Using identity φ2 = φ + 1, i.e. φ = 1 + 1
φ , we have that

D− 1
φ
D 1

φ
D 1

φ
= D 1

φ
D− 1

φ
D− 1

φ
= D3

0. Therefore, without loss of generality we can
assume that the product D− 1

φ
D 1

φ
D 1

φ
does not appear in S∞Dd1Dd2Dd3 · · · as

it can be replaced by its equivalent D 1
φ
D− 1

φ
D− 1

φ
.

An infinite product of matrices S∞(D 1
φ
D− 1

φ
D− 1

φ
)(D 1

φ
D− 1

φ
D− 1

φ
) · · · rep-

resents ∞ and, of course, we cannot compute any absolute precision at all.
Any other product may be given in the form S∞(D 1

φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3 · · · ,
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where e is a finite number and (d1, d2, d3) 6= ( 1
φ ,− 1

φ ,− 1
φ ). Such a product will

represent a finite number and we will be able to yield the number of digits re-
quired for any absolute accuracy, as shown in the proposition below. Note that
(D 1

φ
D− 1

φ
D− 1

φ
)e represents the exponent in S∞(D 1

φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3 · · · ,

like, for example, De
b−1 in S+De

b−1Dd1Dd2Dd3 · · · .
Proposition 10. Let S∞(D 1

φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3D

n
c be a finite product of

matrices such that (d1, d2, d3) 6= ( 1
φ ,− 1

φ ,− 1
φ ) and (d1, d2, d3) 6= (− 1

φ , 1
φ , 1

φ ).
Then:

1
2φ3e−n+1 < width(Info(S∞(D 1

φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3D

n
c )) < φ3e−n+6 .

Proof. As (D 1
φ
D− 1

φ
D− 1

φ
)e = D3e

0 , using Proposition 1 we have:

Info(S∞(D 1
φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3 ) = Info(S∞D3e

0 D3
c′)

= (S∞D3e+3
c′ )[0,∞]

=
(

φ3e+3 φ3e+3

−1− c′ 1− c′

)
[0,∞]

=
[

φ3e+3

1−c′ , φ3e+3

−1−c′

]
,

where c′ =
∑3

i=1 diφ
3−i. Because (d1, d2, d3) 6= ( 1

φ
,− 1

φ
,− 1

φ
) and (d1, d2, d3) 6=

(− 1
φ , 1

φ , 1
φ ), it is easy to check that:

2
φ
≤ |c′| ≤ 2φ ,

as the six remaining combinations for (d1, d2, d3) give c′ ∈ {± 2
φ
,±2,±2φ}. Then,

width

[
φ3e+3

1− c′
,

φ3e+3

−1− c′

]
=

2φ3e+3

(c′)2 − 1
.

Since the function x 7→ 1
x−1 is monotonically decreasing for x > 1, we have:

width(Info(S∞(D 1
φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3 )) = 2φ3e+3

(c′)2−1

≤ 2φ3e+3

4
φ2 −1

< 2φ3e+3

2
φ3

= φ3e+6 ,

width(Info(S∞(D 1
φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3 )) = 2φ3e+3

(c′)2−1

≥ 2φ3e+3

4φ2−1

> 2φ3e+3

4φ2

= 1
2φ3e+1 .
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The subsequent n digit matrices contract the information of the product by the
factor 1

φn , proving the claim. ut

The above result can be used to compute the number of digits sufficient to
obtain the required precision. Computing 3e + 3 + n digits, where

n =
⌈

logφ3e+6 + k

logφ

⌉
,

we will yield the required decimal accuracy 10−k:

n =
⌈

log φ3e+6+k
log φ

⌉
,

⇒ n > log φ3e+6+k
log φ ,

⇒ −k > logφ3e+6 − n logφ ,

⇒ 10−k > φ3e−n+6 ,

⇒ 10−k > width(Info(S∞(D 1
φ
D− 1

φ
D− 1

φ
)eDd1Dd2Dd3D

n
c )) .

4 The Base Interval [−1, 1]

Compared with [0,∞], the base interval [−1, 1] has an obvious disadvantage in
the amount of effort required to calculate the information of a matrix M =(

a c
b d

)
: InfoM = [ c−a

d−b , c+a
d+b ] if detM > 0 or InfoM = [ c+a

d+b , c−a
d−b ] if det M < 0.

Furthermore, testing the refining property is more complex with [−1, 1] as the
base interval (|M(−1)| = | c−a

d−b | ≤ 1 and |M(1)| = | c+a
d+b | ≤ 1), comparing it with

[0,∞] as the base interval (a, b, c and d are of the same sign).
Despite the above drawbacks, it seems that taking [−1, 1] as the base interval

pays off at later stages. This is because the digit matrices, given below, the
representation of functions by tensors, emission and finally absorption, [4,12],
are simpler due to the appearance of more zeros in the representation. Pros and
cons are discussed in more detail in [7].

The four possible sign matrices are given as follows:

S0 =
(

1 0
0 1

)
= Id , Info(S0) = [−1, 1] ,

S1 =
(

1 1
−1 1

)
, Info(S1) = [0,∞] ,

S2 =
(

0 −1
1 0

)
, Info(S2) = [1,−1] ,

S3 =
(

1 −1
1 1

)
, Info(S3) = [∞, 0] .
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The indices may be considered as exponents as SiSj = St, where t = (i + j)
mod 4. Digit matrices in base b are given by:

Ad =
(

1 d
0 b

)
,

for d ∈ Z(b). The matrix Ad maps [−1, 1] onto the interval [ d−1
b

, d+1
b

] with length
2/b. A product of digits Ad1Ad2 . . .Adn corresponds to an interval [r − 1

bn , r +
1
bn ] ⊆ [−1, 1], where r =

∑n
i=1 dib

−i.
When b = 2 we get three matrices (d = −1, 0, 1):

A−1 =
(

1 −1
0 2

)
, Info(A−1) = [−1, 0] ,

A0 =
(

1 0
0 2

)
, Info(A0) = [−1

2 ,−1
2 ] ,

A1 =
(

1 1
0 2

)
, Info(A1) = [0, 1] .

Then, the product of digits Ad1Ad2 . . .Adn corresponds to the well–known signed
binary representation of numbers in [−1, 1].

It is easy to check that there exists an isomorphism between the represen-
tations with base intervals [0,∞] and [−1, 1] in the following sense. Every EFP
with base interval [−1, 1] can be easily translated into an EFP with base [0,∞]:

SiAd1 . . .Adn = Si(S3S1)Ad1 (S3S1) . . . (S3S1)Adn(S3S1)
= (SiS3)(S1Ad1S

3)(S1 . . . S3)(S1AdnS3)S1

= Si+3Dd1 . . .DdnS1 .

We used the identities S3S1 = S0 = Id and Ddi = S1AdiS
3. As S1[−1, 1] =

[0,∞] we have that

Info[−1,1](SiAd1 . . . Adn) = (SiAd1 . . . Adn)[−1, 1]
= Si+3Dd1 . . .DdnS1 [−1, 1]
= Info[0,∞](Si+3Dd1 . . .Ddn) .

Therefore, trying to obtain any absolute accuracy from an EFP given by
SiAd1Ad2 . . . with the base interval [−1, 1] is equivalent to the problem of ob-
taining the same absolute accuracy from Si+3Dd1Dd2 . . . with [0,∞] as the base
interval. We have:

S0Ad1Ad2 . . .Adn [−1, 1]⇐⇒ S0Dd1Dd2 . . .Ddn [0,∞] ,

S1Ad1Ad2 . . .Adn [−1, 1]⇐⇒ S+Dd1Dd2 . . .Ddn [0,∞] ,

S2Ad1Ad2 . . .Adn [−1, 1]⇐⇒ S∞Dd1Dd2 . . .Ddn [0,∞] ,

S3Ad1Ad2 . . .Adn [−1, 1]⇐⇒ S−Dd1Dd2 . . .Ddn [0,∞] .
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4.1 Alternative Approaches with Base Interval [−1, 1]

We will mention two other approaches, namely the mantissa–exponent ap-
proach and the integer part–fractional part approach. In the former,
any real number x ∈ R is represented in base b as x = beu, where e is a non–
negative integer and u =

∑
dib
−i ∈ [−1, 1]. This corresponds to the product of

matrices
(

be 0
0 1

)
Ad1Ad2 . . . . Obtaining any required absolute precision in this

approach is straightforward. As each of the digit matrices, Adi , in base b, con-
tracts distances by 1/b, the product

(
be 0
0 1

)
Ad1Ad2 . . . Ade+k ,

will induce an interval whose length is 2b−k, for any k ∈ N.
In the integer part–fractional part approach, a real number x ∈ R is repre-

sented as x = e + u, where e is an integer and u =
∑

dib
−i ∈ [−1, 1]. Com-

puting an absolute precision for x is even simpler. Calculating u within the
same absolute precision will solve the problem. The product of k digit matrices,
Ad1Ad2 . . .Adk will induce an interval of length 2b−k. Hence, x = e + u will be
calculated with error not greater than 2b−k.
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Abstract In this paper we study several notions of approximability
of functions in the framework of the BSS model. Denoting with ϕδ

M

the function computed by a BSS machine M when its comparisons are
against −δ rather than 0, we study classes of functions f for which
ϕδ

M → f in some sense (pointwise, uniformly, etc.). The main equival-
ence results show that this notion coincides with Type 2 computability
when the convergence speed is recursively bounded. Finally, we study the
possibility of extending these results to computations over Archimedean
�elds.

1 Introduction

The problem of extending classical recursion theory to the non-discrete world
of real numbers has given rise to two complementary approaches: following the
tradition of Turing, one can extend the notion of Turing machine by allowing
input and output tape to contain (in�nite) representations of real numbers; this
approach gave rise to Type 2 Theory of E�ectivity (TTE) [16]. On the other
hand, it is possible to consider the reals as basic atomic entities, on which exact
computations and tests are permitted, as in the BSS model [1].

These models arise in several generalized theories of computability: Tucker
and Zucker are able to obtain both BSS computability and TTE as special
instances of many-sorted topological partial algebras [13]. In turn, an instance
of distributive computability, introduced by R.F.C. Walters by means of a pro-
gramming language based on distributive categories [15], gives back the BSS
model [14]. Moreover, TTE can be further characterized by means of domain
theory [7]. In [9], two notions of function computability (algebraic and approxim-
ate) are studied by means of �nite algorithmic procedures, and they respectively
correspond to BSS and TTE computability.

In a previous paper [2], the last two authors have introduced a version of the
BSS model of computability [1] in which exact tests are not allowed. Essentially,
a BSS machine is δ-uniform i� its halting set and computed function do not
change when the test for equality with 0 is replaced with a test for membership
to an arbitrary ball around 0.
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There is a strict relation between δ-uniform computability and TTE, that
is, recursive analysis; indeed, for any Archimedean �eld the halting sets of δ-
uniform BSS machines with coe�cients in T (the �eld of Turing computable
reals) or Q are exactly the halting sets of Type 2 Turing machines [2]. Thus, the
restriction of δ-uniformity reduces the full power of the BSS model, making it
closer to Turing machines.

However, the notion of δ-uniformity is not expressive in terms of computed
functions: indeed, in [3] it was shown that, essentially, δ-uniformly computable
functions are just the rational functions, whereas Type 2 computable functions
form a much wider class.

The main reason behind this di�erence is that the de�nition of comput-
able function in TTE carries inherently a notion of continuous approximation,
whereas BSS computable functions (even δ-uniformly computable functions) are
computed in a �nite number of steps with in�nite precision.

In this paper we investigate several notions of approximability of functions in
the BSS model. Given a BSS machine M , we consider, as in [2], the function ϕδ

M

computed by M when its comparisons with 0 are replaced by comparisons with
−δ, and study under which conditions ϕδ

M converges, in some sense, to a function
f when δ → 0, in which case we say that f is δ-approximable. Of course there
are several notions of δ-approximability, depending on the particular notion of
convergence under examination.

It turns out that the functions f that are computably δ-approximable, that
is, ‖ϕδ

M − f
∥∥
∞ → 0 in a �computably controlled� way, are exactly the Type

2 computable functions. Moreover, the functions that are pointwise δ-approx-
imable, that is, for all x we have ϕδ

M (x) → f(x) as δ → 0, are exactly the
functions computed by weak Type 2 machines, which we introduce following
Freund's works on functions and �elds de�ned by Turing machines [8]. In weak
Type 2 machines the output tape is two-way, and the content of a cell can change
for an arbitrary, but �nite, number of times.

We then proceed to study some properties of various kinds of δ-approximable
functions, obtaining a number of continuity and separation results. Finally, we
highlight some possible extensions to suitable Archimedean �elds, and list some
open problems.

Other authors have studied related notions of �thresholding� of real random
access machines: in particular, feasible real random access machines [5] were
introduced to study the e�cient emulation of real computations in a discrete
fashion, whereas δ-Q-analytic machines [6] use in�nite converging computations
on more and more precise rational roundings of their inputs.

Suitable types of analytic machines compute classes of functions identi�ed
by older computational models, such as BSS computable, Type 2 computable,
and weakly (in the sense of Freund) computable functions. Since two of the main
classes de�ned in this paper turn out to coincide with the latter two, we obtain
correspondingly an equivalence with classes of functions computed by suitable
analytic machines. Note however that the accent in our treatment is on equality,
whereas in analytic machines also operations are approximated. It is particularly
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interesting to note that the resulting classes are the same, as this shows once
again that the main problem in making a real computation feasible is testing for
exact equality, and not computing exact operations.

To make the paper as self-contained as possible, we introduced all models
used and we give the basic de�nitions of degree theory we shall need to use.

2 The Computation Models

2.1 BSS Machines

A �nite dimensional (normalized) BSS machine [1] is just a non-discrete version
of a Random Access Machine: it takes inputs from Rn and produces outputs in
Rm, using a state space whose registers contain elements of R. Informally, the
program is described by a �nite �owchart, where each non-�nal node is either
a computation node or a branching node. Computation nodes have just one
successor, and they are associated with a rational function of the state space
into itself. Branching nodes have two successors, and the decision about which
branch to take depends on whether the �rst coordinate x1 of the state space
is negative or not. The constants of a BSS machine are the coe�cients of the
rational functions appearing in its de�nition.

2.2 (Weak) Type 2 Turing Machines

The tape of an ordinary Turing machine is nonblank only on a �nite number of
cells, at any moment of a computation. Thus, in order to allow elements of R
to be taken into consideration, one slightly generalizes the notion of machine. A
(deterministic Type 2 [16]) Turing machine consists of

1. a �nite number of read-only one-way input tapes (possibly none), each con-
taining at start an in�nite string belonging to {1̄, 0, 1, .}ω and describing an
element of R via its signed binary digit representation;

2. a �nite number of write-only one-way output tapes (possibly none), on which
the machine is supposed to write representations of elements of R;

3. some other work tapes, initially blank.

The �nite control is de�ned as usual via a �nite set of states and a transition
function. The only di�erences with a standard Turing machine are the possibility
of �lling completely the input tapes, and of considering nonstopping machines as
machines outputting elements of R. Every Type 2 machine computes a function,
which is de�ned for all inputs for which all cells of the output tapes are eventually
written.

Finally, a weak Type 2 machine is de�ned by making the output tape two-
way: however, we ask that in every computation the content of an output tape
cell is changed a �nite number of times, so every �nite pre�x of the output tape
eventually stabilizes.

These machines have been studied by Freund [8], who showed that they are
more powerful than standard Type 2 machines. To be true, the model used in
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the abovementioned reference has a single tape: nonetheless, it is not di�cult
to see that the single-tape restriction does not change the power of the model.
Moreover, in [8] the function computed by weak Type 2 machines are de�ned
using a positive notation. This could in fact make a di�erence, and this issue is
discussed in Section 10.

It should be noted that we obtained the notion of weak computability using
a modi�ed output tape; however, exactly the same notion can be recovered as
a particular instance of TTE, just by using a di�erent representation for the
output: instead of the standard Cauchy representation, given by sequences of fast
converging rationals (which is equivalent to the binary digit representation), one
uses the naïve Cauchy representation, given by sequences of converging rationals,
but without any convergence speed guarantee. The resulting class of functions
is exactly the class of functions computable by a weak Type 2 machine.

One property of weak Type 2 machines we shall use is that they can, in a
sense, compute the limit of a (however slowly) converging sequence of dyadics:

Proposition 1. There is a weak Type 2 machine1 that receives in input a se-
quence {dk } of dyadics converging to α ∈ R and outputs a signed binary repres-
entation of α.

Proof. At round k, the machine produces a signed binary representation rk of
dk in such a way that the length of the common pre�x of rk and rk−1 is max-
imized (r−1 is the empty string) and writes it on the output tape (of course the
common digits need not be rewritten). The stabilisation property follows from
the observation that given two dyadics d and d′ such that |d− d′| < 2−k and a
�nite signed binary representation r of d there is always a �nite representation
of d′ that shares at least k fractional digits with r. ut

In the following we denote with T2 the set of Type 2 computable functions,
and with W2 the set of weakly Type 2 computable functions. Clearly T2 ⊆ W2.

3 Degrees of Real Numbers and Jumps

In this section we recall some basic de�nitions from degree theory, in particular
about degrees of real numbers.

A set A ⊆ N is recursive in B ⊆ N i� there is an oracle Turing machine
that decides membership to A using B as an oracle; this relation is a preorder
on the subsets of N, and the equivalence classes induced by this preorder are
called (Turing) degrees of unsolvability [11]; they are of course a partially ordered
set D (the order relation being denoted by �≤�), which possesses �nite suprema
denoted by �∨�; the bottom element (corresponding to decidable sets) is denoted
by 0. We write dg A for the degree of a subset A of N.

1 The reader should observe that the input of this machine is not a sequence of signed
binary digits, but rather a coded sequence of dyadics.
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Now consider a set A ⊆ N; let µA be the least positive integer included in
A (1 if A does not contain any positive integer), and let σA be either 1 or −1,
depending on whether 0 ∈ A or not. De�ne

ρ(A) = σA ·
(

µA − 1 +
∑

µA<i∈A

2µA−i

)
.

It should be clear that, for any nondyadic real number α, there exists exactly one
set in ρ−1(α) (which is neither �nite nor co�nite), and we de�ne the degree of α,
denoted by dg α, as the degree of unsolvability of ρ−1(α) [12,10,3]; moreover, we
let dg α = 0 for every dyadic rational α. When the distinction is irrelevant, we
shall confuse real numbers, subsets of N and degrees, omitting the map ρ; this
will happen in particular when using real numbers as oracles, or when specifying
an arbitrary real number of given degree; note that in particular it is equivalent
to think of a Turing machine as using oracles α1, . . . , αr or the single oracle
α1 ∨ · · · ∨ αr.

The last concept we need from degree theory is the notion of a jump. Given a
degree d ∈ D , we can consider the set B that encodes the halting of the universal
Turing machine relativized to (any set belonging to) d; one de�nes d′ = dg B,
where d′ is called the jump of d. Note that one has d′ > d for all d ∈ D .

4 δ-Approximable Functions

Given a BSS machine M and a δ ≥ 0 (called a threshold), we de�ne the δ-
computing endomorphism much as in the classical case [1], but substituting the
test case as follows [2]:

〈q, x〉 7→
{
〈β−(q), x〉 if x1 < −δ

〈β+(q), x〉 if x1 ≥ −δ
if q is a branching node.

This induces a δ-halting set (denoted by Ωδ
M ) and a δ-computed function ϕδ

M .

De�nition 1. Given a BSS machine M with input space Rn and output space
Rm, its δ-convergence set Ω↓M is de�ned as

Ω↓M =
{

x ∈ Rn
∣∣ ϕδ

M (x) has a limit in Rm as δ → 0
}
.

Intuitively, the convergence set is the set of inputs for which better precision
(i.e., smaller thresholds) provides better outputs. We are now ready to state our
main

De�nition 2. Given a BSS machine M with input space Rn and output space
Rm and a function f : Ω↓M ⊆Rn → Rm, we say that M

� pointwise δ-approximates f i� for every x ∈ Ω↓M∥∥ϕδ
M (x) − f(x)

∥∥→ 0 as δ → 0;
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� uniformly δ-approximates f i�

sup
x∈Ω↓

M

∥∥ϕδ
M (x)− f(x)

∥∥→ 0 as δ → 0;

� computably δ-approximates f i� there exists a recursive monotonic positive
function ε : Q→ Q such that ε(δ)→ 0 as δ → 0, and for all δ ∈ Q ∩ (0, 1)

sup
x∈Ω↓

M

∥∥ϕδ
M (x)− f(x)

∥∥ ≤ ε(δ).

We denote with Ap (Au, Ac) the class of pointwise (uniformly, computably,
resp.) δ-approximable functions.

Some remarks are in order. The �rst de�nition is the weakest possible, as it just
requires that for every input the computation converges, but we have no hints on
the global behaviour of the approximation process. The second de�nition makes
convergence uniform, but we have in principle no computable guarantee of the
rate of convergence. Finally, in the last case we have very precise guarantee�
given a rational threshold δ, we can recursively compute a guaranteed precision
for the output. Clearly, Ac ⊆ Au ⊆ Ap.

5 δ-Approximability vs. Turing Computability

Our �rst lemma records that for a �xed input there are arbitrarily small
thresholds that give rise to an acceptance path in which all tests result in a
strict inequality.

Lemma 1. Let M be a BSS machine, x ∈ Ω↓M , and α > 0. Then there exists a
dyadic δ ∈ (0, α) such that x ∈ Ωδ

M and all tests along the accepting path of x
for threshold δ are strict inequalities.

Proof. First, since x ∈ Ω↓M , there is δ0 ∈ (0, α) such that x ∈ Ωδ0
M . Let P− be

the (�nite) set of polynomials evaluated negatively in the acceptance path of x
for threshold δ0, and let δ1 = min{−P (x) | P ∈P−}. Since P (x) < −δ0 holds
for all P ∈P−, we have δ1 > δ0, and for any threshold in (δ0, δ1) all tests along
the accepting path of x are strict inequalities. ut

We are now ready to prove the �rst equivalence result between BSS approx-
imation and Turing machines (clearly, all such results must be relativised so as
to be dependent on the constants appearing in the BSS machines, which must
be available as oracles to the corresponding Type 2 machines). The following
theorem highlights the analogy between unrestricted pointwise convergence and
the possibility given to a weak Type 2 machine to �change its mind� a �nite
number of times about the content of an output cell:

Theorem 1. A function is weakly Type 2 computable i� it is pointwise δ-ap-
proximable, that is, W2 = Ap.
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Proof. For the left-to-right implication, let f be a function computed by a weak
Type 2 machine T . Recalling from [2] that BSS machines can δ-uniformly per-
form discrete computations2, we can build a BSS machine M that pointwise
δ-approximates f by �rst computing an integer k such that 2−k < δ (by �nding
the �rst k such that −2−k does not appear to be negative), and then emulating
k steps of the computation performed by T on a δ-uniformly generated signed
binary expansion of the input. Since, for a given i, there is a k such that the
�rst i digits written by T after k steps of computation are correct, we have
ϕδ

M (x)→ f(x) as δ → 0.
Conversely, let f be a function pointwise δ-approximated by a BSS machine

M . It is possible for a Type 2 machine, given an integer k, to compute ϕδ
M (x) up

to the �rst k fractional digits, for some δ ∈ (0, 2−k). Indeed, such a machine can
clearly compute ϕδ

M (x) with any given precision, provided that all tests along
the accepting path of x for threshold δ are strict inequalities, so all we have to
do is dovetail these computations for all dyadic thresholds in (0, 2−k) and, due
to Lemma 1, one of the computations will necessarily halt. We thus obtain a
sequence of dyadics (indexed by k) converging to f(x) that can be fed into the
machine of Proposition 1. This completes the proof. ut

If we want to obtain true, strong Type 2 computability we must ensure that
the rate of convergence is computably controlled:

Theorem 2. A function is Type 2 computable i� it is computably δ-approxi-
mable, that is, T2 = Ac.

Proof. For the left-to-right implication, let f be a function computed by a Type 2
machine T . Let M be the BSS machine that computes a k such that 2−k < δ (see
proof of Theorem 1), and then emulates the computation of T so as to compute
the �rst k fractional digits of f(x). We then have

∥∥ϕδ
M (x)− f(x)

∥∥ ≤ 2−k < δ.
Conversely, let f be a function computably δ-approximated by a BSS machine

M . We use the same Type 2 machine as in the proof of Theorem 1, but for each
integer k we choose a δk so that ε(δk) < 2−k and dovetail the computation of
ϕδ

M (x) up to k fractional digits for all dyadic δ ∈ (0, δk). Let y be the �rst
output obtained, say with threshold δ. Since

∥∥y − ϕδ
M (x)

∥∥ ≤ 2−k and∥∥ϕδ
M (x)− f(x)

∥∥ ≤ ε(δ) ≤ ε(δk) < 2−k,

we have ‖y − f(x)‖ < 2−(k−1), that is, for all greater k's the �rst k − 1 signed
digits can be taken to be the same, which implies that those digits can now be
output by T . ut

6 Some Properties of δ-Approximable Functions

The following theorem answers a most natural question: what is the relation
between the functions computed and pointwise δ-approximated by a BSS ma-
chine?
2 Note that the resulting machine is not necessarily δ-uniform: we are just exploiting

δ-uniformity of the emulation to make it independent of the threshold.
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Theorem 3. Let M be a BSS machine that pointwise δ-approximates a function
f. Then f extends ϕM .

Proof. Indeed, for x ∈ ΩM , let P− be the set of polynomials evaluated negat-
ively along the acceptance path of x for threshold 0, and δ1 = min{−P (x) | P ∈
P−}. Then, for any threshold δ ∈ (0, δ1) the acceptance path of x is unchanged,
so ϕδ

M (x) = ϕM (x). Therefore, we have ϕδ
M (x)→ ϕM (x) as δ → 0. ut

Note that in general f will be de�ned on more points than ϕM . Indeed, for the
BSS machines approximating Type 2 computable functions that we used in the
previous proofs it is often the case that ϕM is everywhere unde�ned whereas f
is de�ned on a signi�cant set of inputs.

Another interesting property follows from uniformity:

Theorem 4. A uniformly δ-approximable function is continuous.

Proof. Let f ∈ Au and let M be a BSS machine that δ-approximates it. Given an
ε > 0, the uniform convergence of ϕδ

M to f ensures the existence of an α such that
for all δ ∈ (0, α) and for all y ∈ dom f we have

∥∥ϕδ
M (y) − f(y)

∥∥ < ε
4 . For every

x ∈ dom f , Lemma 1 allows us to choose δ so that all tests along the accepting
path of x for threshold δ are strict inequalities. This, by continuity of the tested
polynomials, implies that a whole open neighbourhood of x is accepted along
the same accepting path. Over this neighbourhood, ϕδ

M is a rational function,
so it is continuous, that is, there is an open neighbourhood U of x such that for
all y ∈ U we have

∥∥ϕδ
M (y)− ϕδ

M (x)
∥∥ < ε

2 . But then ‖f(x) − f(y)‖ < ε holds
for all y ∈ U ∩ dom f . ut

Of course, this is a fortiori true of computably δ-approximable functions.

7 Separation Results

In this section we show that the δ-approximability classes considered so far are
all (essentially) separated. In lights of our previous results, this also shows that
T2 ⊂ W2.

Theorem 5. There are pointwise δ-approximable functions that are not uni-
formly δ-approximable, that is, Au ⊂ Ap.

Proof. Let f : R→ R be de�ned by

f(x) =

{
1 for x ≥ 0
0 otherwise.

f is clearly BSS computable, and therefore pointwise δ-approximable by The-
orem 3. However, since f is not continuous, by Theorem 4 it cannot be uniformly
δ-approximable. ut
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A similar result for Ac and Au is not possible in the same form: indeed, we
can always add to a BSS machine a constant containing an oracle that makes it
possible to computably control the convergence rate. However, if we �x the set
of constants involved this is no longer true:

Theorem 6. There are functions uniformly δ-approximable that are not com-
putably δ-approximable using the same set of constants.

Proof. We prove just the case without constants; it is easy to relativise the proof
to any given set of constants. Let H ⊆ N be the set of numbers (seen as pairs
by Cantor pairing) over which the universal recursive function is de�ned. Let
f : R→ R be the constant function f(x) = h, where

h =
∑
i∈H

2−(i+1).

We can δ-approximate f with a BSS machine as follows: let a1, . . . , ak be the
�rst k elements of a recursive enumeration of H, where k is the �rst integer such
that 2−k < δ, and output

∑k
i=1 2−(ai+1). When δ → 0, we have k→∞ and then

it is easy to see that
∑k

i=1 2−(ai+1) → h. Furthermore, the convergence of ϕδ
M to

f is uniform, since all functions involved are constant. Therefore f is uniformly
δ-approximable (without constants).

Suppose now by contradiction that f is computably δ-approximable (without
constants). According to Theorem 1, there is a Type 2 machineM that computes
f . Since f is constant, we can derive from M a classical Turing machine M ′,
which on input i returns the i-th fractional digit of the positive binary represent-
ation of h (note that this can be done because there is a Type 2 machine that,
for any non-dyadic input, outputs the corresponding positive representation [2]).
Thus, M ′ decides the halting problem, which is impossible. ut

8 Generalizations: (Weak) Turing Closures

In generalizing the results above to an arbitrary Archimedean �eld R (such �elds
can be identi�ed with sub�elds of the reals), one is immediately confronted with
the possibility that ϕδ

M (x) has the Cauchy property but does not converge in R
(i.e., it really converges to an element of R \R) as δ → 0 for some x.

This is an unpleasant situation, as it would make the δ-approximated function
unde�ned on some values over which, in any reasonable sense, the function is
really converging.

The solution to this problem is to restrict the Archimedean �elds suitably,
so as to guarantee that being Cauchy (i.e., converging in R) always implies
convergence in R. The relevant notion to give su�cient conditions in this sense
has been introduced in [3]:

De�nition 3. Let R be an Archimedean �eld, and R ⊆ F a �eld extension with
F Archimedean. An element x ∈ F is said to be Turing over R i� there are
n ∈ N, y ∈ Rn and a Turing (Type 2) machine M (with n input tapes) such
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that M(y) = x. If every a ∈ F is Turing over R, then R ⊆ F is said to be
a Turing extension of R. A �eld R is Turing closed i� it does not have any
proper Turing extension. The Turing closure of a �eld R is the intersection of
all Turing closed �elds containing R, and will be denoted3 by T (R).

Of course, one can restate the previous de�nition using weak Type 2 machines.
In this case we will talk of the weak Turing closure of R, and denote it with
W (R). Clearly, the smallest weakly Turing closed �eld is W = W (Q), the weak
Turing closure of the rationals.

We shall prove that weak Turing closures can be reduced to suitably iterated
Turing closures. To this purpose, we �rst prove a limitation on the degree of the
numbers produced by a weak Turing machine:

Proposition 2. Let α be a real number output by a weak Type 2 machine M
on inputs α1, . . . , αr. Then dg α ≤ (α1 ∨ · · · ∨ αr)′.

Proof. For each j, k ∈ N let Sjk be the Turing machine (with oracles α1, . . . , αr)
that emulates M until the j-th output cell has been changed k times and then
stops. Of course, for each j there is a k > 1 such that Sjk does not stop. If we
have (α1∨· · ·∨αr)′ as an oracle, for each j we can clearly compute the least such
k, emulate M up to the (k − 1)-th cell change and output the resulting value.
This gives as a result a (non-weak) Type 2 machine with oracle (α1 ∨ · · · ∨ αr)′

that outputs α, hence the thesis. ut

We can �nally prove our characterization:

Theorem 7. Let us de�ne τ (R) = T (R′) for every Archimedean �eld R, where
R′ = {α′ | α ∈ R} is the set of reals that are one jump over those in R. Then

W (R) =
⋃

k∈N
τk(R).

Proof. Since there is a weak Type 2 machine that outputs (α1∨· · ·∨αr)′ on inputs
α1, . . . , αr (start writing out zeroes and change them to ones when the emulation
of the corresponding machine stops), every weakly Turing closed extension of R
is to contain

⋃
k∈N τk(R). On the other hand, we show that the last �eld is

weakly Turing closed, thus proving the statement. Indeed, if α is the output of a
weak Type 2 machine on inputs α1, . . . , αr ∈

⋃
k∈N τk(R), then there is a j such

that α1, . . . , αr ∈ τ j(R), and by Proposition 2 we have dg α ≤ (α1 ∨ · · · ∨ αr)′,
so α ∈ τ j+1(R). ut

We can �nally state the main theorem of this section; we assume to have restated
De�nition 1 and 2 replacing R with R.

Theorem 8. Let R be a weakly Turing closed �eld and M be a BSS machine
on R. Then every input x for which ϕδ

M (x) is Cauchy belongs to Ω↓M .

3 We use also T (S) when S is an arbitrary subset of R, with the same meaning.
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Proof. Let x be an input such that ϕδ
M (x) is Cauchy as δ → 0. Then ϕδ

M (x)→
α ∈ R. By Theorem 1, there is a weak Type 2 machine with input x that outputs
α, so α ∈W (R) = R. ut
The previous theorem is clearly the best possible: indeed, if R is not weakly
Turing closed then there is a weak Type 2 machine that outputs an element not
in R; hence, by Theorem 1 there is a BSS machine M such that for each input
x we have that ϕδ

M (x) is Cauchy, but it does not converge in R.
A computable version of the previous theorem can be stated when the Cauchy

property can be computably controlled:

Theorem 9. Let R be a Turing closed �eld and M be a BSS machine on R.
Then every input x for which ϕδ

M (x) is computably Cauchy4 belongs to Ω↓M .

In particular, this applies to computably δ-approximable functions: if ϕδ
M is

computably Cauchy (in the obvious sense), then Ω↓M coincides with the set of
inputs x that make ϕδ

M (x) Cauchy.

9 A Remark on Signedness

In this section we brie�y discuss the impact on signed vs. unsigned represent-
ations in weak Type 2 computability of functions. The following proposition
holds:

Proposition 3. There is a weak Type 2 machine that converts from signed bin-
ary to positive binary notation, that is, a machine that computes the identity
function and outputs only positive digits.

Proof. We give a proof for the case of positive numbers; it can be easily general-
ized to arbitrary numbers. The machine works as follows: �rst of all, it converts
and outputs the integral part. Thereafter, it behaves as follows:

1. on reading a nonnegative digit, it copies it;
2. on reading a negative digit, if the current output ends with a su�x of the

form 10k it changes it into 01k+1. Otherwise, say if the fractional part is 0k,
it decrements the integral part and changes the fractional part to 1k+1.

It is straightforward to see that the value of the current output always corres-
ponds to the input read so far.

We now prove by induction that the �rst k digits after the fractional point
eventually stabilize. For k = 0 this is true because the integral part cannot be
changed more than twice (it can only get decremented). Assume that the �rst
k digits stabilize after t steps. Then after step t the (k + 1)-th digit can only
change from one to zero, as changing from zero to one would imply modifying
the previous digits. Since only one change is possible, also the �rst k + 1 digits
eventually stabilize. ut
4 That is, there is a recursive function δ : Q → Q such that for all rational ε > 0 and

all δ1, δ2 ≤ δ(ε) we have


ϕδ1

M(x) − ϕδ2
M (x)



 ≤ ε.
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The previous proposition may suggest that weak Type 2 computability is inde-
pendent of signedness of the representation used. However, it is not possible, in
general, to compose weak Type 2 machines (this is implied by Proposition 2),
and in particular Vasco Brattka [4] has shown that it is not true in this case:

Proposition 4 (Vasco Brattka). There is no weak Type 2 machine that re-
ceives in input a sequence {dk } of dyadics converging to α ∈ R and outputs a
positive binary representation of α.

Proof. Let M be such a machine, and {ak } be a sequence of rationals such that
a2i < 1 < a2i+1 for all i ∈ N and ak → 1 as k→ ∞.

The machine M , when fed with the constant sequence a0, a0, a0, . . . , must
eventually write 0. on its output tape. Let t0 be the number of input elements of
the sequence read when this happens. Now, consider the sequence starting with
t0 repetitions of a0 and then extended inde�nitely with a1. There is a t1 ∈ N
such that after t1 copies of a1 have been read, the machine changes its mind
and replaces the start of the output tape with 1.. Consider now the sequence
starting with t0 repetitions of a0, t1 repetitions of a1 and extended inde�nitely
with a2. Again, there is a t2 ∈ N such that after t2 copies of a2 have been
read, the machine will change again its mind and replace the start of the output
tape with 0.. Continuing this way, we obtain an input sequence of rationals
converging to 1 that forces M to rewrite in�nite times the content of the �rst
cell, a contradiction. ut

10 Open Problems

Theorem 3 highlights an interesting property: a BSS machine δ-approximates an
extension of its computed function ϕM . When M δ-approximates exactly ϕM we
say that ϕM is computable with in�nite precision; the class of functions that are
δ-approximable with in�nite precision is denoted then by A ∞p , and analogously
we can de�ne A∞u and A ∞c .

Several questions arise in this case: �rst of all, we would like to study separ-
ations for the inclusions A∞c ⊆ A ∞u ⊆ A∞p , and for the inclusions A∞− ⊆ A−
(the case Ap is solved by Theorem 3). Of course in this case the question should
be posed modulo extensions. However, in the following inclusion diagram

A ∞c A∞u A ∞p BSS

T2 = Ac Au Ap = W2

all inclusions are strict except possibly for A ∞c ⊆ A∞u and A ∞p ⊆ BSS: indeed,
all vertical inclusions are strict for otherwise T2 ⊆ BSS, and the lower line
separation results are Theorem 5 and 6; moreover, Theorem 5 can be adapted to
show that A∞u ⊂ A ∞p . Finally, one can ask whether it happens that A−∩BSS =
A∞− (Theorem 3 just gives a partial answer for the pointwise case).
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Some knowledge should also be gained about W, the weak Turing closure of
Q, which plays for weak Turing machines the same role played by T, the Turing
closure of Q, in the standard case. Certainly W is countable, it contains T, and
since it is Turing closed, it is also real closed, but little else is known. Note that
W is much larger than the �eld of weakly Turing computable numbers de�ned
in [8].
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Abstract. We propose a sequential-based definition of locally uniformly
Fine-computable functions together with a definition of effective locally
uniform convergence. This definition of computability makes some dis-
continuous functions, which may diverge, computable. It is proved that
a locally uniformly Fine-computable function can be approximated ef-
fectively locally uniformly by a Fine-computable sequence of binary step
functions on the unit interval [0, 1) with respect to the Fine metric. We
also introduce effective integrability for locally uniformly Fine-computa-
ble functions, and prove that Walsh-Fourier coefficients of an effectively
integrable function f form a computable sequence of reals. It is also
proved that S2nf , where Snf is the partial sum of the Walsh-Fourier
series, Fine-converges effectively locally uniformly to f .
Keywords: Locally uniform Fine-computable function, Effectively inte-
grable function, Walsh-Fourier coefficients, Walsh-Fourier Series.

1 Introduction

The definition of computable real valued functions (on [0, 1], say) proposed by
Grzegorczyk and Lacombe is formulated in [PR] as follows:
(i) (Sequential computability) If {xn} is a computable sequence of reals then
{f(xn)} is also a computable sequence of reals.

(ii) f is effectively uniformly continuous.

Pour-El and Richard’s theory of the computability structures has been ex-
tended by Yasugi, Mori and Tsujii to compact metric spaces ([MTY]) and to
σ-compact metric spaces ([YMT]). The computability theory of metric spaces
is also investigated by Weihrauch and others based on representations and the
Type-2 machine. For compact metric spaces, the equivalence between the former
definitions and the latter has been proved by Kamo and Brattka independently.

The usual computability theory of the unit interval [0, 1] is obtained regard-
ing it as the metric space ([0, 1], dE), where dE is the Euclidean metric. In this
formulation, a computable function must be a continuous function in the ordi-
nary sense, and so neither the Haar functions nor the Walsh functions can be
computable although they are simple in definition and calculation.

For definitions of computable functions, it seems to be natural and necessary
to require that they are continuous. If we employ a stronger metric than the

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 200–221, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Euclidean metric, then the class of all continuous functions may become larger,
and we can expect that some discontinuous functions become computable with
respect to the new metric.

As an example, Mori ([M]) used the Fine metric dF and proved that the
Walsh functions are uniformly computable with respect to dF . The following
figures illustrate some graphs of Walsh functions.

0 1

1

-1

0 1

1

-1

Figure 1: The graph of W1(x). Figure 2: The graph of W2(x).

0 1

1

-1

0 1

1

-1

Figure 3: The graph of W3(x). Figure 4: The graph of W4(x).

Since uniform continuity on a totally bounded metric space implies bound-
edness, f(x) defined by

f(x) =
{

1
1−2x − 1 if x < 1

2

0 if x ≥ 1
2

(1)
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is not effectively uniformly continuous. But it is still a simple function in def-
inition and calculation. Furthermore, it is a Fine-continuous total function on
[0, 1].

0

18

36

10

Figure 5: The graph of f(x) defined by Equation (1).

One of the important problems in analysis is to investigate the behavior of
functions near singularities of them and it is a usual way to change the space
suitably. For example, it is practiced to take a completion or a compactification
and restrict functions to those which can be extended smoothly to the new space.

To obtain a definition of computable functions, which includes f(x) defined
by Equation (1), effective uniform continuity must be replaced by a weaker
condition of effective continuity. We also need a weaker concept of effective con-
vergence of functions, which preserves the new continuity to develop analysis.

We propose effective locally uniform Fine-continuity as such a continuity no-
tion and effective locally uniform Fine-convergence as the corresponding notion
of convergence.

The basic definitions of computable reals and of a metric space with com-
putability structure are summarized in §2.

In §3, we deal with the dyadic field Ξ which was introduced by Fine ([F2]). Ξ
is defined to be the set of all doubly infinite sequences σ = (. . . , σ−1, σ0; σ1, σ2,
. . .) which satisfies that there exists n such that σ` = 0 for ` ≤ n. For each pair
(σ, τ) consisted of elements of Ξ , the metric dC(σ, τ ) is defined by

∑∞
`=−∞

2−`|σ` − τ`|.
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The metric space (Ξ, dC) is a σ-compact metric space. On this space, we have
obtained two definitions of computable functions. One is effective uniform com-
putability. The other is effective compact uniform continuity, which was defined
by Definition 4.3 of [YMT]. We prove that a function is effectively compact-
uniformly computable if and only if it is approximated effectively compact-
uniformly by some computable sequence of cylinder functions.

In §4, we define locally uniformly Fine-computable functions on the unit
interval [0, 1). This definition is obtained by requiring effective local uniform
Fine-continuity instead of the effective uniform Fine-continuity. We say that
a function is locally uniformly Fine-computable if it is locally uniformly com-
putable with respect to the Fine-metric.

It is proved that a function f is locally uniformly Fine-computable, if and
only if there exists a Fine-computable sequence of binary step functions which
Fine-converges effectively locally uniformly to f (Theorem 4). It is also proved
that Walsh-Fourier coefficients of an effectively integrable function f form a
computable sequence of reals, and S2nf , where Snf is the partial sums of the
Walsh-Fourier series, Fine-converges effectively locally uniformly to f (Proposi-
tion 4.2).

In §5 we discuss briefly the extension of the results on [0, 1) to R+ and prove
that the Gauss function and the generalized Walsh function are uniformly Fine-
computability.

2 Preliminaries

In this section we summarize the definitions in [PR], [MTY] and [YMT] which
we will need. We assume separability for a metric space in this article. The set
of all real numbers is denoted by R.

Definition 2.1 (Computable Sequences of Binary Rationals and Reals).
(i) A double sequence of binary rationals {rn,m} is said to be computable if

there exist recursive functions α(n,m) and β(n,m) such that

rn,m =
β(n,m)
2α(n,m)

. (2)

(ii) A double sequence {xn,m} of reals is said to converge effectively to a
sequence of reals {xn} if there exists a recursive function α(n, k) such that,

|xn,m − xn| ≤ 1
2k

for all k and m ≥ α(n, k).

(iii) A sequence of reals, say {xn}, is said to be computable, if there ex-
ists a computable double sequence of binary rationals {rn,m} which converges
effectively to {xn}.

A real number x is called computable if {x, x, · · ·} is a computable sequence.
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Definition 2.2 (Effective Convergence in Metric Spaces). Let 〈X, d〉 be a
metric space, {xn} be a sequence from X and {xn,m} be a double sequence from
X.
{xn,m} is said to converge effectively to {xn} (with respect to the metric d)

if there exists a recursive function β such that,

d(xn,m, xn) ≤ 1
2k

for all k and m ≥ β(n, k).

Definition 2.3 (Effectively Cauchy Sequence). A computable sequence {xn}
is said to be effectively Cauchy if there exists a recursive function α such that,

d(xm, xn) ≤ 1
2p

for all p and m, n ≥ α(p).

Definition 2.4 (Computability Structure). S will be called a computability
structure on 〈X, d〉 if it satisfies the three axioms below. A sequence in S is
called a computable sequence (relative to S).

Axiom M1 (Metrics). If {xn}, {ym} ∈ S, then {d(xn, ym)}n,m forms a com-
putable double sequence of reals.

Axiom M2 (Reenumerations). If {xn} ∈ S, then {xα(n)} ∈ S for any recursive
function α(n).

Axiom M3 (Limits). If {xn,m} ∈ S, {xn} ⊂ X and {xn,m} converges effec-
tively to {xn}, then {xn} ∈ S.

Definition 2.5 (Effective Separability). 〈X, d,S〉 is said to be effectively sepa-
rable if there exists a sequence {en} in S which is dense in X.

Remark 2.1. We call a computable sequence {en}, which satisfies the require-
ment of Definition 2.5, an effective separating set. From the effective density
lemma (Proposition 8 of [MTY]), any computable sequence which is dense in X
becomes an effective separating set.

We define Bd(a, r) = {x|d(a, x)< r}.

Definition 2.6 (Effective Compactness). Let 〈X, d,S〉 be an effective separable
metric space with an effective separating set {en}.

(i) X is said to be effectively totally bounded if there exists a recursive
function α(p) such that

X =
α(p)⋃
n=1

Bd(en,
1
2p

) for all p. (3)

(ii) We say that 〈X, d,S〉 is effectively compact if it is effectively totally
bounded and complete.



Computabilities of Fine-Continuous Functions 205

We define computable functions, computable sequences of functions and ef-
fective convergence of functions on an effectively compact metric space. We use
the term function as a mapping from some metric space to R with the Euclidean
metric. Therefore the convergence of the sequence {f(xn)} is the ordinary con-
vergence as a sequence of reals.

Definition 2.7 (Uniformly Computable Sequence of Functions). A sequence
{fn} of functions from X to R is said to be uniformly computable if

(i) (Sequential computability) the double sequence {fn(xm)} is computable
for any {xm} ∈ S

and
(ii) (Effective uniform continuity) there exists a recursive function α(n, k)

such that, for all n, k and all x, y ∈ X,

d(x, y) ≤ 1
2α(n,k)

implies |fn(x)− fn(y)| ≤ 1
2k
.

A function f is said to be uniformly computable if {f, f, f, . . .} is an uniformly
computable sequence.

Definition 2.8 (Effective Uniform Convergence of Functions). A sequence of
functions {fn} is said to converge effectively uniformly to a function f if there
exists a recursive function α(k) such that, for all n and k,

n ≥ α(k) implies |fn(x)− f(x)| ≤ 1
2k
.

Definition 2.9 (r.e. Open Sets and Co-r.e. Closed Sets). A sequence of open
subsets of X, say {Un} is said to be sequentially recursively enumerable (r.e.
open) if there are a double sequence {an,m} in S and a computable double
sequence of positive rationals {rn,m} such that Un =

⋃
mBd(an,m, rn,m). We

call such a sequence {Un} r. e. open.
A sequence of closed sets {Vn} is said to be sequentially co-r.e. if {X − Vn}

is sequentially r.e. open. Such a sequence {Vn} is called co-r.e. closed.
An open set U is called r.e. open if {U, U, · · ·} is r.e. open. Similarly, a closed

set V is called co-r.e. closed if {V, V, · · ·} is co-r.e. closed.

We define effectively σ-compact metric spaces, compact-uniform computable
functions, compact-uniform computable sequences of functions and effective com-
pact-uniform convergence of functions.

Definition 2.10 (Effectively Compact Subset). Let 〈X, d,S〉 be a complete
metric space with a computability structure. A co-r.e. closed subset K ⊂ X is
called effectively compact if there exist a computable sequence {ξi}∞i=1 of points

and a recursive function α(p) such that {ξi}∞i=1 = K and
α(p)⋃
i=1

B(ξi,
1
2p

) ⊃ K for

all positive integer p.
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Definition 2.11 (Effectively σ-Compact Metric Space). A complete metric
space 〈X, d,S〉 is called effectively σ-compact if there exist a sequence {Kn}∞n=1

of effectively compact subsets, a computable double sequence {ξn,i}n,i and a

recursive function α(n, p) such that {ξn,i}∞i=1 = Kn ,
α(n,p)⋃
i=1

Bd(ξn,i,
1
2p

) ⊃ Kn

and
∞⋃
n=1

Kn = X .

Note that the definition of effective σ-compactness depends on a choice of
{Kn} and {ξn,i}. In the rest of this section, we assume that 〈X, d,S〉 is an
effectively σ-compact metric space with respect to some {Kn} and {ξn,i}.

Definition 2.12 (Compact-Uniformly Computable Sequence of Functions). A
sequence of functions {fm} on X is called compact-uniformly computable if

(i) (Sequential computability) for any {xn} ∈ S, the double sequence
{fm(xn)}m,n is a computable double sequence of reals

and
(ii) (Effective compact-uniform continuity) there exists a recursive function

β(n,m, p) such that

|fm(x) − fm(y)| ≤ 1
2p

for x, y ∈ Kn and d(x, y) ≤ 1
2β(n,m,p)

A function f is called compact-uniformly computable if the sequence
{f, f, . . .} is compact-uniformly computable.

Definition 2.13 (Effective Compact-Uniform Convergence). A sequence {fm}
of functions on X is said to converge effectively compact-uniformly to a function
f if there exists a recursive function α(n, p) such that

m ≥ α(n, p) implies |fm(x)− f(x)| ≤ 1
2p

for x ∈ Kn.

The following proposition follows from the above two definitions easily.

Proposition 2.1. If a compact-uniformly computable sequence of functions
{fm} converges effectively compact-uniformly to f , then f is compact-uniformly
computable.

3 Dyadic Field and Fine Metric

Fine defined the dyadic field and treated the generalized Walsh function ([F2]).
Let Ξ be the set of all doubly infinite sequences σ = (. . . , σ−2, σ−1, σ0; σ1, σ2, . . .)
such that each element of {σ` | ` ≤ 0} is zero except for finitely many `’s.
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The metrics dC on Ξ, which is also introduced by Fine, is defined by

dC(σ, τ ) =
∞∑

k=−∞

|σk − τk|
2k

(4)

The lower limit of the summation of the above equation is finite although it
may depend on σ and τ .

Lemma 3.1. If σ and τ satisfies dC(σ, τ ) < 1
2k , then for ` ≤ k σ` = τ`. On

the other hand, if σ` = τ` for ` ≤ k, then dC(σ, τ ) ≤ 1
2k .

Let us denote the set of all nonnegative reals by R+. Then the mappings
ϕ : Ξ −→ R+ and ψ : R+ → Ξ are defined as follows;

ϕ(σ) =
∞∑

`=−∞

σ`
2`
, (5)

ψ(x) = (. . . , 0, σ−k, . . . , σ0; σ1, σ2, . . .),

where, (σ−k, . . . , σ0) (σ−k 6= 0) is the binary expansion of the integer part
[x] of x and (σ1, σ2, . . .) = ψ(x − [x]) is the binary expansion of x − [x] with
the convention that finitely many 1’s for a binary rational are used. If σ =
(. . . , σ−k, . . . , σ0; σ1, σ2, . . .) and σ` = 0 for ∀` < −k, we call (σ−k, . . . , σ0) or
[ϕ(σ)] the integral part of σ. Similarly, we call (σ1, σ2, . . .) or ϕ(σ)− [ϕ(σ)] the
decimal part of σ.

We use the following notation:

Ξn = {σ = (σ`) ∈ Ξ | σ` = 0 for ∀` ≤ n}
dC,n = the restriction of dC to Ξn
ϕn = the restriction of ϕ to Ξn
ψn = the restriction of ψ to [0, 2−n)
Ξ0 = {σ = (σ`) ∈ Ξ | σ` = 1 for finitely many `’s}
Ξ1 = {σ = (σ`) ∈ Ξ | σ` = 0 for finitely many `’s}
Q2 = the set of all nonnegative binary rationals
Q2
n = the set of all nonnegative binary rationals less than 2−n

Ξ0,p = {σ = (σ`) ∈ Ξ | σ` = 0 for ∀` ≥ p}
Ξ0
n = Ξ0 ∩ Ξn

Ξ0,p
n = Ξ0,p ∩ Ξn

Ξ1
n = Ξ1 ∩ Ξn

For σ ∈ Ξ0, we define σ∗ to be the element τ ∈ Ξ1 such that ϕ(σ) = ϕ(τ ).
Ξn is a compact subset and Ξ = ∪∞`=nΞ−`, so (Ξ, dC) is a σ-compact metric

space. (Ξ0, dC,0) is identical with (Ω, dC), which was treated in [M].
By the definitions, ∪pΞ0,p = Ξ0, ϕ(Ξ0,0) is the set of all nonnegative integers,

ϕ(Ξ0−n) is the set of all binary rationals which is less than 2n and ϕ(Ξ0,p
−n) =

{ `
2p | 0 ≤ j < 2n+p}.
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On Ξ, two operations ⊕ and ⊗ are defined as follows:

(σ ⊕ τ )k = σk + τk (mod 2),

(σ ⊗ τ )k =
∑

i+j=k

σi τj (mod 2).

The following equation is an easy consequence of the definitions.

dC(σ, τ) = ϕ(σ ⊕ τ ) (6)

Definition 3.1 (Computability Structure on (Ξ, dC)).
SC = {{σn} | ∃α(n, k), β(n, k), γ(n) recursive functions such that

σn = (. . . , 0, β(n, γ(n)), β(n, γ(n) − 1), . . . , β(n, 0);α(n, 1), α(n, 2), . . .)}

Let {ξn,i} be an effective enumeration of all elements of Ξ0
n, then 〈Ξ, dC,SC〉 be-

comes an effectively σ-compact metric space with respect to {Ξ−n} and {ξ−n,i}.
From the definition of Ξ and that of the operations ⊕ and ⊗, (σ ⊕ τ )k and
(σ⊗ τ )k are determined by the finite bits of σ and τ . Therefore, we obtain the
following proposition.

Proposition 3.1. ⊕ and ⊗ are computable mappings from 〈Ξ, dC,SC〉 ×
〈Ξ, dC,SC〉 to 〈Ξ, dC,SC〉.

Definition 3.2 (Cylinder Functions). (i) A function f on Ξn is called a
cylinder function if there exists an integer m > n such that σ` = τ` for all ` ≤ m
implies f(σ) = f(τ ).

(ii) A function f on Ξ is called a cylinder function if there exists an integer
n such that the restriction of f to Ξn is a cylinder function on Ξn and f(σ) = 0
for every σ /∈ Ξn.

If a function f satisfies the requirement of the Definition 3.2 (i) then f takes
at most 2m−n values.

For each triplet of integers (n,m, j), where n < m, let

Γn,m,j = {σ ∈ Ξn |
m∑

`=n+1

2m−`σ` = j}.

Then, f is a computable cylinder function on Ξ if and only if there exist positive
integers n < m and a finite sequence of computable reals c0, . . . , c2m−n−1 such
that f(σ) = cj if σ ∈ Γn,m,j and f(σ) = 0 for every σ /∈ Ξn.

Proposition 3.2 (Computability of Cylinder Functions). Every cylinder func-
tion which takes only computable values is a uniformly computable function.

Definition 3.3 (Computable Sequence of Cylinder Functions). (i) A sequence
of cylinder functions {fm} on Ξn is said to be computable if there exist a re-
cursive functions α(m) and a computable double sequence of reals {cm,j} such
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that
fm(σ) = cm,j if σ ∈ Γn,α(m),j and 0 ≤ j < 2α(m)−n.

(ii) A sequence of cylinder functions {fm} on Ξ is said to be computable if
there exist a recursive functions α(m), an integer valued recursive function β(m)
and a computable double sequence of reals {cm,j} such that

fm(σ) =
{
cm,j if σ ∈ Γβ(m),α(m),j and 0 ≤ j < 2α(m)−β(m).
0 if σ /∈ Ξβ(m)

Let dC,n be the restriction of dC to Ξn and SC,n be the set of all computable
sequences which are consisted of elements of Ξn. Then 〈Ξn, dC,n,SC,n〉 is an ef-
fectively compact metric space with respect to {ξn,i}i, where {ξn,i} is an effective
enumeration of all elements of Ξ0

n.

Theorem 1 (Necessary and Sufficient Condition for Uniformly Computable
Functions on Ξn). A function f on Ξn is uniformly computable if and only
if there exists a computable sequence of cylinder functions {fm} on Ξn which
converges effectively uniformly to f. (Theorem 1 of [M])

Theorem 2 (Necessary and Sufficient Condition for Compact-Uniformly Com-
putable Functions on Ξ). A function f is compact-uniformly computable if and
only if there exists a computable sequence of cylinder functions {fm} which con-
verges effectively compact-uniformly to f.

Proof. The if part is an easy consequence of the definitions. To prove the
only if part, for each n, let {fn,m} be the approximating computable sequence
of cylinder functions on Ξ−n obtained by the previous theorem, which converges
effectively uniformly to the restriction of f . We denote the modulus of conver-
gence by αn(p). We construct an approximate sequence by a ‘patching method’
as follows;

f1(σ) = f1,1(σ)

fm(σ) =



f1,m(σ) if σ ∈ Ξ−1

f`,m(σ) if σ ∈ Ξ−`\Ξ−`+1, 2 ≤ ` ≤ m
0 if σ /∈ Ξ−m

The modulus of convergence α(n, p) can be taken as max{n, α1(p), . . . , αn(p)}.
ut

Example 3.1 (Generalized Walsh Functions). The Walsh functions wn(x) on
Ω = {0, 1}{1,2,...} are defined by

wn(σ) = (−1)

k∑
i=0

σi+1 ni

, (7)

where, n = n0 + 2n1 + · · ·+ 2knk (nk 6= 0) is the binary representation of n.
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The generalized Walsh functions wτ (σ) on Ξ are defined by

wτ (σ) = (−1)

∑
i+j=1

σj τi

. (8)

If we take

τ` =
{
n−` if −k ≤ ` ≤ 0
0 otherwise ,

then ϕ(τ ) = n and the right-hand side of Equation (8) is equal to that of
Equation (7). Therefore, wτ (σ) = wϕ(τ )((σ1, σ2, . . .)). Usually, this equation is
regarded as the definition of wn(σ). Furthermore, it is well known that wτ (σ) =
w1(σ ⊗ τ ).

We define the Fine metric on the positive reals.

Definition 3.4. For every pair of nonnegative real numbers x and y, the Fine
metric dF (x, y) is defined by

dF (x, y) = dC(ψ(x), ψ(y)). (9)

The restriction of dF to [0, 2−n) is denoted by dF,n.

The following inequality is an easy consequence of the definitions.

|x− y| ≤ dF (x, y). (10)

Example 3.2. For a binary rational r = j
2k (j > 0), let xn = r − 1

2k+n .
Then, {xn} is an effective Cauchy sequence with respect to the Fine metric and
dF,0(r, xn) ≥ 1

2k+1 . On the other hand, |r − xn| = 1
2k+n −→ 0. If {xn} Fine-

converges to x, then x must be r from Inequality (10). Therefore, {xn} does not
Fine converge. In this case, {ψ0(xn)} converges to ψ0(r)∗.

This example shows that ([0, 1), dF,0) is not complete.

We define Fine-computable cequences and Fine-computability structure SF
on R+ in the same way as Definition 2.1.

Definition 3.5 (Fine-Computability Structure).
(i) A double sequence {xn,m} of nonnegative reals is said to Fine-converge

effectively to a sequence of nonnegative reals {xn} if there exists a recursive
function α(n, k) such that,

dF (xn,m, xn) ≤ 1
2k

for all k and m ≥ α(n, k).

(ii) A sequence of nonnegative reals {xn} is said to be Fine-computable,
if there exists a computable double sequence of nonnegative binary rationals
{rn,m} which Fine-converges effectively to {xn}.
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(iii) The Fine-computability structure SF is defined to be the set of all
Fine-computable sequences of nonnegative reals.

(iv) The computability structure SF,n is defined to be the set of all Fine-
computable sequences consisted of reals in [0, 2−n).

In the rest of this section, we investigate computable functions on the metric
space with a computability structure 〈[0, 2−n), dF,n,SF,n〉. We had considered
[0, 1] instead of [0, 1) in [M], because ϕ((1, 1, . . .)) = 1. In this case, 1 is an
isolated point.
SF,n is essentially equal to SC,n in the following sense.

Proposition 3.3. (i) If {σn} ∈ SC,0 and {σn} does not contain
(. . . , 0, 0; 0, . . .0︸ ︷︷ ︸

n

, 1, 1, . . .), then {ϕn(σn)} ∈ SF,n.

(ii) If {xm} ∈ SF,n, then {ψ0(xm)} ∈ SC,n. (Proposition 3.1 of [M].)

The metric space with a computability structure 〈[0, 1), dF,0,SF,0〉 is effec-
tively separable and effectively totally bounded. But it is not complete by Ex-
ample 3.2. We denote by {ei} an effective enumeration of Q2

0 and take it as an
effective separating set unless otherwise stated.

We say that a function f on [0, 2−n) is Fine-continuous if it is continuous with
respect to the metric dF,n. For Fine-continuity, the following two propositions
are well known.

Proposition 3.4 (Necessary and Sufficient Condition for Fine-Continuity). A
function f on [0, 2−n) is Fine-continuous if and only if it satisfies the following
two conditions.

(i) f is continuous at x /∈ Q2
n.

(ii) f is right continuous at x ∈ Q2
n.

Proposition 3.5. For a Fine-continuous function f on [0, 2−n) the following
conditions are equivalent.

(i) f has left limits at x ∈ Q2
n.

(ii) There exists a continuous function g on (Ξn, dC,n) such that f(x) =
g(ψn(x)) for x ∈ [0, 2−n).

(iii) f is uniformly Fine-continuous on [0, 2−n).

We say that a function on [0, 2−n) is uniformly Fine-computable if it is uni-
formly computable with respect to the Fine metric dF,n. In [M], the uniformly
Fine-computable functions were treated. We first summarize the results. A left-
closed and right open interval with binary rational endpoints is said to be a
dyadic interval.

Definition 3.6 (Binary Step Functions). A function f on [0, 2−n) is called
a binary step function if there exist dyadic intervals I1, . . . , Ik such that they
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are mutually disjoint, the union of them is [0, 2−n) and f is constant on each
interval I`.

Definition 3.7 (Fine-Computable Sequences of Binary Step Functions). A
sequence of functions {fm} on [0, 2−n) is said to be a Fine-computable sequence
of binary step functions if there exist a recursive function α(m) and a computable
double double sequence of reals {sm,j} such that

fm(x) = sm,j if x ∈ ∆α(m),j and 0 ≤ j < 2α(m), (11)

where, ∆k,j = [ j
2k ,

j+1
2k ) for 0 ≤ j < 2k.

Theorem 3 (Necessary and Sufficient Condition for Uniformly Fine-Computa-
ble Function). For a function f on [0, 2−n), the following conditions are equiv-
alent.

(i) f is a uniformly Fine-computable function.
(ii) There exists a computable function on (Ξn, dC,n) such that f(x) =

g(ψn(x)) for all x ∈ [0, 2−n).
(iii) There exists a Fine-computable sequence of binary step functions which

Fine-converges effectively uniformly to f.

The equivalence of (i) and (ii) is a consequence of Theorem 2 of [M] and that
of (i) and (iii) is a consequence of Theorem 3 of [M].

Remark 3.1. The metric space (Ξ0, dC,0) can be thought as a completion of
the metric space ([0, 1), dF,0). Let D be the class of all uniformly Fine-continuous
functions on [0, 1), then it is easy to prove that

sup
x∈[0,1)

|f(x)| = sup
σ∈Ξ0

|g(σ)|

for every f ∈ D and a continuous function g on Ξ0, which satisfies f(x) =
g(ψ0(x)) for x ∈ [0, 1). Since (Ξ0, dC,0) is a compact metric space {supσ∈Ξ0|gn(σ)|} is a computable sequence of reals for every uniformly computable se-
quence {gn} ([MTY]). Let ||f ||D = supx∈[0,1) |f(x)| and SD be the set of all
uniformly Fine-computable sequences of functions on [0, 1). Then 〈D, || ||D,SD〉
becomes a Banach space with a computability structure in the sense of Pour-El
and Richards ([PR]).

Example 3.3. Walsh functions {Wn(x)} on [0, 1) are defined by

Wn(x) = wn(ψ0(x))

and they form a Fine-computable sequence of binary step functions.

4 Locally Uniformly Fine-Computable Functions on the
Unit Interval [0, 1)

In this section, we consider locally uniformly Fine-computable functions on the
metric space with computability structure 〈[0, 1), dF,0,SF,0〉.
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Let BF,0(a, r) be the set {x | dF,0(x, a) < r} ∩ [0, 1). In general, BF,0(a, r)
is not an interval. For example, BF,0(1

2 ,
3
4) = [0, 1

4 ) ∪ [ 12 , 1). If a is a binary
rational, say j

2k , then a sufficient condition for BF,0(a, r) being an interval is
that r = 1

2` and ` ≥ k. In this case, BF,0( j
2k ,

1
2` ) = [ j

2k ,
j
2k + 1

2` ) and BF,0(a, r) =
{x | dF,0(x, a) < r}. Therefore, we adapt the following constraint for BF,0(a, r).

Constraint: a is a binary rational j
2k and r = 1

2` for some ` ≥ k.
Since any dyadic interval in [0, 1) can be represented as a finite disjoint union

of constrained BF,0(a, r)’s, this constraint does not cause a loss of generality.
This constraint yields also that BF,0(a, r) = {x | dF,0(x, a) < r} = a+[0, 2−`),

where a+ [0, 2−`) = {a+ x | x ∈ [0, 2−`)}.

Definition 4.1 (Locally Uniformly Fine-Computable Sequences of Functions
on [0, 1)). A sequence of functions {fn} on [0, 1) is said to be locally uniformly
Fine-computable if

(i) fn is sequentially computable
and
(ii) there exist a recursive function γ(n, i) and a recursive function α(n, i, k)

such that
∞⋃
i=1

BF,0(ei, 2−γ(n,i)) = [0, 1) for each n

|fn(x) − fn(y)| ≤ 1
2k

for x, y ∈ BF,0(ei, 2−γ(n,i)) and dF,0(x, y) ≤ 1
2α(n,i,k)

.

A function is called locally uniformly Fine-computable if the sequence
{f, f, . . .} is computable.

Definition 4.2 (Effective Locally Uniform Convergence on [0, 1)). A sequence
of functions {fn} on X is said to Fine-converge effectively locally uniformly to a
function f if there exist a recursive function γ(i) and a recursive function β(i, k)
such that {fn} is computable sequence with γ(n, i) = γ(i),

∞⋃
i=1

Bd(ei, 2−γ(i)) = [0, 1)

and

|fn(x)− f(x)| ≤ 1
2k

for x ∈ BF,0(ei, 2−γ(i)) and n ≥ β(i, k).

From these definitions, the following proposition is obtained easily.

Proposition 4.1. If a locally uniformly Fine-computable sequence of functions
{fm} Fine-converges effectively locally uniformly to f, then f is locally uniformly
Fine-computable.
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We can define the notion of locally uniform computability and locally uni-
form convergence on an effectively separable metric space with a computability
structure in the same way.

Example 4.1. Let f(x) be the function defined by Equation (1), that is, f(x) =
1

1−2x−1 if x < 1
2 and f(x) = 0 if x ≥ 1

2 . Then f diverges at 1
2 from the left-hand

side. Therefore, f is not a uniformly Fine-continuous function.
If ei is not equal to zero, let ei = pi

2qi
, where pi is an odd integer smaller than

2qi − 1.
Case (i) (ei = 0). Take γ(i) = 2 and α(i, k) = k + 2.
Case (ii) (pi ≥ 2qi−1). Take γ(i) = qi and α(i, k) = 1.
Case (iii) (pi ≤ 2qi−1 − 2). Take also γ(i) = qi. Since f ′(ei + 2−γ(i)) =
22qi+1

(2qi−2(pi+1))2 , it is sufficient to take α(i, k) = k+2qi+1−2 log2(2qi −2(pi+1)).
Final Case (pi = 2qi−1 − 1). In this case, ei = 1

2 − 1
2qi

. Take γ(i) = qi + 1,
then f ′(ei + 2−γ(i)) = 22qi+1. It is sufficient to take α(i, k) = k + 2qi + 1.

Therefore, f is locally uniformly Fine-computable. It diverges at 1
2 , and also

the improper integral
∫ 1

0

f(x)dx diverges.

Example 4.2. Let f(x) be the function defined in the previous Example. Define

f1(x) = f(x)

fn(x) =
{
f(x) if x < 1

2
fn−1(2x− 1) if x ≥ 1

2

for n ≥ 2,

then {fn(x)} is a locally uniformly Fine-computable sequence of functions.

Example 4.3. Let g(x) be

g(x) =
{ 1

2n(1−2x)−1
if 1− 1

2n−1 ≤ x < 1− 1
2n

0 if x = 1
.

The sequence {fn} in the previous example Fine-converges effectively locally
uniformly to g. g(x) is also locally uniformly Fine-computable.

Theorem 4 (Necessary and Sufficient Condition for Locally Uniformly Fine-
Computable Function). A function f on [0, 1) is locally uniformly Fine-com-
putable if and only if there exists a Fine-computable sequence of binary step
functions which Fine-converges effectively locally uniformly to f.

Proof. Let f(x) be a locally uniformly Fine-computable function with respect
to γ(i) and α(i, k). We write BF,0(ei, 2−γ(i)) as Bi in this proof.

If we define Si = { {ei + xk} | {xk} ∈ SF,2−γ(i)} and di to be the restric-
tion of dF to Bi, then 〈Bi,Si, di〉 is an effectively separable metric space with
a computability structure. Fine-computable sequences of binary step functions
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on Bi are defined by translations of Fine-computable sequences of binary step
functions on [0, 2−γ(i)).

From (ii) of Definition 4.1, the restriction of f(x) to Bi is effectively uni-
formly Fine-continuous with respect to α(i, k) for each i. There exists a Fine-
computable sequence of binary step functions {fi,m(x)} which Fine-converges
effectively uniformly to f(x) on Bi by Theorem 3. By the definition of effective
uniform Fine-convergence (Definition 2.8), there exists a recursive function βi(k)
such that

|fi,m(x)− f(x)| ≤ 1
2k

if x ∈ Bi and m ≥ βi(k).
We construct an approximating Fine-computable sequence of binary step

functions fm(x) by the ‘patching method’, which was used in the proof of The-
orem 2.

f1(x) = f1,1(x).

f2(x) =
{
f1,2(x) if x ∈ B1

f2,2(x) if x /∈ B1
.

fm(x) =



f1,m(x) if x ∈ B1

fk,m(x) if x ∈ Bk\
⋃k−1
`=1 B`, 2 ≤ k ≤ m

0 if x /∈ ⋃m
`=1 B`

.

As stated in the beginning of this section, Bi is [ei, ei + 2−γ(i)). The set of
all finite disjoint union of binary intervals, which are left-closed and right-open,
make a Boolean algebra, that is, it is closed under complement and finite union.
Therefore, {fm(x)} just constructed is a Fine-computable sequence of binary
step functions.

If we define δ(i, k) = max{i, β1(k), . . . , βi(k)}, then {fm} Fine-converges lo-
cally effectively to f with respect to Bi and δ(i, k). ut

Remark 4.1. Let Σ = {0, 1, ∗}ω. For σ = (. . . , 0, σ−k, . . . , σ0; σ1, σ2, . . .) ∈
Ξ\Ξ1, we define τ = (σ−k, . . . , σ0, ∗, σ1, σ2, . . .) ∈ Σ and ρF (τ ) = ϕ(σ). Then,
ρF is a representation of R+ in the sense of Weihrauch, and ρF -computability
of real numbers is equivalent to Fine-computability. In the same way, we obtain
a representation ρF,n of [0, 2n). Brattka has noted that the function defined by
Equation (1) is (ρF,0, ρE) computable, where ρE is some admissible standard
representation of the real numbers.

We consider the Walsh-Fourier series. The Walsh-Fourier coefficients {ck}
are defined by

ck =
∫ 1

0

Wk(x)f(x)dx, (12)

and the Walsh-Fourier series {Snf} is defined by

Snf(x) =
n∑
k=0

ckWk(x). (13)
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Our aim is to obtain an extension of Proposition 4.5 of [M] to locally uniformly
Fine-computable functions.

The crucial fact in the proof of the computability of the Walsh-Fourier co-

efficients {cm} of f is that
∫ 1

0

|fn(x) − f(x)|dx converges effectively to 0 for a

uniformly Fine-computable sequence of binary step functions {fn} which Fine-
converges effectively uniformly to f .

The proof of the effective convergence of {S2nf} is based on the following
lemma.

Lemma 4.1. If f is integrable and Fine-continuous then

S2nf(x) − f(x) = 2n
∫ 2−n

0

(f(x ⊕ t)− f(x))dt, (14)

holds, where x⊕ t = ϕ0(ψ0(x)⊕ψ0(t)) and dt is the Lebesgue measure on [0, 1).

Every uniformly Fine-computable function f on [0, 1) is bounded and in-
tegrable. But, Example 4.1 shows that there exists a locally uniformly Fine-
computable function which diverges and the integral on [0, 1) also diverges.
Therefore, we need an additional condition concerning improper integrals.

Definition 4.3 (Effective Integrability). Let f be a locally uniformly Fine-
computable function with respect to γ(i) and α(i, k). f is said to be effectively

integrable if
∫
En

|f |dx is an effective Cauchy sequence, where

En =
n⋃
i=1

BF,0(ei, 2−γ(i)).

Remark 4.2. If a locally uniformly Fine-computable function f is effectively

integrable, then |f | is integrable and
∫
En

|f |dx converges effectively to
∫ 1

0

|f |dx.

Remark 4.3. A sufficient condition for effective integrability is that there exists
an approximating Fine-computable sequence of binary step functions fm(x) such

that
∫ 1

0

|fm(x)|dx forms an effective Cauchy sequence of reals.

We obtain the following proposition as a locally uniformly Fine-computable
version of Proposition 4.5 in [M].

Proposition 4.2 (Convergence of S2nf to f for Locally Uniformly Fine-Com-
putable Functions). If f is a locally uniformly Fine-computable function and
effectively integrable, then it holds that
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(i) the Walsh-Fourier coefficients {ck} form a computable sequences of reals
and {Snf} is a Fine-computable sequence of binary step functions

and
(ii) {S2nf} Fine-converges effectively locally uniformly to f.
Proof. Let f be effectively integrable locally uniformly Fine-computable

function with respect to γ(i) and α(i, k). We define Bi = BF,0(ei, 2−γ(i)) and

En =
n⋃
i=1

Bi as in Definition 4.3. From Theorem 3, there exists an approximating

Fine-computable sequence of binary step functions {fm}. We can assume that
fm(x) = 0 outside Em.

Computability of {ck}: Note that the integrals
∫

[0,1)\En

|f |dx converges effec-

tively to 0 and |Wk(x)| = 1. Let ck,n =
∫
En

Wk(x)f(x)dx, then {ck,n} converges

effectively to {ck} for each k by the effective integrability. If we also define

ck,n,m =
∫
En

Wk(x)fm(x)dx, then {ck,n,m} converges effectively to {ck,n} for

each pair of k and n by Proposition 4.5 of [M]. Therefore, {ck} is a computable
sequence of reals.

Convergence of {S2nf}: Note that dF,0(x ⊕ t, x) = t for x, t ∈ [0, 1) by
Equations (6) and (9). Let β(i, k) = 2max{α(i,k),γ(i)}+1. If n ≥ β(i, k) and 0 ≤

t ≤ 2−n, then dF,0(x⊕ t, x) ≤ 1
2α(i,k)

and x⊕ t ∈ Bi for all x ∈ Bi. These imply

that |f(x⊕ t)− f(x)| ≤ 1
2k

. Using Equation (14) in Lemma 4.1, it follows that

|S2nf(x) − f(x)| ≤ 1
2k

. ut

There exist simple functions which are not Fine-continuous.

Example 4.4. Let h(x) be

h(x) =

{
1

|x− 1
2 |
− 1 if x 6= 1

2

0 if x = 1
2

.

h has not both limits at x = 1
2 . Therefore, h is not Fine-continuous. But it

is continuous except 1
2

with respect to the Euclidean metric.

In the rest of this section, we discuss about the computability of the function
h in Example 4.4.
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It seems natural that h is considered as a function on D = [0, 1]\{ 1
2} with

respect to the metric dD, which is the restriction of the Euclidean metric dE to
D.

Let Kn = [0, 1
2
− 1

n
] ∪ [ 1

2
+ 1

n
, 1] and {ξn,i} be the effective enumeration of

all rationals in Kn. Then, D is effectively σ-compact with respect to {Kn} and
{ξn,i} and h is compact-uniformly computable.

0

18

36

10

Figure 6: The graph of h(x) in Example 4.4.

On the other hand, the notion of effective locally uniform computability
can be defined with respect to dD. In this case, we need no constraint on
BD(a, r) = {y | dE(x, y) < r} ∩ D andγ(i) is replaced by by a computable
sequence of rationals {ri} in Definition 4.1. Then, h is an effectively locally
uniformly computable function.

It seems that compact-uniformly computability and effective locally uniform
computability are equivalent. But we have not succeeded in proving the equiva-
lence between them nor found any counter example.

With respect to the Fine-metric, we cannot define the concept of compact–
uniform computability, since the space D is not σ-compact.

In order to handle computabilities of a class of functions which include h(x)
in Example 4.4, it seems that we need to construct a theory of computable partial
functions.
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5 Computable Functions on R+

In this section, we treat briefly computable functions on the metric space with
computability structure 〈R+, dF ,SF 〉, where SF is defined by Definition 3.5.

In the space 〈R+, dF ,SF 〉, we have two definitions of computability of func-
tions. Both require sequential computability. Considering continuity, uniform
Fine-computability requires effective uniform Fine-continuity and locally uni-
form Fine-computability requires effective locally uniform Fine-continuity. The
definition of the latter is obtained by modifying Definition 4.1.

Proposition 5.1. If f is sequentially computable and Lipschitz continuous,
that is, there exists c such that |f(x) − f(y)| ≤ c|x − y|, then f is uniformly
Fine-computable.

In this case, f is also uniformly computable with respect to dE .

Definition 5.1 (Fine-Computable Sequence of Binary Step Functions). A se-
quence {fn} of functions on R+ is said to be a Fine-computable sequence of
binary step functions if there exist a recursive function α(n), an integer val-
ued computable function β(n) and computable double sequence {sn,j} of real
numbers such that

fn(x) =
{
sn,j if x ∈ ∆α(n),j, 0 ≤ j < 2α(n)−β(n)

0 if x /∈ [0, 2−β(n))

The following two theorems can be proved similarly to Theorems 3 and 4.

.
Theorem 5. A function f is uniformly Fine-computable if and only if one of
the following conditions is satisfied.

(i) There exists a Fine-computable sequence of binary step functions which
Fine-converges effectively uniformly to f.

(ii) There exists a uniformly dC-computable function g on Ξ such that f(x) =
g(ψ(x)) for ∀x ∈ R+.

Theorem 6. f is locally uniformly Fine-computable if and only if there ex-
ists a Fine-computable sequence of binary step functions which Fine-converges
effectively locally uniformly to f.

If x ∈ [0, 2n) then {y | dF (x, y) < 2n} = [0, 2n). Thus, we obtain the following
proposition.

Proposition 5.2. Let g be a compact-uniformly computable function on Ξ.
Then, a function on R+, which satisfies that f(x) = g(ψ(x)) for all x ∈ R+, is
locally uniformly Fine-computable.

Example 5.1 (Gauss Function). On (R+, dF ), the Gauss function [x] is uni-
formly Fine-computable.
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For Ξ 3 σ = (. . . , σ−k, . . . , σ0; σ1, σ2, . . .), we define g(σ) =
k∑
`=0

σ−`2 `.

If {σn} is a computable sequence in Ξ (definition 3.1), then

g(σn) =
γ(n)∑
`=0

β(n, `)2 `

is a computable sequence of nonnegative integers.
On the other hand, if dC(σ, τ) < 1 then σ` = τ` for ` ≤ 0 and g(σ) =

g(τ ). This proves effective uniform continuity of g. Therefore g is a uniformly
computable function on 〈Ξ, dC,SC〉. It is obvious that [x] = g(ψ(x)) for x ∈ R+.

ut

Example 5.2 (Generalized Walsh Functions). The generalized Walsh functions
Wy(x) on R+ are defined by

Wy(x) = wψ(y)(ψ(x)).

The following formulas are well known.

Wn(x) = Wn(x− [x])
Wy(x) = W1(x⊗ y)

where, x⊗ y is defined to be ϕ(ψ(x) ⊗ ψ(y)).

From the computability of ⊗ (Proposition 3.1), the following proposition
follows easily.

Proposition 5.3 (Computability of Generalized Walsh Function).
(i) wτ (σ) is a dC uniformly computable function if τ is computable.
(ii) wτ (σ) is a computable function on 〈Ξ, dC,SC〉2.
(iii) Wy(x) is a uniformly Fine-computable function on 〈R+, dF ,SF 〉 if y is

a Fine-computable real.
(iv) Wy(x) is a uniformly Fine-computable function on 〈R+, dF ,SF 〉2.
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Abstract. The iRRAM is a very efficient C++ package for error-free real arith-
metic based on the concept of a Real-RAM. Its capabilities range from ordinary
arithmetic over trigonometric functions to linear algebra even with sparse matri-
ces. We discuss the concepts and some highlights of the implementation.
Keywords: Computable Real Analysis, Random Access Machines, Limits, Inter-
val Arithmetic, Multiple Precision Arithmetic, Multi-valued functions, C++.

1 Introduction

In the last decade, several implementations of exact real arithmetic based on differ-
ent theoretical approaches or programming languages have been discussed, see e.g.
[BoCa90] (essentially based on decimal representation), [EdPo97] (linear fractional
transformations), or [GL00] (using multiple precision arithmetic). All these approaches
lack the possibility of full imperative programming that would facilitate the implemen-
tation of the usual numerical algorithms.

In [BrHe95], Brattka and Hertling considered a different approach: a Turing ma-
chine based simulation of random access machines working with reals. The basic idea
was to iterate a finite precision approximation of the RAM, but to increase the precision
from iteration to iteration.

In [Mu97], the author presented a prototype implementation based on the iterative
structure of this simulator: the interactive (or iterative) Real-RAM (iRRAM). A prelim-
inary version had already been presented at the Second Workshop on Computability and
Complexity in Analysis, August, 24/25th 1996, Trier, Germany. Since then, the package
has been constantly enhanced and improved. Its stability has been proven by computa-
tions taking several weeks of time, producing just a few numbers for a small table in
[HN00]. At a small competition between several systems for exact arithmetic organized
at the 4th Workshop on Computability and Complexity in Analysis at Swansea (CCA
2000), the iRRAM was the clear winner. The sources of the iRRAM can be found at
http://www.informatik.uni-trier.de/iRRAM/index.html.

A program for the iRRAM is coded in ordinary C++ but may use a special class
REAL, that behaves like real numbers without any error. Only a small set of intrinsic
operations is allowed to use the internal structure of this class: usual arithmetic oper-
ations, tests (with a special semantic defined below), output, and conversion to/from
integer or other types. Of course on top of these operations, the programmer may use
(almost) all programming methods from C++, like defining own data types (like real

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 222–252, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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matrices or complex numbers, which are already implemented in this way) and func-
tions (even returning real values).

The most important extension to the original simulator from [BrHe95] was the im-
plementation of very powerful operators for the computation of limits of user-defined
sequences. The operators even allow to compute multi-valued functional limits like the
complex square root [Mu98]. With their use, e.g. the full set of trigonometric functions
from sin to acosech could be implemented easily, currently using a Taylor series ap-
proach. The powerful AGM methods [Bo87,Bt76,Sch90] have been used for special
values like π or log(2) or for an efficient implementation of log(x).

This ability of computing limits seems to be a unique feature of the iRRAM. The
limited scope of algebraic or symbolic computations on real numbers is left as soon
as these operators are used. From this point on, Type 2 Theory of Effectivity (TTE)
[Ko91,We95,We97] is the best fitting theoretical model. This implies e.g. that com-
putable functions must essentially be continuous, that it is no longer possible to check
whether two real numbers are equal, etc.

A certain relaxation of the ‘law’ that computability implies continuity has been
discussed e.g. in [BrHe94,BrHe95,Br96,Br99]: Instead of computing ordinary functions
we may also compute set-valued functions F , e.g. F : R → 2R. Computing such a
function F for an argument x means that the result of the computation of F on x must
be one of the values in the set F (x).

In the iRRAM the set-valued F appears like an ordinary (but multi-valued) partial
function f , where we use the notation f : R;; R to express the multi-valuedness. Here
the value f(x) must be one of the elements of F (x). The actual choice of the value
is hidden from the user and appears to be nondeterministic: The same x may lead to
different results f(x) at different points of a computation.

The source code for the iRRAM is ordinary C++, as already said. However, some
restrictions are necessary: The user should not use the normal IO operations, as this
could lead to surprising and annoying results. Global real variables are not allowed.
Dynamic allocation of memory with malloc should be used as rarely as possible,
while the use of alloca should be possible without problems. The use of external
libraries has to be handled with care, as they will normally not be suited for the special
semantics of the iRRAM.

With these restrictions, C++ loses a lot of its universal character, but more than
enough is left to do numerical work. Figure 1 contains a simple example with some of
the most important features of the implementation and should give a rough impression
of the capabilities of the iRRAM. We will briefly explain this sample program in the
following:

– Line 1 is the import of the necessary definitions.
– Lines 3-4 show an example of a simple self-defined real-valued function.
– Line 4 shows applications of the control structures in C++ and of the overloading of

operators that allows to build arithmetic expressions, here simply x-y. The func-
tion positive(x-y,k) is an intrinsic multi-valued test checking whether x-y
is positive. In the interval x−y ∈ (−2k, 2k), the result may be wrong, i.e. it may be
true as well as false. In consequence, maxapprox returns a value that differs
from the maximum of x and y by at most 2k.
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1 #include "iRRAM.h"
2
3 REAL maxapprox (long k, const REAL& x, const REAL& y)
4 { if ( positive(x-y,k) ) return x; else return y; };
5
6 REAL max (const REAL& x, const REAL& y)
7 { return limit(maxapprox,x,y); };
8
9 void compute()

10 { REAL x1 = 3.14159, x2 = "3.14159", x3 = pi();
11 rwrite(x1,63); rprintf("\n");
12 rwrite(x2,63); rprintf("\n");
13 rwrite(max(x3,x2),63); rprintf("\n"); }
14
15 int main (int argc,char **argv)
16 { iRRAM_initialize(argc,argv); iRRAM_exec(compute); }

+.3141589999999999882618340052431449294090270996093750000E+0001
+.3141590000000000000000000000000000000000000000000000000E+0001
+.3141592653589793238462643383279502884197169399375105821E+0001

Fig. 1. A sample program for the iRRAM, with output.

– Lines 6-7 are an example for the limit computing capabilities of the iRRAM: The
maximum of x and y is the limit of maxapprox(k,x,y) for k→ −∞.

– Lines 9-13 define the core procedure compute() of this iRRAM example.
– Line 10 shows three of the possible initializationsofREAL variables: from a double,

from a string, and from a real-valued function (returning π).
– Lines 11-13 show I/O that has to be done through special functions. In this example,

the values are printed with a width of exactly 63 characters including the exponent,
where only an error corresponding to the rounding of the last decimal is allowed.
The results are as expected: The first line of the output shows the effect of the
initialization from a C++ double. This data type uses a mantissa of 53 bits. In
consequence, we get nonzero digits up to the 53rd decimal where only the first
16 are correct. The second line comes from the initialization from a string, where
we get the precise intended value of the string constant. The third line shows the
result for π (which is computed using an AGM iteration, see e.g. [Ba88,Bo87]).

– Lines 15-16 define main, which is optional. If main is missing, exactly this two
line definition of main is used as default. This allows to use the iRRAM in two
ways: (i) As a package for exact arithmetic with special semantics explained in the
next section, and (ii) as a tool for approximative arithmetic with ‘usual’ semantics
explained in section 13.

The paper is structured as follows: In the following two sections we give a sketch of
the semantics and of the corresponding simulation. In sections 4 to 9 we will explain this
simulation in more detail and with emphasis on those implementational details that have
great influence on efficiency. Section 10 is devoted to the limit computing capabilities
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of the iRRAM. The rest of the paper aims at applications and gives an overview of
additional features of the implementation.

2 Semantics of the iRRAM

The iRRAM implements an imperative programming language for real numbers, as
said in the previous section. We will give a rough idea of the theoretical background
by sketching a corresponding operational semantics (without going into all the details).
This greatly simplifies the explanation of the concepts of the iRRAM. The later sections
will show how the semantics is realized by the implementation.

In the following, let P be a program for the iRRAM, or more precisely: a program
P that is called via iRRAM_exec(P).

– For simplicity, we assume that input and output of P may each consist of two
vectors of natural and real numbers, i.e. we have an input and output space M =
N∗ ×R∗. Here the natural numbers might represent encoded values of other sets as
long as these are denumerable.

– Further, we assume that S := N∗ × R∗ × M is the set of possible configurations
during the computation of P. Appropriate encodings have to be used to represent
the state of the program execution as well as the values of all discrete valued vari-
ables (including integers, floating point numbers, strings, pointers etc.) of P as
natural numbers, which are given as the first component md of a configuration
s = (md, mr, (od, or)). The second component mr represents the real-valued vari-
ables within the program. md and mr together represent the data space. Finally, the
third component consists of the discrete output od and the real output or produced
during the computation. The input to P is not included in these configurations.

– On the configurations, the progress of the computation can be expressed via a tran-
sition relation =⇒I,P ⊆ S×S that depends on the programP and a given input vector

I ∈ M, or equivalently as a (multi-valued!) transition function TI,P : S ;; S.
The finite iteration n=⇒I,P and the transitive closure ∗=⇒I,P of =⇒I,P are defined as

usual, e.g. s
n=⇒I,P s′ iff s = s0 =⇒I,P s1 =⇒I,P . . . =⇒I,P sn = s′ for some states si .

We assume that the output is append-only, i.e. it can neither be read nor rewritten.
Using =⇒I,P , this property can be expressed via:

(md, mr, (od, or))
∗=⇒I,P (m′d, m

′
r, (o

′
d, o
′
r))

implies o′d = od ◦ o′′d , o
′
r = or ◦ o′′r for some o′′d , o

′′
r , and

(md, mr, (od, or))
∗=⇒I,P (m′d, m

′
r , (od ◦ o′′d , or ◦ o′′r ))

if and only if (md, mr, (ε, ε))
∗=⇒I,P (m′d, m

′
r, (o

′′
d , o
′′
r ))

Here ε denotes the empty string and ◦ denotes the concatenation of strings.
Because of the enormous complexity ofC++ and the encodings necessary to achieve
the simple configuration set S, we will not explicitly define =⇒I,P here, but it should
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correspond to ‘elementary’ operations within the program, like entering or leaving
loops, evaluation of (sub-)expressions, assignments, etc.
Basic operations of the iRRAM on the data type REAL like elementary arithmetic
are also assumed to be executed within one single transition. These operations will
be called intrinsic in the following. It is the appropriate choice of these intrinsics
that determines the computational power as well as the implementability in the
iRRAM. We will only use intrinsics that are computable multi-valued functions in
the sense of TTE, which implies certain restrictions: For example, the iRRAM does
not have a test for equality of real numbers.
The semantics of the evaluation of user-defined functions can be defined like the
operational semantics of imperative languages with procedures, i.e. using the con-
cept of a stack (that is hidden in the data space of the configurations).
In contrast, the application of a limit operator of the iRRAM should be considered
similar to an intrinsic: A (user-defined) TTE-computable multi-valued function is
evaluated in just one transition. In chapter 10 we will explain how this evaluation
is actually done.

– We assume there is a distinct initial configuration S0 = (ε, ε, (ε, ε)) (which corre-
sponds to the non-existence of global variables). Furthermore there are a set S+ of
configurations, where the program terminates successfully, and a set S−, where the
program fails with an error, for example due to division of a real by zero. So for
s ∈ S+ ∪ S−, there is no s′ with s =⇒I,P s′.
A computation is either a finite sequence S0 =⇒I,P s1 =⇒I,P s2 =⇒I,P . . . sn such that

sn ∈ S+ ∪ S− (called terminating or failing computations) or an infinite sequence
of states S0 =⇒I,P s1 =⇒I,P s2 =⇒I,P . . . with si 6∈ S+ ∪ S− for all i.

Please note that due to the multi-valued nature of =⇒I,P (and similar to nondeter-

ministic machines), there may be many different computations for the same input
I , there may even exist computations of different types!

– Finally, the computed multi-valued function SP :M;; M is defined by

SP (I) = {O | S0
∗=⇒I,P (md, mr,O) ∈ S+}

for any admissible I . Here an input I ∈ M is called admissible, iff =⇒I,P has neither

failing nor infinite computations.
So SP(I) is only defined if all possible computations are terminating, and then
the value SP(I) consists of all possible results from these computations. We only
consider terminating computations here to keep the model as simple as possible,
although this is not required in implementation of the iRRAM.

3 Simulative Concept of the iRRAM

In the following we sketch the basic ideas of the iRRAM in a form suited to match the
idealized semantics from the previous section.

In order to realize this semantics, the implementation of the iRRAM essentially
simulates the real valued parts of P while preserving (almost) any computation on the
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discrete parts. Internally, the simulation is done within the access methods to the real
numbers. In consequence, there is no overhead to the discrete parts of the computations;
a purely discrete program within the iRRAM would be as fast as outside of the iRRAM.

– The iRRAM uses a representation of real numbers that is based on a subset of the
intervals with rational endpoints. So let J = {(l, r) | l < r, l, r ∈ Q}.
A real number x is uniquely determined by an infinite sequence

J = ((l0, r0), (l1, r1), (l2, r2), . . .) ∈ J∞

with lim li = sup li = inf ri = limri(= x). In this case we write %(J ) := x,
so % is a (partial) surjection from J∞ onto R. Here we only use that all the single
intervals contain x and finally become arbitrarily small; nested intervals or a given
convergence speed are not necessary. This representation % of the real numbers can
be extended in an obvious way to a surjection % from (J∞)∗ onto R∗.
Instead of the input space M = N∗×R∗, we useM = N∗×(J∞)∗ in the simulation,

i.e. each real number x is replaced by an (arbitrary)J ∈ %−1(x). We will use I I∼ I
to denote that I = (id, ir), I = (id, ir), and %(ir) = ir .
The simulation will obviously not be able to write a real number or an infinite
sequence of intervals within finite time, so as an (intermediate) representation of the

output we useM
f

= N∗×(J∗)∗. The relation O∼ between M andM
f

that corresponds

to the simulation of output is more complex than
I∼ : ForO = (od, x1◦. . .◦xn) ∈ M

and O = (od, (J1,1 ◦ . . .◦ J1,j1) ◦ . . . ◦ (Jn,1 ◦ . . . ◦Jn,jn)) ∈ M
f

we writeO O∼ O
iff od ∈ N∗ is a prefix of od ∈ N∗, n ≤ n, and xk ∈

⋂
j≤jk Jk,j for any k ≤ n.

So all components fromO must be present inO, either in an identical form for the
discrete parts, or at least in a ‘consistent’ way for the real parts. It is important to
notice that O may have more components than O.

– The configuration set of the simulation will be S := N∗ × J∗ × Mf × Z × N∗.
Please note that S is denumerable, in contrast to S. So we are able to represent
these configurations using ordinary data structures from C++.

The two configuration sets are connected via a simulating relation S∼ with

s = (md, x1 ◦ . . . ◦ xn,O) S∼ s = (md, J1 ◦ . . . ◦ Jn,O, p, q)

iff md = md, n = n, xi ∈ Ji for all i≤n, and if O O∼ O. So the simulating con-
figuration s covers the same information md on the discrete part of the simulated
configuration s (i.e. ordinary data structures and process state), but represents each
real number by just one interval. The meaning of the precision bound p and the
multi-value cache q will be explained later on.
The initial state of the simulation will be S0 = (ε, ε, (ε, ε), p0, ε) (again, p0 will be
explained later).

– On these simulating configurations, the progress of the computation is given by a
transition relation −→I,P ⊆ S × S (with iterates n−→I,P and closure ∗−→I,P ).

In contrast to the multi-valuedness of =⇒I,P , this transition −→I,P will be single-

valued, i.e. for any given configuration s, there is at most one s′ with s −→I,P s′.
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Again, the outputO = (od, (J1,1 ◦ . . .◦J1,j1)◦ . . .◦ (Jn,1 ◦ . . .◦Jn,jn)) is append-
only, i.e. a written natural number will be appended to od, and a written interval
will either be appended to one of the sequences (Jk,1 ◦ . . . ◦ Jk,jk) or will start
a new sequence. This is necessary to ensure that the output produced at any point
during the simulation will remain valid forever.
In consequence the simulator, as implemented in C++, does not need to store any
output. Although the configurations contain the output (to simplify the description),
it will not lead to any noticeable overhead in the execution of the simulation.

– For inputs I ∈ M and I ∈ M with I I∼ I , the transition relations have the following
two central properties:
correctness:

For any s ∈ S with S0
∗−→I,P s there is an s ∈ S with s

S∼ s and S0
∗=⇒I,P s

restricted completeness:

For any s
S∼ s and s′ with S0

∗=⇒I,P s =⇒I,P s′ and S0
∗−→I,P s there are s′′, s′′

such that s′′ S∼ s′′, s =⇒I,P s′′, and s ∗−→I,P s′′.

It is important to note that we have a one step transition from s to s′′, but it may
take more time to reach s′′ from s.

– Instead of the successful configurations S+, there is a set S
◦

of reiteration configu-

rations such that s
S∼ s and s ∈ S+ implies s ∈ S◦.

For such a reiteration configuration, the transition relation −→I,P is defined as

(md, mr,O, p, q) −→I,P (ε, ε,O, p′, q)

with p′ << p, i.e. the simulation is essentially restarted with an improved precision
bound p′. Only the multi-value cache q is saved during this transition. Of course, the
yet produced output can not be deleted, but it has no influence on the continuation
of the simulation.
The multi-value cache q guarantees that a restarted simulation will take the same
computational path again (for details see section 9): If we have

S0 = (ε, ε, (ε, ε), p0, ε)
∗−→I,P (md, mr, (od, or), p, q) = s

for a reiteration configuration s, then the continued simulation on s will yield

s −→I,P (ε, ε, (od, or), p′, q)
∗−→I,P (md, mr

′, (od, or′), p′′, q) = s′

with p′′ ≤ p′ and unchanged multi-value cache q. Furthermore, although md and
mr are deleted in the first transition after s, md will be reconstructed afterwards,
and mr

′ will have the same length as mr but will contain new (usually smaller)
consistent intervals. The discrete output od will remain totally unchanged, and the
real output or

′ will have the same number of interval sequences, but each of these
will usually be extended in a consistent way.
In fact, there are many more reiteration configurations than just those simulating
S+: As soon as the intervals in mr are too big to allow a correct continuation of the
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simulation, a reiteration is done. This will be the case e.g. if we have to compare
two real values xi and xj , but the simulating intervals Ji and Jj have a nonempty
intersection. In this case, the corresponding s will be a reiteration configuration,
but the later s′ (with smaller intervals) might allow to continue the simulation.
The same may hold for failing configurations s ∈ S−. If the failure is due to an
error in the discrete part (like a division of a double by zero), a similar error will
appear in the simulation, so a failure in the simulated computation may lead to a
failure in the simulation. But if the failure comes from the real part, a reiteration
may be executed. For example, a simulated division of a REAL by zero will always
be a reiteration configuration, so it leads to an infinite sequence of reiterations,
where none of them will be able get to get past this division operation.

– The reiterations lead to the convergence property of the simulation:

If I is admissible and I I∼ I , then there will be a terminating computation

So =⇒I,P s1 =⇒I,P . . . =⇒I,P sn = (md, mr , (od, or)) ∈ S+

such that there is a (generally infinite) simulating computation

S0
∗−→I,P sn

(1) ∗−→I,P sn
(2) . . .

with sn
S∼ sn

(k) for any k, where the output components od
(k) of sn

(k) are
identical to od, and the or

(k) converge to or.
So the output from the simulation will converge to one of the possible results from
SP(I) by following exactly one terminating computation infinitely often. In con-
sequence, SP is a computable multi-valued function in the sense of [BrHe94].

Please note that in most applications of the iRRAM, we will have discrete (i.e. non-
real) output od only, and the real output or will remain empty. Usually, od will consist
of approximations to real numbers with some finite precision. Here the simulation may
stop as soon as a configuration from S+ is reached, as this discrete output will not be
changed again. In this case, we get finite simulations and we also may use the iRRAM
as a tool for ordinary approximative computations within arbitrary other programs!

4 Basic Multiple Precision Arithmetic

The backend of the iRRAM consists of an implementation of the intervals that are used
to approximate the real numbers. Here multiple precision arithmetic (MP for short)
is used, for which many freely available packages exist. Pioneering work in this area
had been done by R.P. Brent [Bt75,Bt76,Bt78] with his MP package in FORTRAN. An
older overview can be found in the file BIGNUMS.TXT [Rio94] available freely in
the internet. At the moment, one of the most elaborate packages is GMP 3.1.1 (Gnu
Multiple Precision, [Gr00]), using assembler routines at time critical parts.

In its first prototype from August 1996, the iRRAM was based on a small MP pack-
age called LR written by the author. Meanwhile, also GMP and the MPFR library [Zi00]
can be used in different ways. As the interface to the MP backend is very simple, it
would be easy to add further MP packages.
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The routines for multiple precision arithmetic can be divided in two parts:

– A few low level but time critical operations that work on arbitrarily long integers
(gmp_n in case of GMP) or on the arbitrarily long mantissa of fixed point num-
bers (Dyadic_Base in case of LR), essentially these are the 4 basic arithmetic
operations (reduced to these sets) and a shifting operator.

– A higher level of about 20 routines for arbitrary MP numbers (from gmp_f for
GMP or Dyadic for LR): arithmetic operations, comparison, type conversions,
etc. Internally, the low level routines are applied whenever possible.

At compile time, the user can choose between four different variants of the iRRAM:
GMP (using gmp_f and gmp_n), LR (using Dyadic and Dyadic_base), LRGMP
(using Dyadic and gmp_n), and MPFR (using mpfr and gmp_n). This approach
has the advantage that errors in the implementation can be found much easier. In fact,
the use of LRGMP revealed three errors in the GMP 3.0 routines, and the interface to
MPFR was very helpful in debugging MPFR.

gmp_nDyadic_Base

gmp_fDyadic mpfr

MPFRGMPLR    LRGMP

iRRAM

Fig. 2. The iRRAM and its backends.

One quite big conceptual difference between GMP/MPFR and LR is how the still
finite precision is handled (i.e. how rounding errors are created): In GMP and MPFR,
each variable c is allocated with a (changeable) amount sc of memory. After an oper-
ation c = a ◦ b the variable c contains the best approximation to the exact result a ◦ b
fitting into the allocated memory, so the single operations of GMP and MPFR work with
relative precision of results and each operation introduces an error of order c · 2−sc .

The concept of LR is different: After fixing a desired precision p, the operation
c = a ◦ b yields a result c with |c − a ◦ b| ≤ 2p, so the single operations work with
an absolute precision independent from a, b, and ‘◦’. In consequence, the user does not
need to worry about memory allocation and can concentrate on the error propagation.

All the variants of the iRRAM implement a type DYADIC of floating point numbers
with a variable sized mantissa and a 32 bit exponent. On the user level, the differences
are hidden, the concept of precision is as in LR: The desired absolute precision can be
changed dynamically using a procedure setprec(p). Overloading of the arithmetic
operators simplifies the usage allowing e.g. assignments like c=(a+b)/(a-b), where
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each of the involved subexpressions delivers a result with error at most 2p. Of course,
control of the error propagation through the subexpressions must still be done manually.

In order to get access to special optimized functions of the single MP packages, the
interfaces to the packages are slightly different. This has been used for example in order
to get an implementation of the square root sqrt that is much faster than the high level
version shown in section 10: E.g. the interface to the LRGMP backend of the iRRAM
(which can be found in LRGMP_interface.h) contains the lines

#define MP_has_sqrt 1
#define MP_sqrt(z1,z,n) Dyadic_LRSQRT(&(z1),&(z),n)

In REALLIB.cc, where most of the higher level mathematical functions are im-
plemented, there is a corresponding #ifdef MP_has_sqrt switching between the
high level version from section 10 and a faster intrinsic version usingMP_sqrt.

It should be mentioned that the iRRAM uses an own restricted form of memory
management for the multiple precision values: The iRRAM manages a pool of vari-
ables that are already initialized, which significantly reduces the overhead for the very
frequent creation and deletion of objects arising from overloaded operators in C++.

5 Simplified Interval Representation

In the previous chapter we presented a simple interface to multiple precision numbers. A
similar concept with overloaded operators is used for the data type REAL. As explained
in section 3, we only need to use single intervals to represent real numbers. So internally,
each variable x of type REAL is implemented as a multiple precision number d together
with information on the absolute error e ≥ |d− x|, and in any stage of the computation
of the iRRAM, we work with intervals (d− e, d + e) knowing that the intended real x
must be included in the interval.

The error information e could be stored in many different ways and especially in
many different resolutions. We might use {2−n | n ∈ N} as set of possible error
informations, which could be called a ‘precision of n bits’. As an other possibility, we
might choose {z · 2p | z ∈ N, p ∈ Z}, so that we are able to describe errors very precise
in the manner of a true interval arithmetic.

Both extremes have advantages and disadvantages: With the first approach, we
would only need one additional integer to represent e (i.e. 4 byte) but we would lose at
least one bit of information (concerning the mantissa of d) on any operation, demanding
a very high initial precision. The second approach implies storing e as an own multiple
precision number (or storing both values d− e and d + e) allowing a very sharp control
of the error propagation, but the memory consumption is doubled and operations are
significantly slower.

The iRRAM implements an intermediate solution: The error is stored as a value
from Err := {z · 2p | z ∈ N, p ∈ Z with z < 2gb, |p| < 2maxexp}. The values of
gb and maxexp may depend on the CPU and the MP package in use. For usual 32 bit
CPUs we have gb = 30 and maxexp = 29.

So internally, each variable x of type REAL is implemented as a (simplified) inter-
val (d± e), where d is a multiple precision number and e simply consists of two values
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of type long to represent p and z. In consequence, each elementary operation on the
intervals consists of one multiple precision operation (where the complexity increases
with growing precision) and a few simple operations on integers (with fixed complex-
ity), and we have a significant reduction in the growth of errors (compared to n-bit
precision) during single operations by only a small overhead, especially in computing
scalar products of vectors where all components are of similar error.

6 Controlling the Precision

Each single operation c = a ◦ b on REAL variables is transformed to the underlying
intervals: If a ∼ (da ± ea) and b ∼ (db ± eb)), the multiple precision number dc of the
result c ∼ (dc ± ec) is computed from da and db with an absolute precision 2p.

Here p essentially depends on the actual errors ea and eb of a and b: If ea and/or eb
are quite large, it would be a waste of time to compute dc very precisely. On the other
hand, it will not always be advantageous to choose a very high precision, if ea and eb are
very small: Already simple divisions with precise values (like REAL(1)/REAL(3))
would lead to unwanted and very high computational costs. In order to avoid this, p is
not allowed to be smaller than a certain precision bound p already mentioned in section
3. Its value will change during the execution of a program and will be explained later in
more detail.

Please note that we are working with errors of size 2p and not 2−p, so p should be
larger and not smaller than p ! Usually, p and p will be negative.

As an example, we examine the resulting error propagation for the division a/b of
reals: In order to exclude division by zero, suppose |db| > 2 · eb > 0, so |db|/2 < |b|.
Suppose we compute dc with |dc−da/db| ≤ 2p using the underlying multiple precision
package, where p will be specified later.

Now consider ua, ub, lb ∈ Err approximating |da| and |db| as close as possible
with |da| < ua and lb ≤ |db| < ub. These values can be computed from da and db in
constant time. With |db| > 2 · eb we have eb < lb, so we get

|a
b
− dc| ≤ |a

b
− da

db
|+ 2p = | (a− da) · db + da · (db − b)

b · db |+ 2p

≤ ea · |db|+ eb · |da|
(|db| − eb) · |db| + 2p ≤ ea · ub + eb · ua

(lb − eb) · lb + 2p ≤ zc · 2pc + 2p

where appropriate values zc and pc are easily computed using ordinary 32-bit integer
arithmetic. As we only want error bounds, we may assume that pc ≥ p.

Now simply choose p = pc leading to |a/b− dc| ≤ (zc+1) · 2pc =: ec.
Normally, the resulting error ec will be representable within Err. If not, it is usually

sufficient to slightly increase ec. Sometimes, ec might be too large to have an upper
bound in Err. In this case, we emit an ‘overflow warning’ and do a reiteration, that will
be explained in detail in the next section.
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7 Iterating a Computation

Essentially, all computations are done with approximations to the real numbers and each
single operation is executed with finite precision (influenced by the precision bound p).

Due to the accumulation of errors during a longer computation, it may happen that
the error of an approximation gets too big to continue the computation (e.g. when try-
ing to compare two numbers represented by two overlapping intervals). This is one of
the points where the central concept of the iRRAM (taken from [BrHe95]) is used:
The whole computation is repeated with a significantly better (i.e. smaller) precision
bound p! So instead of a single and fixed precision bound we have a sequence p0 >>
p1 >> p2 . . ., where a recomputation with pi+1 as precision bound instead of pi will
usually lead to better approximations.

The choice of these precision bounds has no influence of the correctness of the
iRRAM simulation, as long as they get arbitrarily small. On the other hand, the time
complexity may be quite different.

It is well known that the asymptotic complexity of sequences of iterated computa-
tions is of the same order as the complexity of the last iteration, if we have pi = p0−f i

for a fixed (e.g. rational) f > 1 and if all used operations and functions have a well be-
haved (‘regular’, see e.g. [Mu93]) complexity. Applications of such regular or ‘smooth’
complexity bounds have already been studied e.g. in [Bt76,FiSt74,CoAa89]

So in theory, the choice of p0 and f is not essential. Obviously, the starting precision
as well as the increment in the iterated computations are critical points in practice. If
we start with values for p0 and f that are too large, we lose computation time because
we are too precise. On the other hand, small values lead to frequent reiterations.

The iRRAM uses pi = p0 + g · fi−1
f−1 , where p0 = g = −50 and f = 1.25. This

leads to the following precisions bounds for the first iterations:

p0 p1 p2 p3 . . . p10 p15 p20 p25 . . .
p0 = −50 p0 + g = −100 −162 −240 . . . −1703 −5502 −17096 −52477 . . .

p0, g, and f are not fixed at compile time, but can be changed at the start of any pro-
gram to optimize its time complexity. The initial value p0 = −50 was chosen because
the IEEE double precision floating point numbers have a mantissa of about 50 bits.

An important example for iterations is the division of reals: In the previous section,
we used the assumption |db| > 2 ·eb > 0 to exclude a division by zero. If this inequality
does not hold, we may either have attempted a true division by zero or (usually) the
error eb in the approximation db is too large to exclude such a division. So this is a
point where a reiteration with improved initial precision should be initiated.

This also implies that a division by zero initiates an infinite loop of iterations in-
stead of an exception as in usual arithmetic. As division can not be extended to a total
continuous function, this effect is unavoidable.

The same holds with the tests on the real numbers: If we compare two numbers x
and y, and the corresponding intervals have a nonempty intersection, we reiterate the
computation in the hope that we will get smaller intervals with empty intersection. So
comparing numbers leads to an infinite loop if they are identical, which is a well-known
property in TTE. On the other hand, if applied to different arguments, comparing will
eventually lead to the correct result, maybe on the cost of a high precision.
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The current version of the iRRAM implements the reiterations using a longjmp,
i.e. an immediate return to an outer level of control. If the iRRAM is called in the
default way as iRRAM_exec(compute), this jump (usually, but see the chapter on
limits) leaves the procedurecompute and returns toiRRAM_exec. Here the precision
bound is incremented as above, then compute is restarted from the beginning. Coming
versions of the iRRAM might use the exception handling mechanisms of C++ instead
of longjmp.

8 Input and Output

The iterative character of the computations described above poses problems for the
interactive usage of the iRRAM: In each iteration each input from stdin and each
output to stdout is repeated. Although this can be used to identify the iterations,
any illusion of working with entire real numbers is destroyed. So it is necessary to use
special IO-functions to realize the IO-behavior described in section 3.

Accordingly, the user should use rscanf for reading one input and rprintf
for writing (a variable number of ‘discrete’) outputs, instead. These functions are built
similar to the C-style I/O-functions scanf and printf and are able to use the usual
format specifiers from C resp. C++.

In addition, for the output of real numbers, there is a function rwrite(x,p,w),
which prints a normalized decimal approximation to a real number with an error of at
most 2p and with a width of max(9,w) characters. If the real number is smaller than 2p,
the output consists simply of a single ‘0’ padded with blanks.

As a variant, there exists rwrite(x,w). Here the output ‘0’ implies x ≤ 10−w,
in any other case the output consists of a normalized decimal approximation to x with w
characters, where only the last shown decimal might differ by 1 from the exact decimal
value of x.

To print these precise results, the iRRAM may need reiterations. If this should be
avoided, the function rshow(x,w) can be used to show x in a field of at most w
characters (padded with blanks, if necessary). Again, the shown result is as correct as
possible, but may have less then w significant digits. In addition, denormalized output
in the form e.g. ‘.*E-0003’ just indicates that the value of x is below 10−3. So although
rshow does never lead to a reiteration, the result might not be very helpful in case of a
denormalized output,.

The implementation of rscanf simply uses buffered input: the input from the user
is copied to a finite buffer (currently of fixed size 100 KB). On each reiteration a pointer
in the buffer is reset to the beginning of the buffer, then inputs are taken from the buffer
moving this pointer. Only when the pointer reaches the end of the buffered input, new
characters are appended to the buffer by reading from the standard input.

rprintf, rshow and rwrite simply use a counter for the number of outputs
form previous iterations to determine whether a call should actually lead to new output.
This counter can be considered as a part of the multi-value cache, as its value must
survive the reiterations.

Input and output of reals (i.e. of infinite objects, not just approximations like in
rwrite(x,w)) are not implemented yet. As already said at the end of section 3,
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this implies that our programs may stop as soon as they exit from being called via
iRRAM_exec. Output of real numbers could of course be easily implemented by open-
ing an own output stream for each written real value. In reiterations we would simply
append new intervals to the corresponding streams. But as these streams are necessarily
of infinite length, the simulation must be continued forever with improved precision
bounds after reaching terminating configurations. This could be useful on machines
with more than one processor or on computer clusters, where we might pipe the output
from one iRRAM into another iRRAM in order to achieve parallelization. Until now, it
has simply not been necessary to implement these input or output functions.

9 Multi-valued Functions

In traditional arithmetic for single or double precision numbers, there are many func-
tions that cannot be adapted directly to the iRRAM: Essentially, the semantics of the
iRRAM must be continuous, whereas these functions are not continuous. Sometimes, it
is possible to implement similar functions by restricting the domains, like division with
the exception of zero or the tests, where identical arguments lead to infinite loops.

Another possibility has been used in [BrHe94,BrHe95,Br96,Br99]: operations with
uncertainty that usually give the correct result but also are allowed to give a ‘slightly’
wrong answer near points where the operation is not continuous in its arguments. So
here an operation might deliver one of several different results for the same arguments.
Instead of the usual single-valued functions we have to deal with relations R ⊆ R2 or
set-valued functions F : R → 2R. (Both notions are equivalent, simply use F (x) =
{y | (x, y) ∈ R}.) The underlying concept of a ‘computable relation’ had already been
briefly defined in [We87].

Computing such a set-valued function F for an argument x means that the result of
the computation of F on x must be one of the values in the set F (x). An alternative
approach (where a computation must compute all values of F (x)) has been intensively
discussed in [Br99]. Although that approach has advantages from the theoretical side,
any implementation would surely be quite ineffective.

Set-valued functions have been incorporated into the iRRAM since its very first
prototype [Mu96]: In the iRRAM, the set-valued F appears like an ordinary (but multi-
valued) function f : R;; R, where the value f(x) must be one of the elements of F (x).
The actual choice of the value is hidden and appears to be nondeterministic: The same
real number x may lead to different results f(x) at different points of a computation.

In the following, we list most of the intrinsic multi-valued functions that are imple-
mented in the iRRAM. Of course, the user can easily construct new functions of this
kind, either through the usual control structures of C++ or using a special limit operator
that will be explained in the next chapter.

long size (const REAL& x)
size(x) is one of the integer values k = blog2 |x|c+ 1 or k = dlog2 |x|e+ 1.
So the value of size(x) is not exactly fixed, but it is sure that |x| lies in the open
interval from 2k−2 to 2k.
The iRRAM is allowed to return any of the possible values. In consequent calls
with the same real value x, we might even get different values for size(x), even
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Fig. 3. The multi-valued function size(x).

a test like size(x)==size(x) might return false. From the view of the pro-
grammer, this is a kind of nondeterminism in the program.
On the simulating level, where x is represented as an interval (d ± e), the choice
of k is deterministic: We simply compute k = min{n ∈ Z | 2n > |d| + e},
which immediately implies |x| ≤ |d| + e < 2k. If additionally 4e ≤ |d|, then
|x| ≥ |d| − e > (|d| + e)/2 > 2k−2, so in this case we return k as the value of
size(x).
In case of 4e > |d|, the precision of the interval might be insufficient, so we invoke
a reiteration. This implies that size(0) leads to an infinite loop.
Because of the limited exponent of the MP numbers, it is sufficient to use long as
result type for size.

bool bound (const REAL& x,const long k)
bound(x, k) = true implies |x| < 2k, while bound(x, k) = false implies |x| >
2k−2. So in the interval 2k−2 ≤ |x| ≤ 2k, both truth values might be returned.
Nevertheless, bound(x,k) can be used as a test on the size of |x|.
If it is necessary to check that a number is small enough (e.g. given as the error of
an approximating algorithm), bound(x,k) should be preferred to size(x)<k
as there is no singularity for x = 0.

bool positive (const REAL& x, const long k)
positive(x, k) = true implies |x| > −2k , while positive(x, k) = false
implies |x| < 2k. In the interval (−2k, 2k), the result may be ‘wrong’.
In contrast to the comparison operator ‘x < 0’, the function positive has the
advantage to be total, so it can be used even if it is unknown whether x = 0.

DYADIC approx (const REAL& x, const long p)
approx(x,k) results in a DYADIC d such that |x− d| ≤ 2−k. The function can
be used to enhance the set of DYADIC functions: If REAL f(const REAL& x)
computes f : R→ R, then for any DYADIC d, we can get a DYADIC approxima-
tion to f(d) with an error of at most 2p simply with approx(f(d),p) (using an
implicit conversion of d to type REAL).

Calling these function may imply reiterations, but (with exception of size(0)) they
will eventually return a value, when the underlying intervals become small enough.
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The functions can be used e.g. in the construction of loops: For any p and x ≥ 0,
the following (multi-valued!) function returns a real y such that |y −√x| ≤ 2p using
Heron’s iteration algorithm for the square root.

REAL sqrt_approx(long p,REAL x)
{ REAL a=1,b=x;
do { a=(a+b)/2; b=x/a; } while ( !bound(a-b,prec) );
return a; }

In our implementation of the iRRAM, we must be careful as soon as intrinsic multi-
valued functions are called: In different iterations, we get different intervals, so that
the (deterministic) computation of the functions might lead to different results. For
example, when computing size(x), an early iteration might deliver dlog2 |x|e + 1
as result, based on some interval (d ± e). A later iteration might get another interval
(d′ ± e′) with smaller |d′| + e′ < |d|+ e, so at the same stage of the computation we
now would get blog2 |x|c+ 1. Although both results are consistent with the definition
of size, we might have trouble with the synchronization of the flow control in the
iterations, as can easily be imagined from the following few lines of source code:

if ( size(x) < p ) { rprintf("Input A:"); rscanf(a); }
else { rprintf("Input B:"); rscanf(b); }

If the results of multi-valued functions would change between iterations, a com-
pletely different behavior in different iterations could occur. The iRRAM solves this
problem using its multi-value cache: It simply recalls known values of multi-valued
functions from the cache before computing any new values (that are immediately ap-
pended to the cached values). In consequence, any flow of information from the contin-
uous world of reals to the discrete world stays unchanged through the reiterations. This
again implies that the flow of control in a computation will be repeated in reiterations
up to the point where the previous iteration ended. As a side effect, we only need to
maintain the sequence of results from multi-valued functions and a pointer to the last
recalled value, and do not need any further information on the context of the operations
to reproduce their results.

The current implementation simply defines an array of 100000 longs to store the
results of size or of tests and an additional array of the same size to store the results of
approximations using approx. In consequence, these operations should be applied as
rarely as possible! In the following chapters, we discuss environments where caching
the results is not necessary (or even causes errors). There the operations can be used
freely without permanently occupying memory.

10 Computation of Limits

A unique feature of the iRRAM are several operators for the computation of limits
of certain families of real numbers or real-valued functions. On one hand, this ability
implies that the iRRAM e.g. is not able to check whether two given real numbers are
equal (e.g. if one of them is such a limit). On the other hand, the limits operators are
very powerful: Almost any important object in analysis is defined as some kind of a
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limit, e.g. computing the square root can be done by computing the limit of the function
sqrt_approx from the previous chapter.

This capability of computing limits extends the computational power of the iRRAM
in a way that the scope of algebraic or symbolic computations is left, also the model of
Blum, Shub, and Smale[BSS89] is no longer applicable. The correct theoretical model
is Type 2 Theory of Effectivity (TTE) [Ko91,We95,We97], although this model works
essentially on a Turing machine level. Example definitions of computations on topo-
logical structures like R on an abstract level (i.e. without using representations) can
be found in [TZ99] (but without multi-valued functions and without an internal limit
operator) or [Br99] (but with a slightly different approach to multi-valued functions).

Currently, the iRRAM implements three types operators for limits:

– for families {ap | p ∈ Z} of functions ap : M1 �M2 converging uniformly and
with known speed to a single-valued limit f with f(x) = lim

p→−∞ap(x),

– for families {ap | p ∈ Z} of functions similar to above, but where we have addi-
tional information on the limit f (essentially f must fulfill a Lipschitz condition),

– for families {ap | p ∈ Z} of functions converging to a multi-valued limit f(x).

Here M1 and M2 are the metric spaces of real numbers (Euclidean metric), com-
plex numbers (using d(a+ib, c+id) = max{|a−c|, |b−d|} ), or real matrices (using
d((aij), (bij)) = max{|aij−bij|} ). The iRRAM is already prepared to deal with other
metric spaces, although until now it was not necessary to implement such a case.

The limit operators need {ap | p ∈ Z} as one of their parameters, usually as a
function a of p ∈ Z and x ∈M1. This implies that there must be a program computing
a, so the operators will only be applied to computable parameters, i.e. to families of
(multi-valued) continuous functions.

10.1 Simple Limits

For limits of the first type we need a family {ap} e.g. of functions ap : R;; R converg-
ing to a function f : R �R in the sense that |ap(x)− f(x)| ≤ 2p for any x ∈ dom(f),
p ∈ Z (and any possible value of the multi-valued ap(x) ). The corresponding limit
operator has the signature

REAL limit (REAL a(long, const REAL&), const REAL& x);

It should be emphasized that the functions ap will usually be multi-valued, but the
limit f must be single-valued. In consequence, f will be a (partial) continuous function.

An example for ap(x) is sqrt_approx(p,x) already mentioned in the previous
chapter; here the limit f is the square root defined on R+

0 . In the iRRAM, we may now
define the square root function by

REAL sqrt(const REAL& x) {return limit(sqrt_approx,x);}

This function sqrt can be used like any of the built-in elementary functions!
The idea of the implementation is quite simple: If we want to compute such a limit

limp→−∞ ap(x) in an iteration, we simply compute and return ap(x) for some p, such
that p tends to −∞ with improving precision bounds pi during the iterations.
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Two problems must be faced: (1) the second argument x to limit is only known
with errors, and (2) the flow of control will be different in different iterations!

Problem (1): The argument x in limit(a,x) is not known exactly during any
stage of the computation. So we are only able to compute the values ap(x) with an error
at least corresponding to the modulus of continuity of the function ap using the given
approximation to x. In practice, the best achievable result will usually be much worse,
as the computation of ap(x) need not to be optimal with respect to error propagation.
To solve this problem, the iRRAM tries to compute ap(x) for several values p that are
chosen the same way as the precision bounds: In the i-th iteration of the iRRAM using
precision bound pi, we consider the values ap(x) for p = p0, p1, . . . , pi. Then we take
that result giving the smallest error (which is the sum of the error from the computation
of ap(x) and the bound 2p for the difference between ap(x) and the limit f(x)).

So here we face the situation that a failure of a computation due to insufficient preci-
sion should not lead to a recomputation of the whole program. Instead of this, we have
local iterations of the computations, i.e. the longjmp from within the computation
of the limit must no longer lead to iRRAM_exec, but to the procedure implementing
limit. In addition,limit has a longjmp to an outer level, if ap(x) can not be com-
puted for any of the tested values of p due to the error in x. After that outer longjmp,
the program will return to the computation of the limit with a better precision bound and
hence a (usually) better approximation for the argument x. This ensures that eventually
there will be successful tries of ap(x) even for arbitrarily small p. In consequence, the
error of the approximations for the limit will get arbitrarily small in later iterations. This
behavior of the limit operator (and of all the other intrinsic functions) is the origin for
the convergence property mentioned in section 3.

Problem (2): For different iterations of the iRRAM, we now can not avoid different
flows of control: The iRRAM has to compute ap for several different values p depending
on the precision bounds pi. But due to the construction, the different control flows are
restricted to the computation of the limit, which is continuous in its argument x. So it
is sufficient for the iRRAM to stop using its multi-value cache as long as it is in the
process of computing a limit.

In consequence, the local changes of the flow of control will have no influence on
the outer flow of control unless there are side effects. So neither input, output nor any
other side effects (e.g. assignments to global variables) are allowed in the algorithm
computing ap(x). Unfortunately, this can not be expressed within the syntax of C++.

Computing the limit in the way described above has an important disadvantage: The
precision bounds pj were chosen sparse in order to get an optimal behavior of the time
complexity of the whole computation. But now this implies that the error of the result
f(x) might be very big compared to the error of the argument x: Sometimes it will not
be possible to compute api(x) successfully using precision bound pi, regardless of the
actual value of pi, simply because in that iteration x already has an error of this size. So
it might be that, in any iteration, the best achievable result of the limit operator is only
api−1(x) implying a very big loss of precision!

For example, numerical iterations xi+1 = Φ(xi), where Φ is implemented using
this limit operator, might only be usable for small values of i, as we will need at least
iteration pi of the iRRAM to get xi with an error of p0.
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Some heuristic improvements in the implementation should be mentioned: If in
the iteration with precision bound pi a limit operator is called, the values ap(x) are
computed in the modified order p = pi, p0, p1, . . . , pi−1 and with a precision bound
that is changed to pi+1 during the computation of the limit. This change in the precision
bound increases the probability that api can be computed successfully. If this is the case
and if the resulting interval for api is not larger than 2pi−1 , then this interval is taken as
the result of the limit in this iteration (of course increased by 2pi). As a consequence,
quite often it is not necessary to test more than one value.

10.2 Lipschitz Limits

If we have more information on the limit, we can do much better than above. Very
often, we know that a (maybe lengthy) computation leads to a quite smooth result. One
example is the trigonometric function sine, where we know that | sin(x) − sin(y)| ≤
|x−y|. In this case, we know that it would be possible to approximate sin(x) by sin(d)
with an error of only e, if x is known to be in the interval (d ± e). But as a longer
computation is necessary to compute sine, any interval arithmetic starting with (d± e)
must yield an interval (d′ ± e′) with a much larger error e′ >> e. So the central idea
is to use interval arithmetic not for sin(d ± e), but for sin(d ± ẽ) for a very small ẽ
yielding an interval (d′′ ± e′′) with sin(d) ∈ (d′′ ± e′′) and a still small e′′, and then to
use (d′′ ± (e + e′′)) as a valid interval approximation for sin(x).

We may generalize this idea as follows: If x is known as an interval (d ± e) when
computing the limit and if we know an upper bound 2` of a Lipschitz constant for the
limit f in the interval (d± e), we may simply choose p ≥ pi such that 2p has about the
same size as 2` · e, and compute ap(d). Then

|ap(d)− f(x)| ≤ |ap(d)− f(d)|+ |f(d)− f(x)| ≤ 2p + 2` · e

i.e. ap(d) differs from the limit f(x) by at most 2p+2` ·e. A similar concept had already
been introduced in [Mu88] as a ‘locally Lipschitz continuous function’.

Now the multiple precision number d can be treated as an exact real value, so we are
able to compute ap(d) with an arbitrary small error: To do this, the iRRAM simply uses
local iterations for the computation of ap(d) with precision bounds pi+1, pi+2 . . . until
one of these iterations gives a result (d′′ ± e′′) with an error e′′ of at most 2p. Together
we get (d′′± (e′′+ 2p+ 2` · e)) as a valid approximation for f(x), so that the resulting
error is as close as possible to the minimal possible error 2` · e.

These iterations work similar to above: The longjmp within the computation of
the ap(d) is redirected temporarily to the procedure limit_lip implementing the
Lipschitz limit. However, there are two big differences to the implementation of the
simple limit operator: For the simple limit we had a fixed precision bound within the
different local iterations, but the index p of ap(x) was changed from iteration to itera-
tion; now the Lipschitz limit is computed with a fixed index p of ap(d), but the precision
bound changes. This also implies that the application of the Lipschitz limit will never
lead to a reiteration of the whole computation.

Again, the local iterations do not need a multi-value cache as their result leads to
a continuous function. As the implementation of local iterations starts with precision
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bound pi+1 and only needs to get a result with error of size 2pi , it will happen very
often that already the first iteration is successful.

The corresponding limit operator has the following signature, where the variable
lip corresponds to the logarithm ` of the Lipschitz constant 2` from above:

REAL limit_lip (REAL a(long, const REAL&),
long lip, const REAL& x);

This operator has important advantages compared with the simple limit operator in-
troduced before: (1) the computation of the limit is faster due to less inner iterations, (2)
the growth of the errors is reduced to the minimal possible amount and in consequence
(3) the overall computation time is also reduced very often, because smaller errors usu-
ally lead to fewer outer iterations. Most of the functions in the iRRAM use this concept,
e.g. exp, sin and cos.

Here we will show how to implement the maximum function using the Lipschitz
limit operator. To compute the maximum of two numbers using floating point arith-
metic, usually a program similar to the following is used:

if ( x>y ) max=x; else max=y;

Obviously, this is not a suitable solution for the iRRAM, as x=y would lead to an
infinite loop. So the right way is to interpret the maximum as a limit:

REAL max_approx (long k, const REAL& x, const REAL& y)
{ if ( positive(x-y,k) ) return x; else return y; };

REAL maximum (const REAL& x, const REAL& y)
{ return limit_lip(max_approx,0,x,y); };

As a not yet implemented improvement an additional version of the Lipschitz limit
operator is planned, where the Lipschitz constant can be given more precise, e.g. as a
real number L or as a value `1 · 2`2 from Err instead of a simple integer power 2`.

10.3 Multi-valued Limits

In the previous examples, the results of intrinsic multi-valued functions were from dis-
crete sets (boolean, integer, finite strings etc.) and it was possible to compute these
results in finite time. Especially, it was always possible to store the actual outcome of
an intrinsic multi-valued function in the cache in order to reuse it in a subsequent it-
eration of the iRRAM. This is no longer possible, if we are considering multi-valued
functions with results e.g. from the set of real numbers.

Of course, simple functions of this kind can be constructed using the discrete multi-
valued tests, e.g. modulo(x, y) := x−ky where k ∈ Z with (k−1)y ≤ x ≤ (k+1)y.
This function computes one of the possible values z, |z| ≤ y 6= 0, such that x−z

y
is an

integer. It is used to scale the arguments of periodic trigonometric functions.

REAL modulo (const REAL& x, const REAL& y)
{ return x-round(x/y)*y; };
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Here round(x) is an intrinsic integer-valued (and multi-valued) function with
| x− round(x) |< 1. When applying the modulo function, the iRRAM would au-
tomatically store the result of round, which is sufficient to reconstruct the value of
modulo in possible later reiterations.

A more elaborate example concerns the square root of complex numbers z: The
square root z is one of the two numbers x or −x, where x2 = z, which immediately
leads to multi-valuedness. If we restrict ourself to z ∈ R+

0 , it is easy to choose one of the
values: usually the positive root is taken; but for arbitrary z ∈ C, a continuous choice
of one of the roots is not possible.

If we restrict ourself to z 6= 0, a multi-valued implementation of the complex square
root can be implemented using the simple multi-valued tests: If z = a + ib 6= 0, at least
one of the real numbers a and b must also be different from 0. Then one of the complex
roots can be computed using the ordinary real square root, but the computation may
depend on the non-zero value that is determined in a multi-valued way. The only small
difficulty is to find this non-zero value without having a test for equality of real numbers:

COMPLEX csqrt(const COMPLEX& z)
{ long choice;
REAL r= abs (z), a= real(z), b= imag(z),

c= sqrt( (r+a)/2 ), d= sqrt( (r-a)/2 );

if ( !bound( b, size(r)-3) )
{ if ( b > 0 ) choice=1; else choice=2; }

else { if ( a > 0 ) choice=3; else choice=4; }

switch ( choice )
{ case 1: return COMPLEX ( c , d );

case 2: return COMPLEX ( c , -d );
case 3: return COMPLEX ( -c , -b/2/c );
case 4: return COMPLEX ( b/2/d , d ); }

}

Each value of the variable choice corresponds to one of the following four open
half planes in C: {z | imag(z) > 0}, {z | imag(z) < 0}, {z | real(z) > 0}, and
{z | real(z) < 0}. So for any z 6= 0, the initial tests in the program will be left after
setting an appropriate value for choice.

It can easily be verified that the returned value is indeed one of the two roots of z.
Figure 4 shows results of this function for the square roots on circles with radius 1, 2,
and 3. The results for b < 0 and a < 0 are adjacent, so only three of the four values
for choice can be distinguished. Changing the result for a > 0 to the more ‘natural’
COMPLEX (c,b/2/c) would have the effect that all results are adjacent (leading to
a less interesting figure).

This solution for the square root is not fully satisfying: We use size to find a lower
bound for the nonzero value from a or b. So for z = 0, the result is not defined and
an infinite loop occurs, and for arguments near to 0, the complexity is large even for a
computation with low precision .
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Fig. 4. Values of the complex square root in the iRRAM, using csqrt.

To overcome both problems, the complex square root can be seen as a limit: For
arguments z with |z| > ε, let f(ε, z) be one of the roots of z, otherwise let f(ε, z) = 0
as an approximation. Then simply let ε→ 0.

When trying to implement this within the iRRAM, we must face the problem that
for different ε or for different approximations of z, the values f(ε, z) might switch
between the two roots of z. But when computing the limit, we may not switch between
the roots, otherwise in different iterations changed flows of control could occur. So the
actual choice of the root must be passed from iteration to iteration, which reminds of
ordinary iterative numerical procedures.

To implement this, the argument list for the operator computing multi-valued limits
must be extended:

COMPLEX limit_mv
( COMPLEX f(long p, long* choice, const COMPLEX& z),

const COMPLEX& z );

The parameter choice can be interpreted as follows: It selects a subset of the
possible values of the limit that may be computed by f. The (initial) value of 0 has
the interpretation that all the possible values are still allowed. If f changes the value of
choice, then this must correspond to a reduction of the set of allowed values. At the
end of the computation of f, the result of f must be an approximation (with an error of
at most 2p) to all of the values that still correspond to choice.

To compute the limit, we proceed almost as in the case of the usual limit operator,
i.e. different values of p are checked whether the computation of f(p,choice,z)
leads to an approximation of the limit. The very first try starts with choice=0, i.e. f
may approximate any of the possible values. For the other tests (in the same or later
iterations), the value of choice is passed from one computation of f to the next using
the multi-value cache. So a result of a computation of f(p,choice,z) at some stage
in the iRRAM must be a refinement of the previous computations at this stage.
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As said above, this multi-valued limit operator corresponds to iterative numerical
procedures, but all necessary information on earlier iterations must be contained in
choice. Although this simple version of the operator should be sufficient in theory
(where choice could carry arbitrary denumerable information), it might be too weak
for many examples in practice (where choice only carries 32 bits). On the other hand,
only a few essential points of the iterations might be important, so choosing type long
for choice can still be far reaching. However, it is planned to implement generic
iteration operators as a generalization of this concept.

In the case of the complex square root, the value of choice will need at most one
change: If z is so big compared to the intended precision that 0 is no longer a valid
approximation to the roots of z, choice is changed to indicate in which of the half
planes z is located. This is sufficient to choose one of the roots of z, and this choice will
not be changed again. A corresponding implementation being able to compute a square
root for any complex z including 0 looks as follows:

COMPLEX csqrt1(long p, long* choice, const COMPLEX& z)
{ REAL r= abs (z), a= real(z), b= imag(z),

c= sqrt( (r+a)/2 ), d= sqrt( (r-a)/2 );

if ( *choice == 0 && !bound(r, 2*p) )
if ( ! bound(b,p-2) )

{ if ( b > 0 ) *choice=1; else *choice=2; }
else { if ( a > 0 ) *choice=3; else *choice=4; }

switch ( *choice )
{ case 0: return COMPLEX ( 0 , 0 );

case 1: return COMPLEX ( c , d );
case 2: return COMPLEX ( c , -d );
case 3: return COMPLEX ( c , b/2/c );
case 4: return COMPLEX ( b/2/d , d ); }

}

COMPLEX sqrt(const COMPLEX& z) { return limit_mv(csqrt1,z); }

11 Optimizing: Hints and Assertions

In the following we briefly discuss three methods to optimize the efficiency of programs
for the iRRAM:

(1) If a part of a numerical algorithm is known to have a modulus of continuity
significantly larger than in the rest of the program, e.g. if we try to compute a function
with a large first derivative, it may improve the overall complexity significantly if we
temporarily use a higher precision which may lead to less reiterations. In this case, the
sensitive part of the program can be marked with a pair of functions stiff_begin()
and stiff_end(), where the precision bound is improved by the first function and
reset by the second function.

This technique had initially been used e.g. in the AGM methods for π and log(x).
In these special cases it turned out to be actually much better to temporarily switch the
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influence of the precision bound on the actual computations from absolute to relative
precision.

The use of these functions is simply a hint to the iRRAM how to proceed most
efficiently. Using these functions might change the flow of control because of the pos-
sibility of changing results from multi-valued functions. However, their use can not
influence the correctness of a program, only its time complexity.

The following methods behave different, their use is not only a hint but an assertion
that a part of a program has certain special properties (that can not be verified by the
iRRAM). The computation will be optimized correspondingly.

(2) The multi-value cache is an expensive simulation tool, as each cached result
needs to be stored until the end of the program. This is why the use of multi-valued
intrinsics should be reduced to the minimum.

On the other hand, there are many computations leading to a single-valued contin-
uous results although they use multi-valued decisions. As an example, consider sin(x)
again. It is well known that using a Taylor series in the computation of sin(x) for large x
is a big waste of time. It is better and quite simple to use the periodicity of this trigono-
metric function for a range reduction and to compute a y of size π/4 or less such that
either sin(x) = ± sin(y) or sin(x) = ± cos(y). To do this, we have to apply multi-
valued tests, as we have to distinguish between 4 distinct cases that later fit together
to a result that is single-valued and continuous in x. In consequence, it would not be
necessary to cache these tests.

If such a part of a program is marked with the functions continuous_begin()
and continuous_end(), the caching is temporarily stopped. The programmer must
take care himself that it is impossible to enter or leave the section without calling the
corresponding function (except maybe for reiterations), as this could easily destroy the
consistency of the multi-value cache.

Another important application is found in linear algebra: If we invert a nonsingular
matrix M , the inverse M−1 is determined uniquely and the mapping from M to M−1

is continuous. Here the classical algorithms based on Gaussian elimination internally
rearrange the matrices due to the size of pivot elements which requires multi-valued
tests that need not to be cached.

(3) If we know that a sequence of operations has a significantly better modulus of
continuity than we achieve through the normal interval arithmetic, we may be able to
reduce the growth of the error bounds using a technique similar to the Lipschitz limit
operator: Instead of calling a function f with known Lipschitz constant 2l directly, we
may use the form lipschitz(f, l, x). Here the precision bound is increased during
the computation, and instead of f(x) we compute f(d) for the center d of the interval
(d ± e) representing x. The resulting interval is corrected according to the Lipschitz
constant and the size e of the interval. In consequence, the error propagation between x
and f(x) is almost reduced to the minimum.

12 Overview: Classes and Functions

In the following we give a brief overview of the classes, operators, and functions, that
are implemented in the iRRAM. Unless explicitly stated, these functions are intrinsic;
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their implementations may use private properties of the class REAL and have access to
the underlying intervals that are hidden to the ordinary user. We will not repeat the limit
operators here, as they have been explained previously in detail.

Basic classes
The class DYADIC is essentially a wrapper for the underlying multiple precision
arithmetic. The most important class REAL is derived from a basic (mostly hidden)
class METRIC_OBJECT that provides a rudimentary garbage collection necessary
for the reiterations and that is the basic class for the limit operators. Further derived
classes are COMPLEX, REALMATRIX, SPARSEREALMATRIX, where the latter
aims at very large but mostly empty matrices. All those classes have a destructor ~,
a default constructor, and a copy constructor = for assignments.

Real arithmetic
REALs can be constructed fromint, long, char*, double, DYADIC, and from
REAL itself. In consequence, there are corresponding implicit type conversions, e.g.
x=REAL("3.1415") can be written as x="3.1415".
The overloaded arithmetic operators ‘x+y’, ‘x-y’, ‘-y’, ‘x*y’, and ‘x/y’ can be
used in a naive way, but a division by REAL(0) leads to an infinite loop.
The usual binary tests ‘x<y’, ‘x<=y’,‘x>y’, and ‘x>=y’ exist, but there is no test
on equality or inequality of reals. These tests will lead to infinite loops if x and y
are equal. So ‘x<y’ and ‘x<=y’ really are the same function.
The multi-valued functions ‘size(x)’, ‘positive(x,p)’, ‘bound(x,p)’,
‘approx(x,p)’, and ‘round(x)’ have been explained previously. As round
delivers a result of type long (which is very restricted in size), there is a corre-
sponding function round2(x) with a result of type REAL.
Quite often, multiplication with a (positive or negative) power of 2 is necessary,
which is implemented as an intrinsic function scale(x,k).
Finally there is a library of mathematical functions that are not intrinsic (i.e. they
are defined essentially ‘high level’ but usually with use of the limit operators).
These function are still very efficient, as the necessary overhead is small. There
are algebraic functions likemodulo(x,y), maximum(x,y),minimum(x,y),
sqrt(x), root(x,n), power(x,n), and abs(x); transcendentals include
exp(x), log(x), and there is a full set of trigonometric functions and their in-
verses, from sin(x) to acosech(x). In addition, the special numbers pi()=
π = 3.1415..., ln2()= log(2) = 0.6931... and euler()= e = 2.1718... are
defined (necessarily as functions).

Matrix arithmetic
The classes REALMATRIX and SPARSEREALMATRIX deal with matrices of real
components. As they are derived from the class METRIC_OBJECT, limit opera-
tors can be applied. The corresponding algorithms are usually not intrinsic, most of
them are written as applications of the type REAL. There is a variety of construc-
tors, like (SPARSE)REALMATRIX(r,c) for a (sparse) matrix of r rows and c
columns, or like (SPARSE)REALMATRIX(m) to duplicate a matrix m. To access
matrix elements, the parentheses () have been overloaded, allowing assignments
like m(1,2)="3.1414".
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Basic matrix arithmetic ‘m1+m2’, ‘m1-m2’, ‘m1*m2’, ‘m1/m2’ is implemented,
where the latter computes a solution of the linear system M2 ·X = M1 by Gaus-
sian elimination (if M2 is not singular). Multiplication m*x and division m/x by
scalar values x are defined. In addition,eye(n), zeroes(r,c) or ones(r,c)
deliver the unit matrix, or a matrices filled with zeroes or ones.
The matrix exponential exp(m) :=

∑
mk/k! is an example for the implementa-

tion of a matrix transcendental as a limit.
Complex arithmetic

COMPLEX numbers are a further example for the possibility of user-defined data
types. Only a few functions have been implemented yet: basic arithmetic, abs(z),
real(z), imag(z), as well as the complex square root that has been the central
example for the multi-valued limits in section 10.

Input and Output
The special role of I/O and the functionsrscanf,rprintf, rshow and rwrite
have been discussed in section 8. Additionally, there is x.check() printing ap-
proximations to x without respect to the iterations. It can be used for debugging.

Special Functions and Operators
The special functions continuous_begin(), continuous_end() (modi-
fying the caching strategy), as well as stiff_begin(), stiff_end(), and
the operator lipschitz(f,l,x) (modifying the error propagation) have been
discussed in the section 11.

13 Extending MP Packages

Although the iRRAM implements exact arithmetic implying that programs should run
forever, it also can be used as an extensible library of functions with variable precision:
If the programmer defines an own version of main, he is able to call the iRRAM via
iRRAM_exec(compute) several times within his program, even with several differ-
ent functions instead of compute().

A technical problem lies within the parameters: As the argument of iRRAM_exec
is of type void(), compute may neither have arguments nor return a result. So the
only possibility to pass data between main and compute is to use global variables,
usually of type DYADIC. Using this, we are able to define new functions extending the
multiple precision backend. For example, the iRRAM sources contain some extensions
to GMP, where e.g. the cosine (still missing in GMP!) is implemented as follows:

DYADIC glob_arg,glob_result; long glob_precision;

void compute_cos()
{ glob_result=approx(cos(REAL(glob_arg)),glob_precision); }

DYADIC cos(DYADIC x, long p)
{ glob_arg=x; glob_precision=p;
iRRAM_exec(compute_cos); return glob_result; }

Here we use three global variables: for the argument, the result and the precision of
the computation. Please remember: we are implementing a finite precision version of
cosine using our exact real version, so we have to specify the precision of the result!
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Current multiple precision packages like [Zi00] intend to smoothly extend the hard-
ware floating point arithmetic and still try to follow the principles of IEEE standards
for floating point arithmetic. This implies e.g. that faults like non-monotonic behavior
of the implementation of monotonic functions must be avoided. One similar aspect are
exact rounding modes, i.e. it should be possible to specify that the result of an MP oper-
ation is either the next, the greatest smaller or the smallest larger MP number compared
with the exact result.

From the view of exact real arithmetic, exact rounding modes are similar to test-
ing whether two reals are equal: Nontrivial single-valued real functions with a discrete
set of possible values are necessarily discontinuous and hence not computable! Fur-
thermore, any correct implementation of a theoretically monotonic function using exact
arithmetic will be monotonic, and any ‘irregular’ non-monotonic behavior of the con-
version to discrete sets can be completely explained using multi-valued functions, so
exact rounding is not an issue in exact arithmetic.

It would even be possible to create MP routines with exact rounding for functions f
using the iRRAM as backend, as long as the exact values f(d) for MP numbers d are
not exactly representable as MP numbers again. E.g. for cos(d) with d 6= 0, we could
simply iterate the procedure above with different values for glob_precision until
we get enough different bits to allow the exact rounding. It should almost always be
sufficient to choose an initial bounding precision just smaller than necessary for the
expected value to decide the rounding without any further iterations. Rare exceptions
needing several iterations could surely be tolerated.

14 Exploring the Borders

In the following we present a few examples for the time complexity of the iRRAM. All
computations have been performed using an AMD Athlon 800 MHz (512 KB cache,
slot A) on an ASUS mainboard K7M equipped with 256 MB 100 MHz SDRAM. The
backend was LRGMP using GMP 3.1, operating system was Linux with kernel 2.4.0-
test4. Programs had been compiled with gcc, version 2.95.2.

– Selected values and functions
We computed n decimals of

√
1/3, π, log(1/3), and sin(1/3):

Number n of Decimals 10 100 1000 10000 100000
Time for conversion 8 µs 37 µs 39 µs 14 ms 1.5 s
Time for π - - - 140 ms 9.1 s
Time for inversion 3.4 µs 6.0 µs 80 µs 2.9 ms 140 ms
Time for

√
1/3 10 µs 20 µs 113 µs 3.9 ms 327 ms

Time for log(1/3) 145 µs 620 µs 3.9 ms 160 ms 13.1 s
Time for sin(1/3) 97 µs 230 µs 4.1 ms 202 ms 22.6 s

As the internal format of the multiple precision backend is in binary form, we have
to split the computation time in two parts. During the computations, a part of the
time was taken for the conversion from the internal binary format to the decimal
form; this conversion is not optimized yet and has complexity of order O(n2).
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The other given times do not include this conversion time, so it has to be added
to the given values in order to get the full time for a computation with the desired
precision including the output.
π is computed using a quartically convergent algorithm due to the Borwein brothers
[Ba88,Bo87]. Due to an internal optimization that avoids unnecessary recomputa-
tions of π, the timings for small n could not be measured.
For the inversion, the time necessary to compute 1/π from given π was measured.
The square root√ is taken almost directly from the MP package, as mentioned in
section 4. In case of LRGMP it is implemented with a variant of Heron’s quadratic
convergent method, but computed with variable precision as in [Bt76].
The implementation of the logarithm uses an AGM method based on ideas from
[Sch90] and needs precomputed values for π and log(2). The given times are with-
out these precomputations, so they are valid for all but the first evaluation of log.
The sine function uses a Taylor series approach after an appropriate range reduction
that also uses a precomputed π. The given times are without this precomputation.

– Iterated function systems
We computed iterates of the logistic function xi=f(xi−1) = 3.75·xi−1·(1−xi−1),
starting with x0 = 0.5, and printed the first 6 decimals of each tenth xi:

Index i 1000 5000 10000 50000 100000
Value xi +.791747 +.814694 +.824205 +.283081 +.666947
Max. Precision Bound -2166 -10888 -21407 -102635 -200601
Execution Time 60 ms 1.56 s 8 s 385 s 2054 s

Using double instead of REAL, beginning from x80 the 6th digit is incorrect, x90

has only one correct digit left, and finally from x100, all digits are wrong:

REAL double

x70 +.4521952998 0.4521952 586

x80 +.8561779966 0.85617 59906
x90 +.7399137486 0.7 400517104
x100 +.8882939922 0. 9017659679
x110 +.7156795292 0. 2201217854

This example has been taken from [Ku96], where a similar table was shown up
to x450 using the software package C-XSC [Kl93]. Unfortunately, this package is
quite restricted in the mantissa length, making it is impossible to compute xi for
any i > 500.

– Matrix arithmetic
We computed approximations (with maximal error 2−50) of the inverse of the (bad
conditioned) Hilbert matrix Hn of size n×n using the built-in matrix arithmetic
(i.e. with Gaussian elimination) and compared this to the same computation applied
to the well conditioned matrix Hn + 1n of size n×n:
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Dimension n 50 100 150 200 250 500

Max. Prec. Bound -1037 -2745 -4372 -5502 -6915 ?
Hn Used Memory 1.46MB 9.2MB 40 MB 81MB 152 MB > 1GB

Execution Time 3.2 s 79 s 457 s 1200 s 3052 s ?

Max. Prec. Bound -100 -100 -100 -100 -100 -162
Hn+1n Used Memory 0.5 MB 2.1 MB 4.7 MB 8.4 MB 13 MB 52MB

Execution Time 0.7 s 5.4 s 19 s 45s 91 s 1237 s

Obviously, the condition of the matrix has big influence on the necessary precision
bound, which explains the big differences in execution time and memory consump-
tion between the two examples.
Similar computations were done using octave (a freely available high-level in-
teractive language for numerical computations), where optimized routines working
with the limited precision of the hardware are used.
octave is already unable to invert the Hilbert matrix of size 12 (giving a warning
matrix singular to machine precision). On the other hand, the in-
version of the well-conditioned matrix Hn+1n with n = 500 takes only 18.8 s, so
the iRRAM is about a factor of 65 slower. This factor is different for other types of
CPUs, e.g. for an AMD K6-200 with its weaker floating point performance we got
a factor of only 35. Please have in mind that here we compare the software iRRAM
with the hardware FPU (on the same CPU)!

15 Future Work

The current state of the iRRAM allows reliable and efficient exact arithmetic. But of
course, many enhancements and optimizations can be imagined. In the following we
list just a few of them:

– Until now, the iRRAM has only been tested using the GNU g++ compiler and with
Linux on i386-type CPUs. A port to other popular systems should be done.

– There should be a better garbage collection that clears all temporary objects when-
ever a reiteration happens. At the moment, a restricted garbage collector is used that
is able to recover memory occupied by objects derived from METRIC_OBJECT.
However, memory allocated on the stack using alloca is freed automatically, as
the reiterations are implemented using longjmp.

– COMPLEX versions of the transcendental and trigonometric functions are missing.
– The algorithms for exp and for the trigonometric functions should be further im-

proved using AGM methods, see e.g. [Bt76].
– New data types for (full range) integers or rationals should be added. Perhaps a

hierarchy of number types would be possible: INTEGER - DYADIC - RATIONAL
- ALGEBRAIC - SYMBOLIC - REAL - COMPLEX.

– The trigonometric functions have been optimized for precision bounds in the area
of a few thousand bits. On the low precision end, a lot of work is still to be done.

– Planned generalizations of the limit operators have been mentioned in section 10.
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Abstract. This paper discusses the relationship between the syntactic
length of expressions built up from the integers using field operations,
radicals and exponentials and logarithms, and the smallness of non zero
complex numbers defined by such expressions. The Uniformity Conjec-
ture claims that if the expressions are written in an expanded form in
which all the arguments of the exponential function have absolute value
bounded by 1, then a small multiple of the syntactic length gives a bound
for the number of decimal places needed to distinguish the defined num-
ber from zero. The consequences of this conjecture are compared with
some known results about closeness of approximation from Liouville,
Baker, Waldschmidt, Thue-Siegel-Roth. A few of many practical com-
putational consequences are stated. Also the problem of searching for a
possible counterexample to the Uniformity Conjecture is discussed and
some preliminary results are given.

1 Introduction

The nested radical and exponential-logarithmic expressions are, roughly speak-
ing, those which can be constructed from expressions for the integers using the
operators {+,−, ∗, /, n

√, exp, log}.
In the section below, the family of nested radical exponential-logarithmic

expressions is described and the field of closed form numbers is defined. An
expanded form is defined for the expressions, and the Uniformity Conjecture is
stated. This claims that for expressions in expanded form, a small multiple of
the syntactic length bounds the number of decimal places needed to distinguish
the defined number from zero, if it is non zero.

In the following section, some consequences of the Uniformity Conjecture are
compared with known, fairly simple, approximation estimates.

In the next section, a few of the many practical computational consequences
of the Uniformity Conjecture are stated.

In the final section, the problem of searching for a counterexample to the
Uniformity Conjecture is discussed, and some preliminary results are given.
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2 Closed Form Numbers and the Uniformity Conjecture

2.1 Expressions

We assume, to begin with, some canonical representation for the integers. Then
the set of nested radical exponential and logarithmic expressions is the smallest
set of expressions so that:

1. All the representations of the integers are in the set.
2. If A and B are in the set so are A + B, A− B, A ∗B, and A/B.
3. If A is in the set, so are (A), −A, exp(A) and log(A)
4. If A is in the set and n is a canonical representation of a natural number

bigger than 1, then A1/n is in the set.

Each nested radical exponential and logarithmic expression E is either un-
defined, or is interpreted as a real or complex number V (E), as follows.

1. If E is a representation of an integer, V (E) is that integer.
2. The operators are given the usual precedence in the absence of brackets.
3. If A and B are defined, then V (A+B), V (A−B), V (A ∗B) and V (−A) are

defined with the usual interpretation of the operators. If A is defined, and
B is defined and V (B) is not zero, then V (A/B) is defined, with the usual
interpretation, as V (A) divided by V (B). V ((A)) is the same as V (A).

4. If A is defined, then exp(A) is defined with meaning eA.
5. If A is defined, and V (A) 6= 0, then log(A) is defined, as the branch of the

logarithm base e so that −π < ImaginaryPart(log(A)) ≤ π.
6. If A is defined and and V (A) 6= 0, then A1/n is defined and equal to

exp(log(A)/n).

The operator V is called evaluation.
The complex numbers defined in this way are called closed form ([Chow]).

We define the real closed form numbers to be the closed form numbers which
happen to have zero imaginary part. Thus the real closed form numbers are
closed under trigonometric functions as well as exponentiation and logarithms.

A field with good closure properties including the closed form numbers is the
field of elementary numbers. These are numbers of the form q(α), where q is in
QQQ[x1, . . . , xn], and α ∈ CCCn is a non singular solution of a system of equations
(p1, . . . , pn) = 0 and each pi is in Z[x1, . . . , xn, ex1 , . . . , exn ]. It has been shown
that this is an effective field if the Schanuel conjecture is true. See [Richardson],
[Richardson2].

The nested radical exponential and logarithmic expressions which do not use
either the exponential or the logarithm will be called radical expressions. The
numbers defined by radicals are the closed form numbers represented by such
expressions.

The nested radical and exponential-logarithmic expressions can also be writ-
ten as expression trees. Such trees have representations of integers at the leaves,
and have interior nodes labelled with operator symbols. So, for example,
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-
/ \
^(1/3)

\
/

- ---- * -------------
/ \ / \

1/
^(1/5) ^(1/5) - \

| | / \ ^(1/5)
|

32/25 27/5 + *
25

/ \ | \
\

1 ^(1/5) ^(1/5) ^(1/5)

| | |
3 3 3

We will regard the expression trees and the expressions as equivalent from
now on, since the translation from one form to the other is straightforward.

Please notice that although we have expressions here for n th roots, we do
not have expressions for n th powers. If we want A2, for example, we have to
write it as A ∗A.

2.2 Length of an Expression

Our set of nested radical exponential and logarithmic expressions depends on a
choice of canonical representation for the integers. Assume that we have chosen
some base b for representation of the integers. We define the length of a non
negative integer in this representation to be the number of digits base b which
are used.

We define the length of a nested radical exponential and logarithmic expres-
sion by the following:

length(A + B) = length(A) + length(B) + 1
length(A −B) = length(A) + length(B) + 1
length(−A) = length(A) + 1
length(A ∗B) = length(A) + length(B) + 1
length(A/B) = length(A) + length(B) + 1
length((A)) = length(A) + 2
length(A1/n) = length(A) + length(n) + 1
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length(eA) = length(A) + 1
length(log(A)) = length(A) + 1.

So, for example, in decimal notation, 4 − 3 ∗ (10)1/8 would have length 10,
since it has 5 digits and 3 operator symbols and two (unnecessary) brackets.

2.3 Expressions with Variables

All of the above may be generalised by allowing a certain set x1, . . . , xk of vari-
ables to appear on the leaves of the expression trees, as well as representations of
integers. Of course, in this case, the expressions represent partially defined com-
plex valued functions of k complex variables. The same notion of length can be
applied to such expressions, provided that we define the length of the variables
in some way. We might take length(xi) = i for each i.

2.4 Gap Functions

Definition 1. A gap function for the closed form numbers is a function g :
Exp → RRR+, where Exp is the set of nested radical exponential and logarithmic
expressions, so that if x is a closed form number represented by an expression
A, and x 6= 0 then
|x| > 10−g(A)

A gap function tells us the amount of decimal precision which is needed to
distinguish a non zero number from zero. Of course gap functions exist. We
hope that there is a computable gap function, and even an easily computable
gap function.

We have a natural scale, i.e. length, on expressions; and we also have a natural
scale, i.e. the logarithm of the absolute value, on the complex numbers which
are non zero. The central question of this article is: How does the evaluation
operator, V , behave with respect to these two scales?

2.5 Uniformity Conjecture

Using iterated exponentiation, it is possible to define very large numbers. Since
we have division, it is also possible to define very small numbers with expressions
involving iterated exponentiation, followed by division. There does not seem to
be any other way to get very large numbers, or very small non zero numbers.
( Note that although we allow nth roots, we do not have nth powers. So we
can not easily write a short expression for the result of a sequence of repeated
squarings, for example.)

We consider an expression E to be a subexpression of itself.
We will say that an expression E is in expanded form if for any exponential

subexpression eA of E, we have |V (A)| ≤ 1.
It appears to be true that it is not possible to define any very large numbers,

or any very small non zero numbers using small expressions in expanded form.
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The original motivation for this paper is an attempt to understand this somewhat
vague idea.

Uniformity Conjecture: If E is an expression in expanded form, and V (E) 6=
0, then |V (E)| is bigger than 1/N(k), where k is the length of E, and N(k) is
the number of syntactically correct expanded form expressions of length ≤ k.

Expressions of length less than k can be coded as sequences of symbols of
length k by padding with an initial sequence of right brackets. Therefore, if
we have S symbols for operators and digits and brackets in our alphabet, the
number of syntactically correct expressions of length ≤ k is bounded by Sk. In
case we use decimal notation, for example, S would be 19 (counting the two
brackets). In binary notation, S would be 11.

Roughly speaking, the conjecture says that the amount of base S precision
which is needed to discriminate the value of an expanded form expression from
zero is proportional to the length of the expression.

We will say that a number occurs at level k if it has an expanded form
expression representing it with length no more than k.

A weaker form of the uniformity conjecture may be obtained by replacing
N(k) by N(C ∗ k) for some universal constant C. A reason why at least this
weaker form of the conjecture seems plausible is that if a number α occurs at
level j, then the neighbourhood of 0 at level k may be translated to a subset of
the neighbourhood of α at level k + j + 1, since if α is represented by A, and a
number ε is represented by E, then α + ε is represented by A+ E; and similarly
a neighbourhood of α at one level translates to a subset of a neighbourhood of 0
at a higher level, and therefore we would expect all the neighbourhoods of closed
form numbers, graded by level, to look alike, except for a change of scale.

The expressions I know which have small evaluations are not even close to
being counterexamples. 4/3−101/8 is zero to three decimal places; 7 log 2−3 log 5
is zero to 2 decimal places, for example. Even if we add π as a constant to our
language, I still do not know a counterexample in the enlarged language. The
famous 3 ∗ log(640320)/

√
163− π is only zero to 15 decimal places, whereas its

syntactic length is 15 plus the length of π. We can replace π by log(−1)/(−1)1/2,
in which case the length of π would be 8.

It has been pointed out that the Uniformity conjecture is related to a family of
conjectures, called Witness conjectures, originating with Joris van der Hoeven.
See [van der Hoeven 95], [van der Hoeven 97], [van der Hoeven 2000]. For the
family of constants we are considering, the witness conjectures may be stated
as follows. For each positive rational number N , denote by ΞN the set of all
nested radical exponential and logarithmic expressions A such that if E is any
subexpression of A, then N−1 ≤ |V (E)| ≤ N . The Witness conjectures say that
if A is in ΞN , then there is a function ωN(n) so that |V (A)| ≤ e−ωN (n), where n is
the length of A. The strong witness conjecture is that we can take ωN(n) = Kn,
where K depends on N , and the weak witness conjecture is that we can take
ωN(n) = Kn, where K depends on N . Of course the Uniformity Conjecture is
much more specific than either of the Witness Conjectures, since van der Hoeven
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does not attempt to estimate K. An especially interesting feature of the recent
preprint is an attempt to extend the witness conjectures to a much wider class
of constants. Although the Uniformity Conjecture and the Witness Conjectures
were stated independently, it seems that the Uniformity Conjecture should be
regarded as an extreme form of the Witness Conjecture. In the earlier paper
by Van Der Hoeven referred to, I find the comment that some form of Witness
Conjecture might imply the Schanuel Conjecture. I think this is possible, but do
not see a proof. There is some discussion of this at the end of this paper.

Note that we can replace any expression which defines a value by an equiva-
lent one in expanded form. But this is unlikely to be a good way to decide zero
equivalence over the set of all nested radical exponential and logarithmic expres-
sions. Joris van der Hoeven ([van der Hoeven 95]) suggests that expressions not
in expanded form could be put into some sort of asymptotic form, as if the large
numbers were exp-log functions which tended to infinity. I imagine that this is
a good idea. For the rest of this article, however, we will just ignore expressions
not in expanded form.

3 Mahler, Liouville, Baker, Waldschmidt Estimates

3.1 Norm Estimate

Theorem 1. Suppose α is an algebraic number with defining polynomial
adx

d + · · ·+ a0 = ad(x− α1) . . . (x − αd)
in ZZZ[x]. Then

logα ≥ −d Maximum(log |ad| , log |α1| , . . . , log |αd|).
Proof.
|adα1 . . .αd| = |a0|, and a0 is a non zero integer, since the defining polynomial

is chosen with minimal degree. So
|adα1 . . .αd| ≥ 1
log |ad|+ log |α1|+ . . . log |αd| ≥ 0
and the theorem follows from this.
2

3.2 Mahler Measure

Let p(x) be a polynomial in one variable with complex coefficients. Suppose

p(x) = adx
d + · · ·+ a0 = ad(x− z1) . . . (x− zd)

where z1 . . . zd are the roots of p(x). Define the Mahler measure of p(x) by

M(p) = |ad|
d∏

j=1

max(1, |zj |)
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We have, in general, M(xdp(1/x)) = M(p) and M(p ∗ q) = M(p) ∗M(q).
Also, for any positive integer k, M(p(xk)) = M(p(x)).

In case α is an algebraic number, we define M(α) = M(p), where p(x) is a
minimal defining polynomial for α in ZZZ[x].

Lemma 1. If α and β are algebraic, with degrees d1 and d2 respectively, then

1. 1/M(α) ≤ |α| ≤M(α)
2. M(α ∗ β) ≤M(α)d2M(β)d1

3. M(α + β) ≤ 2d1d2M(α)d2M(β)d1

4. If k is a positive integer, M(α1/k) ≤M(α)
5. If k is a positive integer, M(αk) ≤M(α)k

6. M(1/α) = M(α)

Proof. All of this is standard, using the fact that the defining polynomials have
integral coefficients. See [Mignotte], pp 148 ff.

Define the logarithmic Mahler measure to be the logarithm base 2 of the
Mahler measure.

3.3 Liouville Estimate

Define the logarithmic height, h(p), of a polynomial p with integral coefficients
to be the logarithm of the maximum of the absolute values of the coefficients.
Define the logarithmic height of an algebraic number to be the logarithmic height
of the minimal defining polynomial in ZZZ [x]. We have:

Theorem 2. Liouville Estimate. Let ξ1, . . . , ξm be algebraic numbers, of degrees
d1, . . . , dm and logarithmic heights h1, . . . , hm respectively. Let d be the degree of
the extension QQQ(ξ1, . . . , ξm) over QQQ. Let P be a polynomial in ZZZ [x1, . . . , xm], of
degree Ni in xi. If P (ξ1, . . . , ξm) 6= 0, then

−d(h(P ) +
m∑

i=1

(Nihi/di) + 2Ni) ≤ log |P (ξ1, . . . , ξm)| .

For proof, see [Lang].

3.4 Examples

Consider a linear form in radicals.
λ = b1(a1)1/n1 + b2(a2)1/n2 + · · ·+ bk(ak)1/nk + bk+1, with bi ∈ ZZZ, and ni, ai

positive natural numbers for all i. Assume λ 6= 0. Then we get the following
contrasting estimates. (Note that logarithms here are base 2.)
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1. Norm estimate and Mahler measure. We have deg(λ) ≤ ∏
ni, and the de-

nominator of λ is 1. So we get

log |λ| ≥ −(
∏

ni)(log(|bk+1|+
∑
i≤k

|bi| |ai|1/ni)).

2. Liouville Estimate.

log |λ| ≥ −(
∏

ni)(log Maxi(|bi|) +
∑

i

log(|ai|)/ni + 2k).

3. Uniformity Conjecture.

log |λ| ≥ −C(
∑

log |ni|+
∑

log |ai|+
∑

log |bi|+ 3k),

where C ≤ log(19).

The most striking feature of the above is that in all the earlier estimates the
precision needed increases as the product of the radical degrees; but according to
the uniformity conjecture all that is needed is the sum of the logarithms. Thus
even in this simple algebraic case, the uniformity conjecture would imply quite
strong new results.

3.5 Baker-Waldschmidt

See [De Weger].

Theorem 3. (Baker-Waldschmidt) Suppose p1, . . . , pn ∈ ZZZ with 2 ≤ p1 < · · · <
pn and that (QQQ(p1/2

1 , . . . , p
1/2
n ) : QQQ) = 2n. Let b1 . . . , bn ∈ ZZZ, with B = Max1≤i≤n

|bi|. Suppose λ = b1 log p1 + · · · + bn log pn 6= 0. Let Vi = Max(1, logpi), for
i = 1, . . . , n. Let ω = V1 . . . Vn. Let

C1 = 29n+26nn+4ω log(eVn−1)

C2 = C1 log(eVn).

Then
|λ| > e−(C1 log B+C2).

This should be compared with the uniformity conjecture, which predicts:

|λ| > 19−(
P

length(pi)+length(bi)+2n−1)

In this case, the most striking difference is that the coefficient C1 in the Baker-
Waldschmidt result increases as the product of the lengths of the pi, whereas
in the prediction from the uniformity conjecture, only the sum of the lengths
appears.

Patrice Philippon relates a similar lower bound on linear forms in logarithms
with the abc conjecture. See [PP], [PP2].
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3.6 Thue-Siegel-Roth

See [HS], [Sprindzhuk].

Theorem 4. (Thue-Siegel-Roth) For any algebraic number α and for any δ > 0

|p/q − α| > q−(2+δ)

for all but finitely many (p/q) in QQQ.

The uniformity conjecture would predict that if A is an expression represent-
ing α then:
|p/q − α| > 1/N(k), where k is the length of p/q − A, ie k = length(p) +

length(q) + length(A) + 2)
provided α 6= p/q. In this case the inequality directly implied by the uni-

formity conjecture is weaker than that of Thue-Siegel-Roth, but does not allow
exceptions. So even in this case, the uniformity conjecture would imply new re-
sults. On the other hand, the Thue-Siegel-Roth theorem implies a bound on the
number of counterexamples to the uniformity conjecture of the form α−p/q, for
fixed algebraic closed form α.

Suppose we represent integers base 10, and therefore count length base 10.

Proposition 1. Suppose α is an algebraic closed form number represented by
an expression A. Then there are at most only finitely many p/q in QQQ so that
|α− p/q| < 1/N(k) with k = length(p) + length(q) + 2 + length(A).

Proof. Suppose, for the sake of a contradiction, that α is a fixed algebraic closed
form number and that there are infinitely many counterexamples to the unifor-
mity conjecture of the form

α− p/q

Let (pi/qi) be a sequence of rationals, with qi → ∞, and ki = length(pi) +
length(qi) + length(α) + 2 and

|α− pi/qi| < 1/N(ki).

We have N(k) ≥ 10k(1+ε) for some ε > 0.
Also pi/qi→ α and α 6= 0, and length(qi)→∞, so length(pi)/length(qi)→ 1.
Thus
|α− pi/qi| < 10−(1+ε/2)2(length(qi)+1) for sufficiently large i.
Thus for some ε > 0 and for infinitely many p/q in QQQ

|α− p/q| < q−(2+ε), contradicting Thue-Siegel-Roth.

Thus although there may be counterexamples to the uniformity conjecture
of the form a1/n − p/q, we should not expect very many of them.
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4 Computational Consequences

4.1 Lazy Exact Computation

We hope eventually to extend the possibility of exact computation beyond the
field of rational numbers in such a way that each expression for a real number
can easily be approximated to any desired precision. One important step in this
direction would be to understand how to compute with the nested radical and
exponential-logarithmic expressions.

Even without the exponential and the logarithm, basic questions about nested
radical expressions may seem quite difficult to decide. In particular, equality is
not well understood, as illustrated by the following examples, from [Davenport,
p93].

√
5 + 2

√
6 +

√
5− 2

√
6 = 2

√
3√

16− 2
√

29 + 2
√

55− 10
√

29 =
√

22 + 2
√

5

−
√

11 + 2
√

29 +
√

5

3
√

5
√

32/5− 5
√

27/5 = (1 + 5
√

3− 5
√

3
2
)/ 5
√

25√
112 + 70

√
2 + (46 + 34

√
2)
√

5 = 5 + 4
√

2 + (3 +
√

2)
√

5

Open Problem 1. What is the computational difficulty of deciding V (A) = 0,
where A is a radical expression, i.e. a radical exponential logarithmic expression
with no exponential or logarithmic terms?

See [Strsebonski], [Pohst2], [Loos], [Johnson], [Hur], [Langley] for some meth-
ods currently used or proposed to solve such problems.

In particular, it would be interesting to know whether or not the zero equiv-
alence problem for radical expressions can be solved in a number of steps which
is bounded by some polynomial in the length of the expression. In other words,
is this basic problem tractable in the sense of Blum-Smale-Shub? See [BSS].

We would also like to know:

Open Problem 2. What is the computational complexity of finding V (A) to n
decimal places, given nested radical exponential and logarithmic expression A ?

See proposition 3 of this article for a very crude upper bound.
Note that for this question we want the complexity in terms of the two input

parameters, length(A) and n. We know that for fixed A, we can approximate to
n decimal places in a number of steps bounded by O(log(n)m(n)), where m(n)
is the complexity of multiplication of n digit numbers. See [Borwein].

In any case, it is clear that the Uniformity conjecture implies easy decid-
ability of the zero equivalence problem for closed nested radical exponential and
logarithmic expressions.
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4.2 Inverse Symbolic Calculation

The uniformity conjecture implies that the decimal approximation of precision
log10(19) ∗ 2n is a code for the closed form expression, with integers in decimal
notation, and length n, with that value. This implies the existence of a potentially
quite useful inverse symbolic calculator, that is a method of deriving a closed
form expression from a decimal approximation.

4.3 Unwound Straight Line Programs.

Consider expression trees with integers or variables on the leaves and inter-
nal nodes labelled with operators for addition, subtraction and multiplication.
We will call these unwound straight line programs. This is a compact way to
represent multivariate polynomials. One of the difficult problems in this area
is how efficiently to recognise the zero polynomial. (See [Zippel] for a discus-
sion of this problem.) This could be done by substitution of algebraically in-
dependent values. For example, if p1, . . . , pn are the first n prime numbers, we
know that e1/

√
(p1), . . . , e1/

√
(pn) are algebraically independent. If we accept the

Schanuel conjecture, we know that log(p1), . . . , log(pn) are algebraically indepen-
dent. Thus, assuming the Schanuel conjecture, if the variables are (x1, . . . , xn),
we could substitute (log(p1), . . . , log(pn)), where (p1, . . . , pn) are the first n
primes. If k is the length of the resulting nested exponential and logarithmic
expression, we could recognise whether or not the original polynomial was zero
by approximation with decimal precision log10(19)k.

Suppose expression tree T represents polynomial PT in ZZZ [x1, . . . , xn]. Define
h(T ) to be the maximum length of the integers on the frontier of T . Define
s(T ) to be the number of nodes in T . Define AT to be the nested radical and
exponential-logarithmic expression obtained by substituting log(pi) for xi, for
i = 1 . . . n, where pi is the i th prime. Note that AT is in expanded form. The
length of pi is no more than i. Thus the length of AT is bounded by

s(T ) + s(T )h(T ) + s(T )n
So far we have:

Proposition 2. (Assuming the Uniformity Conjecture and the Schanuel Con-
jecture.) PT is the zero polynomial if and only if |V (AT )| < 1/N(k) where
k = s(T ) + s(T )h(T ) + s(T )n.

Also,

Proposition 3. (Assuming the Uniformity Conjecture and the Schanuel Con-
jecture.) The computational bit complexity of deciding whether or not PT is the
zero polynomial is bounded by

O(s(T ) log(k)m(s(T )k))
where k = s(T ) + s(T )h(T ) + s(T )n
and m(k) is the complexity of multiplication of two k digit numbers.
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Proof. We need O(k) decimal places for the output of AT so that we can apply
the previous proposition.

The value output by a tree AT , or by any of its subtrees is bounded in absolute
value by 10O(k). This means that at most O(k) decimal places of precision can be
lost at each computation step. So at most s(T )O(k) decimal places of precision
are lost in the whole computation.

Thus we need to do the whole computation with O(s(T )k) decimal places.
We can get j decimal places for each logpi in O(m(j) log j) steps, where m(j)

is the complexity of multiplication of j digit numbers. So we can get the necessary
O(s(T )k) decimal places for these n logarithms in O(s(T ) log(k)m(s(T )k)) steps,
since n < s(T ) < k. Addition, subtraction and multiplication to j decimal places
can be done in O(m(j)) steps. So the rest of the computation can be done in
O(s(T ) log(k)m(s(T )k) steps. Thus the whole computation can be done in a
number of steps bounded by O(s(T ) log(k)m(s(T )k)).

Of course this could be done without the Schanuel conjecture, using another
substitution.

5 Search for a Counterexample to the Uniformity
Conjecture

5.1 Good Rational Approximations

If α is real we can look for good rational approximations to α by searching for
large coefficients in the continued fraction expansion of α. In this way we might
find counterexamples or near counterexamples to the Uniformity conjecture of
the form α− p/q.

5.2 Near Integer Relations

If a is a vector of n real numbers, an integer relation for a is a non zero integer
vector c so that cT a = 0. A near integer relation is a non zero integer vector c
so that cT a has “small” absolute value.

We can make the notion of “small” precise if a consists of closed form num-
bers. Define length(a) to be the sum of the lengths of the components, consid-
ering these as closed form numbers. We will say that cT a is small if

∣∣cT a
∣∣ < 10−(length(c)+length(a)+2n−1)

These near integer relations include all possible counterexamples to the uni-
formity conjecture of the form cT a.

For fixed a, we can search for such near integer relations using the LLL
algorithm.

Let the Euclidean length of a vector v ∈RRRn be, as usual (
∑

v2
i )1/2.
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Suppose B = {v(1), . . . , v(n)} is a set of n vectors in RRRn which are linearly
independent over RRR. By the lattice spanned by B we mean the set

L =
∑

riv
(i) : ri ∈ ZZZ

This lattice has dimension n and rank n. The determinant of the lattice, det(L)
is the determinant of any matrix of real numbers whose rows span the lattice.
This is independent of basis.

A lattice reduction algorithm, such as LLL, finds a reduced basis for a given
lattice, the first vector of which has Euclidean length at most 2(n−1)/2m(L),
where m(L) is the Euclidean length of the shortest non zero vector in the lat-
tice. The first vector in a reduced basis also has Euclidean length bounded by
2(n−1)/4det(L)1/n. For definition of reduced basis and proofs of basic properties,
see [HJLS], [HST].

This can be used to find near integer relations in the following way. Suppose
we are given a = (a1, . . . , an), and let (a′1, . . . , a′n) be a vector of their rational
approximations. Let M be a large rational constant. Let A be the n by n matrix
which is obtained from the n by n identity matrix by replacing the last column
by the transpose of (Ma′1, . . . , Ma′n). Consider the lattice L spanned by the n
dimensional vectors v(i), 1 ≤ i ≤ n, which are the rows of the matrix A.

If V is a short vector in a reduced basis for L

V = (w1, . . . , wn−1, M
∑
i≤n

wia
′
i)

then ∣∣∣∑ wia
′
i

∣∣∣
is small and thus (w1, . . . , wn) is a good candidate for a near integer relation for
(a1, . . . , an).

The problem now is to pick the precision of the approximation and the size
of the multiplier M in such a way the first vector in a reduced basis can be used
to indicate the non existence of small cT a with some conditions on c. We will fix
length(c) and also put an upper bound on the length of each component of c.

Assume that (a1, . . . , an) is ordered so that |an| is maximal among |ai|. The
determinant of the lattice is Man.

Suppose we are looking for small cT a with Max(length(ci) = m, and thus
length(c) ≤ nm. Let

M = 10length(c)+m+length(a)+2n−1.

Approximate a with precision more than (n + 1)m + length(a) + 2n − 1. Find
the reduced basis. If b1 is the first vector in the reduced basis, we expect

|b1| ≤ 2(n−1)/4(Man)1/n.

However a small cT a with length(ci) ≤ m for all i would imply
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cT a < 10−(length(c)+length(a)+2n−1), and thus each component of the shortest
vector in the lattice would have length no more than m, and thus

|b1| ≤ 2(n−1)/2n1/210m.

Therefore, if this condition does not happen, we can eliminate the possibility of
small cT a of this kind. This can be used to eliminate some parts of the search
space for counterexamples.

5.3 Various Results

Assorted Near Counterexamples. 12(1/17) − 4015/3496. This is 0 to 10
decimal places. Quite small, but not small enough. I found this by looking for
large numbers in the continued fraction expansions of n th roots.

17(1/25)− 28/25 is zero to 6 decimal places. Also found with continued frac-
tions.

3 ∗ log(640320)/
√

163− π. This is famous for being small, but it is only 0 to
15 decimal places.

π − 355/113, zero to 6 decimal places, could be found by looking for large
numbers in the continued fraction expansion of π, and is also well known.

199 log(3)+142 log(7)− 183 is zero to 8 decimal places. This was found with
LLL.

In [De Weger] LLL is used to find small linear forms in logarithms, and many
results are tabulated. No counterexample to the uniformity conjecture is found.

Some Examples Found by Students. Students in my computer algebra
course examined a1/n − pk/qk 6= 0 for natural numbers a between 2 and 100,
and natural numbers n between 2 and 100, with pk/qk the kth convergent of
the continued fraction approximation for values of k up to 80, and found no
counterexamples to the uniformity conjecture. Some small numbers they found
were:

21/8−494/453, which is 0 to 6 decimal places ; 31/14−53/49, which is 0 to 6
decimal places ; 31/6−6/5, which is 0 to 4 decimal places ; 71/8−311830/244501,
which is 0 to 14 decimal places ; 111/5 − 21/13, which is 0 to 5 decimal places
; 111/6 − 6772/4541, which is 0 to 10 decimal places ; 141/95 − 73/71, which is
0 to 7 decimal places ; 211/20 − 7243/6958, which is 0 to 11 decimal places ;
271/8− 77/51, which is 0 to 6 decimal places ; 311/97− 115/111, which is 0 to 8
decimal places ; 381/50− 92/83, which is 0 to 8 decimal places ; 611/11− 93/64,
which is 0 to 6 decimal places ; 651/11− 19/13, which is 0 to 6 decimal places ;
891/6 − 374/177, which is 0 to 9 decimal places ; 1091/5 − 23/9, which is 0 to 6
decimal places ; 5441/6−20/7, which is 0 to 6 decimal places ; 8231/6−1849/604,
which is 0 to 13 decimal places.

The following were found with LLL:
143 log(3)− 183 log(7) + 199 is zero to 8 decimal places.
4 log(3) + 131/2 − 8 is zero to 6 decimal places.
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Thanks to John Hillier, Simon Attfield, Mark Wilcox, Mark Waddingham,
Steven Olney, Jonathan Brown, Jake Holdridge and Emma Jones for these ex-
amples.

Linear Forms in Radicals: An Example. Consider the linear form

λ = c1

√
2 + c2

√
3 + c3.

Suppose there were a counterexample to the uniformity conjecture with the
length(λ) = k + 8, where k is the sum of the lengths of ci, which are assumed
to be integral. Let m be the maximum length of the coefficients ci. In the coun-
terexample, λ must be small, and so

2m ≤ k ≤ 3m
Let j = k + 8 + m, and take LLL multiplier M = 10j, as described in the

previous section. Then if b1 is the first vector in a reduced basis, we must have

|b1| ≤ 2
√

(3)10m.

An upper bound for m is (j − 8)/3. The LLL algorithm was run for j = 1, ...50.
The results all violate this constraint, and thus show that there is no coun-
terexample of this form with coefficients using up to 12 digits. This is quite an
easy computation, and it is clear that other regions of the search space could be
investigated in this way.

5.4 A Confession

The search for counterexamples has so far concentrated on linear forms in a few
simple terms. This is because we have reasonably good tools for such a search.
I have been trying to eliminate the possibility that the unfound items are under
the street lamp since I don’t know how to search anywhere else.

6 Extension to the Elementary Numbers

An elementary number is a number of the form q(α) where q ∈ ZZZ [x1, . . . , xn], and
α is a point inCCCn which is a non singular solution of a system of equations S(x) =
0, and S = (p1, . . . , pn) with each pi a polynomial with integral coefficients in
x1, e

x1 , . . . , xn, exn .
Such a number will be defined by:

η = q(α), S(α) = 0, α ∈ B,

where B is a ball in CCCn which contains the point α and which does not contain
any other solution of S(x) = 0. (The assumption that α is a non singular solution
means that the Jacobian of S, evaluated at α is non zero.)

We will say that such a definition is in expanded form if B is the unit ball
around the origin in CCCn.
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Define the length of a power product xj1
1 . . . xjn

n ek1x1 . . . eknxn to be the sum
of the lengths of the degrees, length(j1) + · · ·+ length(jn) + length(k1) + · · ·+
length(kn). Define the length of a monomial to be the length of the coefficient
plus the length of the power product. Define the length of a sum of k monomials
to be the sum of the lengths of the monomials. This gives a definition of length
for all polynomials in ZZZ[x1, e

x1 , . . . , xn, exn ]
Suppose elementary number η is defined, in expanded form, by:

η = q(α), S(α) = 0, B.

where B is the unit ball around the origin. Define the size of this definition to
be the product of the sum of the lengths of the polynomials including q and the
product of the total degrees of the polynomials in S.

(length(p1) + · · ·+ length(pn) + length(q))(degree(p1) ∗ · · · ∗ degree(pn)),

where S = (p1 . . . , pn).

Uniformity Conjecture for Elementary Numbers. If η is a non zero ele-
mentary number and has an expanded form definition of size n, then |η| > 10−n.

7 Relation to the Schanuel Conjecture

The Schanuel Conjecture. If α1, . . . , αm are complex numbers which are
linearly independent over QQQ, then (α1, . . . , αm, eα1, . . . , eαm) has transcendence
rank at least m.

It has been shown that if the Schanuel conjecture is true, then the zero
equivalence problem for closed form numbers is decidable. Thus the Schanuel
conjecture implies the existence of a computable gap function. See [Richardson],
[Richardson2].

It seems that it might be possible to prove part of the Schanuel conjecture,
via Gelfond’s method, from the uniformity conjecture. For a good exposition
of Gelfond’s method, see [Lang]. Roughly speaking, Gelfond’s method would
construct a function F (t) with a large number of roots from the existence of a
counterexample to the Schanuel conjecture. A closed form number F (w) would
then be found which has a fairly small length but is non zero. The maximum
modulus principle (an analytic function defined on an open set including a ball
has modulus inside the ball bounded by maximum modulus on the boundary of
the ball) is then applied to show that the modulus of F (w) is so small that it
contradicts the uniformity conjecture.

It would be nice to show the following.

Conjecture. If K is a field of closed form numbers with transcendence rank d,
and the uniformity conjecture is true for numbers in K, and α1 . . . , αm are in
K, and are linearly independent over QQQ, and m > d then eα1 , . . . , eαm are not
all in K.
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I am not able to prove this or anything like it. Here is a small result which
shows how the Gelfond method can be used.

We will say that (x1, . . . , xd, y) is a proper set of generators of a subfield F
of CCC if x1, . . . , xd are algebraically independent and y is algebraic and integral
over ZZZ [x1, . . . , xd], and F is ZZZ(x1, . . . , xd)[y]. Any number in such a field has a
canonical form as a polynomial in ZZZ(x1, . . . , xd)[y] with y-degree less than the
degree of y over ZZZ[x1, . . . , xd]. If A1, . . . , Aj are numbers in K and we wish to
solve an equation

a1A1 + · · ·+ ajAj = 0

for integers a1, . . . , aj, we can do this by putting A1, . . . , Aj into canonical form
in K and replacing this equation by a system of equations, one for each power
product which appears in the canonical forms. The number of such equations is
bounded in terms of the degree in (x1, . . . , xd) of A1, . . . , Aj.

If E is an expression in canonical form for an element of field F , with proper
set of generators (x1, . . . , xd, y), let h(E) be the maximum of the lengths of the
integral coefficients in E; and let deg(E) be the maximum of the degrees of any
xi in E. The number of integral coefficients in E is then bounded by O(deg(E)d).
Using this, we can bound h(E1 ∗ E2) in terms of h(E1) and h(E2) and deg(E1)
and deg(E2).

Lemma 2. Suppose E1, E2, and E3 are canonical form elements of field F ,
with proper set of generators. Then

1. If E3 = E1 ∗ E2 then deg(E3) ≤ O(deg(E1) + deg(E2)) and h(E3) ≤
O(h(E1) + h(E2) + deg(E1) + deg(E2))

2. If E2 = Ej
1, then deg(E2) ≤ O(j(h(E1)+deg(E1))) and h(E2) ≤ O(j(h(E1)+

deg(E1)))

The constant multipliers implied in the big O notation do depend on the
defining polynomial for y over ZZZ [x1, . . . , xd], but can be chosen independent of
E1, E2, E3, j. For a proof of this standard result, see [Lang], Ch V, Lemma 1.

Proposition 4. (Assuming Uniformity Conjecture.) Let K be a field of closed
form numbers with transcendence rank d, and proper set of generators (x1, . . . , xd,
y). Suppose c1, . . . , cd1 are complex numbers which are linearly independent over
QQQ, and α1, . . .αd2 are complex numbers which are linearly independent over QQQ.
Then not all of

eciαj , for 1 ≤ i ≤ d1, 1 ≤ j ≤ d2

can be in K, provided (d1 + d2)(d + 1) ≤ d1d2

Proof. For the sake of a contradiction, suppose that (d1 + d2)(d + 1) ≤ d1d2

and also eciαj in K for all i, j. In all the following, d, d1, d2 are fixed.
Let n be a large whole number. We will eventually let it go to infinity.
Define Sn to be the set of numbers of the form

∑
1≤i≤d1

nici where each ni

is a natural number with |ni| ≤ n. Since the ci are linearly independent, the
number of distinct numbers in Sn is (n + 1)d1 .
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For j = 1, . . . , d2, define fj(t) = eαj t. These functions are multiplicatively
independent. Each fj maps Sn into K. Form

F (t) =
∑

a(i)x
id2+1

1 . . . x
id2+d

d f i1
1 . . . f

id2
d2

.

where (i) = (i1, . . . id2+d), and 1 ≤ i1, . . . , id2 ≤ r and 1 ≤ id2+1, . . . , id2+d ≤ rn,
and r = cnd1/d2 , for some fixed number c.

We now have d, d1, d2 fixed, n going to infinity, and r defined in terms of n,
depending on fixed c, which will be chosen later, but will be independent of r
and n.

We need to solve for integer coefficients a(i), not all zero, so that F (z) = 0
for all z in Sn.

The number of unknowns is the number of a(i), that is rd2(rn)d.
For each z in Sn, we put F (z) in canonical form, with respect to the proper

set of generators (x1, . . . , xd, y). We need a bound on the degrees in (x1, . . . , xn)
which can occur in this canonical form. For z in Sn, fj(z)ij is a product of
O(rn) numbers from a fixed finite set, {eciαj : i ≤ d1, j ≤ d2}, of numbers in
K. Therefore, according to the Lemma preceeding, the degrees in (x1, . . . , xd) of
F (z), for z in Sn are bounded by O(rn). When we put each equation F (z) = 0
into canonical form, we get a system of equations, one for each distinct power
product in the canonical form. The number of equations which must be solved is
thus bounded by O(nd1(rn)d). The integral coefficients in these equations have
length bounded by O(rn), according to the Lemma preceeding. Now pick the
fixed number c so that the number of unknowns is more than twice the number
of equations, and thus so that there is a solution in integers a(i) with length
bounded by O(rn).

We know that F (t) is not identically zero. Let s be the first number bigger
than n so that for some w in Ss+1 we have F (w) 6= 0. There must be such an s
since otherwise F (t) has too many roots, in fact a dense set of roots. (We expect
s = n.) Consider F (w). We can show that if n is picked sufficiently large, F (w)
will be a counterexample to the uniformity conjecture.

Put F (w) in canonical form in ZZZ(x1, . . . , xd)[y]. The length of F (w) is
bounded by O((rs)d+1).
Define

G(w, t) = F (t)
∏

z∈Ss

(w − z)/
∏

z∈Ss

(t− z)

F (z) = 0 for all z in Ss.
G(w, t) is analytic, and F (w) = G(w, w). By the maximum modulus princi-

ple, the modulus of F (w) is bounded by the modulus of G(w, t) for t on a circle
which includes w in its interior.

Consider a circle of radius R = s1+ε for some small positive ε. For s suffi-
ciently large, this circle includes all of Ss+1.
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Assume |t| = R. Then
|(w − z)/(t− z)| < s−ε for z in Ss and thus the product of all these numbers

is bounded by s−ε(s+1)d1 for sufficiently large s. It follows that

log

∣∣∣∣∣
∏

z∈Ss

(w − z)/
∏

z∈Ss

(t− z)

∣∣∣∣∣ < −K1(sd1 log s)

for some constant K1 > 0. Also,

log |F (t)| ≤ O(s1+εr) ≤ O(s1+ε+d1/d2).

since r = cnd1/d2 . This is dominated by K1s
d1 log s.

We get that log |F (w)| is bounded above by −K2(sd1 log s) for some constant
K2 > 0.

On the other hand, the number of monomials in the canonical form of F (w) is
bounded by O(rs)d, and the integral coefficients have length bounded by O(rs),
and thus the length of F (w) (in canonical form) is bounded by O((rs)d+1), and
this is bounded by O(s(d1+d2)(d+1)/d2 ).

This either contradicts the uniformity conjecture, or our assumption that
(d1 + d2)(d + 1) ≤ d1d2.

2

Here is a sample consequence.

Corollary 1. (Assuming the Uniformity Conjecture.) All the numbers een can
not be in QQQ(e) for n = 0, 1, . . . , 6.

Proof. Take d = 1 and d1 = 4, d2 = 4 in the proposition, and ci = ei−1 = αi.
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Abstract. We give a definition of admissible representations for (weak)
limit spaces which allows to handle also non topological spaces in the
framework of TTE (Type–2 Theory of Effectivity). Limit spaces and
weak limit spaces spaces are generalizations of topological spaces.
We prove that admissible representations δX, δY of weak limit spaces
X,Y have the desirable property that every partial function f between
them is continuously realizable with respect to δX, δY, iff f is sequentially
continuous. Furthermore, we characterize the class of the spaces having
an admissible representation. The category of these spaces (equipped
with the total sequential continuous functions as morphisms) turns out
to be bicartesian–closed. It contains all countably–based T0–spaces.
Thus, a reasonable computability theory is possible on important non
countably–based topological spaces as well as on non topological spaces.

1 Introduction

Type–2 Theory of Effectivity (cf. [Wei00,KW85,Wei87,Wei95,Wei96]) supplies
a computational framework for uncountable sets X which are equipped with a
natural notion of approximation (e.g. with a topology). The main idea of TTE
is to represent the points of a set X by sequences of symbols of a finite or
countable infinite alphabet Σ. On these infinite words the actual computation
is executed. The corresponding partial surjection1 δ :⊆ Σω → X mapping every
name p ∈ dom(δ) to the encoded element δ(p) is called a representation of X.

Computability for functions f :⊆ X1 × . . . × Xk → Xk+1 is introduced by
defining computability for functions onΣω and by relativizing this computability
notion by representations. The former is done via computable monotone word–
functions g : (Σ∗)k → Σ∗ (see Section 2), or, equivalently, via Type–2 machines.
Let δi :⊆ Σω → Xi be a representation of the set Xi for every i ∈ {1, . . . , k}.
Then f is said to be computable with respect to these representations, iff there
is a computable function Γ :⊆ (Σω)k → Σω which maps every name of every
argument to a name of the corresponding result, i.e.

δk+1

(
Γ (p1, . . . , pk)

)
= f

(
δ1(p1), . . . , δk(pk)

)
(1.1)

holds for every (p1, . . . , pk) ∈ dom
(
f ◦ (δ1 × . . . × δk)

)
. By using the binary

signed digit representation of R, a computational model on the real numbers is
1 Σω := {p|p : N→ Σ} denotes the set of sequences over Σ. f :⊆ A → B indicates

that f is a partial function whose domain dom(f) is not necessarily equal to A.

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 273–295, 2001.
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obtained which is essentially equivalent to the ones considered by other authors
like A. Grzegorczyk in [Grz57], Ker-I Ko in [Ko91], M. Pour–El and J. Richards
in [PER89] or V. Stoltenberg–Hansen and J.V. Tucker in [SHT99].

The natural question arises which representations of a space lead to a rea-
sonable computability theory on that space. Here the notion of continuous re-
alizability plays an important role. It reflects the fact that every computable
function Γ :⊆ (Σω)k → Σω is continuous w.r.t. the Cantor topology on Σω . A
function f :⊆ X1 × . . .×Xk → Xk+1 is said to be continuously realizable w.r.t.
δ1, . . . , δk+1, iff there is a continuous function Γ :⊆ (Σω)k → Σω which realizes
f , i.e. satisfies Equation (1.1). Since computable realizability implies continuous
realizability, continuous realizability can be considered as a “topological” gen-
eralization of computability. Many representations turn out to be unsuitable,
because they lead to an unsatisfactory class of continuously realizable functions.
An example is the ordinary decimal representation of R which does not admit
continuous realizability of real addition. In this paper, we will only investigate
continuous realizability.

Now we assume that the sets Xi are equipped with a natural notion of ap-
proximation. By this we mean a limit relation→

Xi
⊆ XN

i ×Xi assigning to some
sequences (yn)n some points x considered to be the limits of (yn)n. Limit rela-
tions induce a natural notion of continuity: a function f :⊆ X → Y is said to be
continuous with respect to limit relations→

X
and→

Y
, iff f preserves convergent

sequences (cf. Section 2.1, [Bir36,Dud64]). It seems to be reasonable to demand
of the used representations δ1, . . . , δk+1 to guarantee continuous realizability of
all continuous functions f :⊆ X1 × . . . × Xk → Xk+1. This property is satis-
fied by admissible representations (see Section 3). Kreitz and Weihrauch showed
that all topological countably–based T0–spaces have representations with this
property (cf. [Wei00,KW85]). We prove that a strictly larger class of spaces have
admissible representations.

In Section 2 we introduce the weak limit spaces and define continuity of func-
tions between them. Weak limit spaces are reasonable generalizations of limit
spaces (cf. Section 2.3) and thus of topological spaces. In Section 3 we define the
admissible representations of weak limit spaces and prove the Generalized Main
Theorem stating that continuity is equivalent to continuous realizability with
respect to admissible representations. Section 4 is devoted to the characteriza-
tion of the category AWL of those weak limit spaces that are equipped with an
admissible representation. In Section 5 we investigate closure properties of AWL
and prove that AWL is bicartesian–closed. Finally, we compare in Section 6 the
category AWL with the category PQL defined by M. Menni and A. Simpson in
[MS00] and prove that both are closely related.

2 Preliminaries

In the following, let Σ be a finite or countably infinite alphabet with at least
two elements. For a ∈ Σ, u, v ∈ Σ∗, W ⊆ Σ∗, p, p′ ∈ Σω and n ∈ N we denote
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by

an the word consisting of n symbols a;
aω the sequence q with q(i) = a for every i ∈ N;
p<n the prefix of length n of p, i.e. the word p(0)p(1) . . . p(n− 1);
v the prefix–relation on Σ∗ ∪Σω , i.e. u v v :⇐⇒ (∃w ∈ Σ∗)uw = v,

u v p :⇐⇒ (∃j ∈ N)u = p<j, p 6v u and p v p′ :⇐⇒ p = p′;
up the sequence with prefix u followed by p;

uΣω the set {q ∈ Σω | u v q};
WΣω the set {q ∈ Σω | (∃w ∈W )w v q};
(∃∞n) for infinitely many numbers n;
(∀∞n) for almost all numbers n;

N the set N ∪ {∞}.
A function g : (Σ∗)k → Σ∗ is called monotone, iff (u1 v v1) ∧ . . . ∧ (uk v vk)
implies g(u1, . . . , uk) v g(v1, . . . , vk) for all words u1, v1, . . . , uk, vk ∈ Σ∗.
If g : (Σ∗)k → Σ∗ is monotone, then we denote by gω the partial function
gω :⊆ (Σω)k → Σω defined by

dom(gω) :=
{
(p1, . . . , pk) ∈ (Σω)k

∣∣ {g(p<n1 , . . . , p<nk ) |n ∈ N} is infinite
}

and

gω(p1, . . . , pk) := that sequence q ∈ Σω with (∀n ∈ N) g(p<n1 , . . . , p<nk ) v q
for all (p1, . . . , pk) ∈ dom(gω).
We call a function Γ :⊆ (Σω)k → Σω computable, iff there is a computable
monotone function g : (Σ∗)k → Σ∗ with gω = Γ , where computability in the
case Σ = Z is defined via a canonical effective numbering νZ∗ : N → Z∗ of Z∗.
This notion of computability is equivalent to the one in [Wei00].

2.1 Limit Relations and Continuous Functions

Let X be a set. We denote a sequence y : N → X by (yn)n or (yn)n∈N and
a generalized sequence y : N → X by (yn)n∈N, where N := N ∪ {∞}. We call
any relation →

X
⊆ XN ×X a limit relation (or convergence relation) on X and

say that a sequence (yn)n ∈ XN converges to x ∈ X with respect to →
X

, iff
(yn)n →X x holds. Furthermore, we call a function x : N → X a convergent
sequence of the space (X,→

X
), iff (xn)n converges to x∞ with respect to →

X
.

For every i ∈ {1, . . . , k} let Yi be a set and →
Yi

be a limit relation on Yi. As in
[Dud64], we define a function f :⊆ Y1×. . .×Yk → X to be continuous with respect
to →

Y1
, . . . ,→

Yk
and →

X
, iff f preserves convergent sequences, i.e.

(
f(ȳn)

)
n

converges to f(ȳ∞) with respect to →
X

whenever {ȳm |m ∈ N} ⊆ dom(f) holds
and for every i the i–th projection sequence

(
pr i(ȳn)

)
n converges to pr i(ȳ∞)

with respect to →
Yi

. Sometimes this notion of continuity is called sequential
continuity. Obviously, the composition of functions preserves continuity.
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2.2 Convergence and Continuity in Topological Spaces

Let X = (X, τX) and Y = (Y, τY) be topological spaces (cf. [Eng89,Fra65]). The
topology τX induces a limit relation on X denoted by →

X
or →τX

. It is defined
by saying that a sequence (yn)n converge to a point x ∈ X, iff (yn)n is eventually
in O for all open sets O ∈ τX containing x. (We say that (yn)n is eventually in
a subset M , iff there is some n0 ∈ N such that yn ∈M for all n ≥ n0.)
A partial function f :⊆ X → Y is called topologically continuous with respect
to τX and τY, iff for every open set V ∈ τY there is an open set U ∈ τX
with f−1(V ) = U ∩dom(f). Topological continuity implies sequential continuity
(i.e. continuity w.r.t. the limit relations induced by the topologies), whereas the
converse is only true in special cases (cf. [Eng89,Fra65]), for example if X is a
countably–based space, i.e. a topological space with a countable base. In the
following, continuity will always mean sequential continuity and not topological
continuity.

On the set Σω we use the Cantor topology τΣω := {WΣω |W ⊆ Σ∗} and
on the N the topology τ

N
:=

{
O ⊆ N

∣∣∞ ∈ O =⇒ (∃n0 ∈ N)(∀n ≥ n0)n ∈ O
}
.

Both topologies have countable bases, hence topological continuity and sequen-
tial continuity coincide for functions whose domain is a subset of Σω or N. We
denote the limit relations of these topologies by →

Σω
and →

N
, respectively, and

will always assume them to be the used limit relations on Σω and N.

2.3 Limit Spaces and Weak Limit Spaces

Let →
X

be a limit relation on X. Then the pair X = (X,→
X
) is called a limit

space, iff the following three axioms are satisfied (cf. [MS00]) (where x ∈ X and
(yn)n ∈ XN):

(L1) (x)n →X
x;

(L2) (yn)n →X
x implies (yϕ(n))n →X

x for every strictly increasing function
ϕ : N→ N;

(L3) if (yn)n 6→X
x, then there is a strictly increasing function ϕ : N→ N such

that (yϕψ(n))n 6→X
x for all strictly increasing function ψ : N→ N.

Limit spaces whose converging sequences have only one limit are called L∗–spaces
(cf. [Ury26,Kis60,Dud64,Kur66,Eng89]). It is well–known and easy to prove that
for every topological space Z = (Z, τZ) the pair (Z,→τZ ) is a limit space. There-
fore we treat any topological space (Z, τZ) as a limit space.

Now we introduce the weak limit spaces. We define the pair X = (X,→
X
) to

be a weak limit space, iff it satisfies Axioms (L1), (L4) and (L5):

(L4) if (xn)n∈N
is a convergent sequence of X, then the function x : N → X is

continuous with respect to →
N

and →
X
;

(L5) (yn+1)n →X
x implies (yn)n →X

x.
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Obviously, weak limit spaces satisfy Axiom (L2). The weak limit spaces whose
converging sequences have only one limit turn out to be exactly the L+–spaces
defined in [Dud64]. Weak limit spaces are motivated by their characterization in
Lemma 10 in conjunction with Theorem 13. Axioms (L4) and (L5) are equivalent
to the two technical properties stated in Lemma 1.

Lemma 1.
Let X = (X,→

X
) be a weak limit space, and let a ∈ Σ.

(1) For every convergent sequence (yn)n∈N of X the function φ : Σω → X
defined by φ(p) := ymin({∞} ∪ {n ∈ N | p(n) 6= a}) is continuous.

(2) Let δ :⊆ Σω → X be continuous, and let p ∈ dom(δ).
Then for every sequence (zn)n that does not converge to δ(p) there is some
k ∈ N such that zn /∈ δ(p<kΣω) holds for infinitely many n.

Proof:

(1) The function k : Σω → N defined by k(p) := min({∞}∪{n ∈ N | p(n) 6= a})
is continuous with respect to →

Σω
and →

N
. By Axiom (L4) this implies

that φ = y ◦ k is continuous with respect to →
Σω

and →
X
.

(2) Assume (∀k ∈ N)(∃l ∈ N)(∀n ≥ l) zn ∈ δ(p<kΣω). Then there is a strictly
increasing sequence l0, l1, l2 . . . such that {zn |n ≥ lk} ⊆ δ(p<kΣω) for
all k ∈ N. For every k ∈ N and every n ∈ {lk, . . . , lk+1 − 1} there is some
qn ∈ p<kΣω with δ(qn) = zn. Since lim

n→∞ qn+l0 = p and δ is continuous, the

sequence (zn+l0 )n converges to δ(p). Axiom (L5) implies (zn)n →X
δ(p), a

contradiction.
�

Every limit space and thus every topological space is a weak limit space, whereas
not every weak limit space satisfies Axiom (L3). We only prove:

Lemma 2. Every limit space X = (X,→
X
) is a weak limit space.

Proof:
Axiom (L4): Let (xn)n∈N

be a convergent sequence of X and let (kn)n∈N
be a

convergent sequence of (N, τ
N
). We show that every subsequence of (xkn)n has

a subsequence converging to xk∞ . Let ϕ : N→ N be strictly increasing.
If kϕ(n) = k∞ for infinitely many n ∈ N, then there is a strictly increasing
function ψ : N → N with range(ψ) = {n ∈ N | kϕ(n) = k∞}. By Axiom (L1),
(xkϕψ(n))n converges to xk∞ .
Otherwise we have kϕ(n) 6= k∞ for almost all n ∈ N and therefore k∞ = ∞.
Since (kϕ(n))n converges to ∞, for all m ∈ N there is some nm ∈ N such that
m ≤ kϕ(n) < ∞ holds for all n ≥ nm. Hence we can define ψ : N ∪ {−1} →
N ∪ {−1} recursively by ψ(−1) := −1 and

ψ(i) := min
{
n > ψ(i− 1)

∣∣kϕψ(i−1) < kϕ(n) <∞
}
.
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Then ψ and i 7→ kϕψ(i) are strictly increasing. Thus (xkϕψ(i))i converges to
x∞ by Axiom (L2).
From Axiom (L3) we conclude that (xki)i converges to xk∞ . Thus the function
k 7→ xk is continuous with respect to →

N
and →

X
.

Axiom (L5): Let (yn)n be a sequence in X such that (yn+1)n converges to some
x ∈ X. Define ψ : N → N by ψ(n) := n + 1. For every strictly increasing
function ϕ : N → N the sequence (yϕψ(n))n is a subsequence of (yn+1)n.
Thus (yϕψ(n))n converges to x by Axiom (L2). From Axiom (L3) we deduce
(yn)n →X

x.
�

We mention a nice characterization of the weak limit spaces showing that they
form a very natural class. Let Z = (Z, τZ) be a topological space and let f : Z →
X be a surjection onto the set X. Consider the smallest (finest) limit relation
→
X

on X such that f is sequentially continuous with respect to →Z and →
X

.
Then the pair (X,→

X
) is a weak limit space (cp. Proposition 14(1)). Conversely,

every weak limit space is equal to such a “quotient” of an appropriate metric
space (cp. Proposition 9). This characterization is a generalization of Franklin’s
theorem stating that the sequential topological spaces are exactly the topological
quotients of metric spaces (cf. [Fra65]).

2.4 T0-Property

We say that a weak limit space X = (X,→
X
) satisfies the T0–property, iff for

all x, y ∈ X with x 6= y we have (x)n 6→X
y or (y)n 6→X

x. This definition is
consistent with the usual definition of a topological T0–space.

2.5 Sequentially Open and Sequentially Closed Sets

For spaces satisfying the Axioms (L1) and (L2) there is a natural notion of
“open” and “closed” sets (cf. [Bir36,Dud64], see also [Fra65,Eng89,MS00]).
Let X = (X,→

X
) and Y = (Y,→

Y
) be weak limit spaces, hence (L1) and (L2) are

satisfied. We call a subset O of X sequentially open, iff every sequence (yn)n that
converges to an element of O is eventually in O. The complements of sequentially
open sets are called sequentially closed. Sequentially closed sets are characterized
by the property that they contain all limits of their converging sequences. The
family seq(→

X
) of all sequentially open sets of X turns out to be a topology

on X. We called it the associated topology of X. The limit relation →seq(→
X

)

induced by this topology contains the original limit relation→
X
, i.e. (yn)n →X

x
implies (yn)n →seq(→

X
) x. Every total function f : X → Y which is continuous

with respect to →
X

and →
Y

is also topologically continuous with respect to
the associated topologies seq(→

X
) and seq(→

Y
). If there is any topology on X

inducing the limit relation→
X

of X, then also seq(→
X
) induces→

X
. The topology

of a countably–based topological space Z is equal to the topology seq(→Z) of
the sequentially open sets of Z (cf. [Eng89,Fra65]).
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3 Admissible Representations

In this section we define the admissible representations and compare this notion
of admissibility with the classical one in [Wei00,KW85,Wei87,Wei95,Wei96]. We
prove that continuous realizability of a function f with respect to admissible
representations is equivalent to sequential continuity of f . Furthermore, we in-
vestigate the final topology of an admissible representation.

3.1 The Definition of Admissible Representations

Let X = (X,→
X
) be a weak limit space, and let δX :⊆ Σω → X be a representa-

tion of X. For every p ∈ dom(δX) and every n ∈ N, each element yn ∈ δX(p<nΣω)
can be considered as an “approximation” of δX(p). If δX is continuous with re-
spect to→

X
, then this is true with respect to the notion of approximation given

by →
X
, because in this case such a sequence (yn)n converges to δX(p) in the

space X. Thus, it is quite natural to demand continuity of δX.

On the other hand, our aim is to have a representation δX such that at least
every continuous function φ :⊆ Σω → X is continuously realizable w.r.t. the
identical representation idΣω of Σω and δX. This requirement implies that φ is
continuously reducible to δX (denoted by φ ≤t δX) which means the existence of
a continuous function G :⊆ Σω → Σω such that φ(p) = δX

(
G(p)

)
holds for all

p ∈ dom(φ).

These considerations justify the following definition.

Definition 3 (Admissible Representations).
Let X = (X,→

X
) be a weak limit space, and let δ :⊆ Σω → X be a representation

of X.

(1) δ is said to be an admissible representation of the space X, iff δ is continuous
and every continuous function φ :⊆ Σω → X is continuously reducible to δ.

(2) Let → be any limit relation on X such that (X,→ ) is a weak limit space.
Then δ is said to be → –admissible or admissible with respect to → , iff δ is
an admissible representation of the weak limit space (X,→ ).

The property of an admissible representation δ that every continuous function
φ :⊆ Σω → X is continuously reducible to δ is called the universal property of δ.

Two representations δ1, δ2 :⊆ Σω → X of X are called continuously equiva-
lent (δ1 ≡t δ2 for short), iff they are continuously reducible to each other, i.e. iff
δ1 ≤t δ2 ≤t δ1 holds. One can easily prove that if δ :⊆ Σω → X is an admissible
representation of X, then for any further representation γ :⊆ Σω → X of X we
have

γ is admissible with respect to →
X
, iff γ ≡t δ. (3.1)
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3.2 Comparison with the Classical Definition of Admissibility

In [Wei00,Wei95,Wei96], a representation γ :⊆ Σω → X of a countably–based
T0–space X = (X, τ ) is defined to be admissible, iff γ is continuously equivalent
to a standard representation δ(X,σ,ν) of X which is derived from a notation ν :⊆
Σ∗ → σ of a subbase σ of the space X. As an important property, it is shown
that the standard representation δ(X,σ,ν) is continuous with respect to →

Σω
and

→τ and satisfies the universal property. Thus δ(X,σ,ν) is admissible in the sense
of Definition 3. From Equivalence (3.1) it follows that every representation of
the countably–based T0–space X is admissible in the classical sense, if and only
if it is an admissible one of (X,→τ) in the sense of Definition 3.

The following example shows a limit space which has an admissible repre-
sentation, but is not topological, i.e. no topology induces its limit relation.

Example 4.
Let X := {1, 2, 3}. We define the limit relation →

X
on X by

(yn)n →X
1 :⇐⇒ {n ∈ N | yn = 2} is finite

(yn)n →X
2 :⇐⇒ {n ∈ N | yn = 3} is finite

(yn)n →X
3 :⇐⇒ {n ∈ N | yn = 1} is finite

for all sequences (yn)n ∈ XN. One can easily prove that X := (X,→
X
) satisfies

the Axioms (L1), (L2) and (L3), i.e. X is a limit space. The only sequentially
closed sets of X are ∅ and X. Thus the topology seq(→

X
) is the indiscrete topol-

ogy on X. Since in an indiscrete topological space every sequence converges to
every point, the topology seq(→

X
) does not induce the limit relation →

X
. This

implies that there is no topology on X inducing →
X

(cf. Section 2.5).

An admissible representation δ :⊆ Σω → X over the alphabet Σ := {1, 2, 3} can
be defined by

δ(p) :=




1 if (∃m ∈ N) p(m) = 1 and (∀m ∈ N) p(m) 6= 3
2 if (∃m ∈ N) p(m) = 2 and (∀m ∈ N) p(m) 6= 1
3 if (∃m ∈ N) p(m) = 3 and (∀m ∈ N) p(m) 6= 2
↑ else

for all p ∈ Σω .
Let (pn)n∈N

be a convergent sequence in dom(δ). W.l.o.g.we can assume δ(p∞) =
1. Thus there are n0, m ∈ N with p∞(m) = 1 and pn(m) = 1 for all n ≥ n0. This
implies {n ∈ N | δ(pn) = 2} is finite, i.e.

(
δ(pn)

)
n converges to δ(p∞). Hence δ is

continuous.

Let φ :⊆ Σω → X be continuous. Define β1 := {1, 3}, β2 := {2, 1} and β3 :=
{3, 2}. Let p ∈ dom(φ). By continuity of φ, there is some m ∈ N such that
φ(p<mΣω) ⊆ βφ(p). Therefore it is possible to define ip ∈ N, jp ∈ {1, 2, 3} and
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kp,1, kp,2, kp,3 ∈ N by

ip := min
{
i ∈ N

∣∣ (∃j ∈ {1, 2, 3})φ(p<iΣω) ⊆ βj
}

jp := min
{
j ∈ {1, 2, 3} ∣∣φ(p<ipΣω) ⊆ βj

}
kp,l := min

{∞} ∪ {
k ≥ ip

∣∣φ(p<kΣω) = {l}} .
We define G :⊆ Σω → Σω by

G(p) :=




1kp,33ω if jp = 1 and kp,3 <∞
1ω if jp = 1 and kp,3 =∞
2kp,11ω if jp = 2 and kp,1 <∞
2ω if jp = 2 and kp,1 =∞
3kp,22ω if jp = 3 and kp,2 <∞
3ω if jp = 3 and kp,2 =∞
↑ else

Then G is continuous, because the functions p 7→ ip, p 7→ jp and p 7→ kp,l are
continuous. Obviously, we have φ(p) = δ

(
G(p)

)
for all p ∈ dom(φ). Hence δ has

the universal property.
�

3.3 Continuous Realizability versus Sequential Continuity

We will now show that continuous realizability with respect to admissible re-
presentations is equivalent to sequential continuity (cf. Section 2). Thus our
notion of admissibility has the property promised in Section 1. Since for partial
functions between countably–based topological spaces topological continuity is
equivalent to sequential continuity, Theorem 6 generalizes the Main Theorem in
[Wei00,Wei95,Wei96] to weak limit spaces.
First we prove that every admissible representation is “convergent–sequence–
covering”.

Lemma 5. Let δ :⊆ Σω → X be an admissible representation of a weak limit
space X = (X,→

X
). Then for every convergent sequence (xn)n∈N there is a

convergent sequence (qn)n∈N
in dom(δ) with

(
δ(qn)

)
n∈N

= (xn)n∈N
.

Proof: Choose two symbols a 6= b from the alphabetΣ. By Lemma 1, the function
φ : Σω → X defined by

φ(p) := xmin({∞} ∪ {n ∈ N | p(n) 6= a})
is continuous. The universality of δ yields a continuous function G : Σω → Σω

with φ = δ ◦ G. Define q∞ := G(aω) and qn := G(anbω) for every n ∈ N. Then
(qn)n converges to q∞, because G is continuous. Obviously, we have δ(qn) = xn
for all n ∈ N.

�
Theorem 6 is an easy consequence of the universal property and of Lemma 5.
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Theorem 6 (Generalized Main Theorem).
Let Xi = (Xi,→Xi) be a weak limit space and δi :⊆ Σω → Xi be an admissible
representation of Xi for i ∈ {1, . . . , k+1}. Then a function f :⊆ X1× . . .×Xk →
Xk+1 is continuously realizable with respect to δ1, . . . , δk+1, iff f is continuous.

Proof: For the sake of simplicity, we restrict us to the case k = 1.
“⇐=”: If f is continuous, then by continuity of δ1 the function φ := f ◦ δ1

is continuous as well. By universality of δ2, there is a continuous function
G :⊆ Σω → Σω with φ = δ2 ◦ G. Obviously, G realizes f with respect to δ1
and δ2.

“=⇒”: Let (xn)n∈N
be a convergent sequence in dom(f). By Lemma 5, there

is convergent sequence (qn)n∈N
with

(
δ1(qn)

)
n∈N

= (xn)n∈N
. Since f is con-

tinuously realizable with respect to δ1 and δ2, there is a continuous function
G :⊆ Σω → Σω with f ◦ δ1 = δ2 ◦G. For all n ∈ N we have

f(xn) = f
(
δ1(qn)

)
= δ2

(
G(qn)

)
.

By continuity of δ2 ◦ G, the sequence
(
δ2(G(qn))

)
n converges to δ2(G(q∞)).

Thus the sequence
(
f(xn)

)
n converges to f(x∞).

�
Since relative computability implies continuous realizability, we obtain:

Corollary 7. Computability with respect to admissible representations implies
sequential continuity.

3.4 The Final Topology of Admissible Representations

Now we prove that the final topology of an admissible representation of a weak
limit space X = (X,→

X
) is equal to the family seq(→

X
) of all sequentially open

subsets of X (cf. Section 2.5).

Proposition 8. Let X = (X,→
X
) be a weak limit space, and let δ :⊆ Σω → X

be an admissible representation of X. Then the final topology

τδ :=
{
O ⊆ X ∣∣ (∃U ∈ τΣω) δ−1(O) = U ∩ dom(δ)

}
of δ is equal to the family seq(→

X
) of all sequentially open subsets of X.

Proof:
“τδ ⊆ seq(→

X
)”: Let O ∈ τδ. Then there is a set W ⊆ Σ∗ with δ−1(O) =

WΣω ∩ dom(δ). Let (xn)n∈N
be a convergent sequence of X with x∞ ∈ O. By

Lemma 5, there is convergent sequence (qn)n∈N
with

(
δ(qn)

)
n∈N

= (xn)n∈N
.

Since δ(q∞) ∈ O, there exists some i ∈ N with q<i∞ ∈W . There is some n0 ∈ N

with q<in = q<i∞ for all n ≥ n0, because lim
n→∞ qn = q∞. We obtain

xn = δ(qn) ∈ δ(q<in Σω) = δ(q<i∞Σ
ω) ⊆ δ(WΣω) = O

for all n ≥ n0. Thus (xn)n is eventually in O. Hence O is sequentially open.



Admissible Representations of Limit Spaces 283

“seq(→
X
) ⊆ τδ”: Let O be sequentially open in X. Let p ∈ δ−1(O).

Assume that for every n ∈ N there is some qn ∈ p<nΣω with δ(qn) ∈ X \O.
Since (qn)n converges to p and δ is continuous,

(
δ(qn)

)
n converges to δ(p).

Therefore the sequence
(
δ(qn)

)
n is eventually in O, a contradiction.

Hence there is some np ∈ N with δ(p<npΣω) ⊆ O. Obviously, the set

W :=
{
q<nq

∣∣ q ∈ δ−1(O)
}

satisfies δ−1(O) = WΣω ∩ dom(δ). We obtain O ∈ τδ .
�

The following “quotient–property” of admissible representations is a direct con-
sequence of Lemma 5.

Proposition 9. Let δ :⊆ Σω → X be an admissible representation of a weak
limit space X = (X,→

X
). Then →

X
is the smallest limit relation → on X such

that δ is continuous with respect to →
Σω

and →.

4 Characterization of the Weak Limit Spaces with
Admissible Representations

In this section, we characterize the class AWL of those weak limit spaces that
have admissible representations. For this purpose we define the limit bases of
a weak limit space. Then we prove that a weak limit space has an admissible
representation, if and only if it has a countable limit base and satisfies the T0–
property.

4.1 Limit Bases

Let→
X

be a limit relation on the set X. Let B be a family of subsets of X. Then
we call B a limit base of the pair X = (X,→

X
), iff for all x ∈ X and all sequences

(yn)n and (zn)n there is an element B ∈ B such that

− x ∈ B (LB1)

− (∀∞n ∈ N) yn ∈ B if (yn)n converges to x and (LB2)

− (∃∞n ∈ N) zn /∈ B if (zn)n does not converge to x. (LB3)

Every superset of a limit base is a limit base of the same space. It is easy to
see that every subbase of a topological space (X, τ ) is a limit base of the cor-
responding limit space (X,→τ ). The family

{{1, 3}, {2, 1}, {3, 2}} can be shown
to be a limit base of the space considered in Example 4.

Weak limit spaces are characterized by the existence of a limit base.

Lemma 10. Let →
X

be a limit relation on the set X, i.e. →
X
⊆ XN ×X.

Then X = (X,→
X
) is weak limit space, iff X has a limit base.
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Proof:
“=⇒”: Let (yn)n be a sequence converging to a point y∞ ∈ X, and let (zn)n

be a sequence that does not converge to y∞. For every k ∈ N define Bk :=
{y∞} ∪ {yi | i ≥ k}.
Assume that for all k ∈ N the set Bk contains zn for almost all n ∈ N. Then
there is a strictly increasing sequence l0, l1, . . . ∈ N with {zn |n ≥ lk} ⊆ Bk.
For every k ∈ N and every n ∈ {lk, . . . , lk+1 − 1} there is some ξ(n) ≥ k
with yξ(n) = zn. Since

(
ξ(n+ l0)

)
n converges to ∞ and the function ι 7→ yι is

continuous by Axiom (L4), the sequence (zn+l0 )n = (yξ(n+l0))n converges to
y∞. Axiom (L5) implies that (zn)n converges to y∞, a contradiction.
Hence there is some k ∈ N such that Bk does not contain zn for infinitely
many n ∈ N. Thus 2X is a limit base of X.

“⇐=”: Let B be a limit base of X.
Axiom (L1): Assume that the constant sequence (zn)n := (x)n does not con-

verge to x. Then there is a set B ∈ B with x ∈ B such that B does not
contain zn for infinitely many n ∈ N, a contradiction.

Axiom (L5): Let (yn)n be a sequence such that (yn)n≥1 converges to some
x ∈ X. Assume that (yn)n does not converge to x. Then there are B ∈ B
and n0 ∈ N such that {yn+1 |n ≥ n0} ⊆ B and B does not contain yn for
infinitely many n ∈ N. Of course this is impossible.

Axiom (L4): Let (xn)n∈N
be a convergent sequence of X. Let (mn)n∈N

be a
convergent sequence in N.
Case 1: Let m∞ =∞.

Assume that (xmn)n does not converge to xm∞ . Then there are B ∈ B
and n1 ∈ N such that {x∞, xn |n ≥ n1} ⊆ B and xmn /∈ B for infinitely
many n. But since (mn)n converges to∞, there is some n2 ∈ N such that
mn ≥ n1 for all n ≥ n2 and thus {xmn |n ≥ n2} ⊆ B, a contradiction.

Case 2: Let m∞ 6= ∞. Then there is some n0 ∈ N with mn = m∞ for
all n ≥ n0. By Axiom (L1), (xmn)n≥n0 converges to xm∞ . This implies
(xmn)n →X

xm∞ by Axiom (L5).
�

4.2 Countable Limit Bases versus Admissible Representations

Now we can characterize the weak limit spaces which have an admissible repre-
sentation.
First we show that the existence of an admissible representation implies the
existence of a countable limit base.

Proposition 11. Let δ :⊆ Σω → X be an admissible representation of a weak
limit space X = (X,→

X
). Then the family

{
δ(wΣω)

∣∣w ∈ Σ∗
}

is a countable
limit base of X.
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Proof: Let (xn)n be a sequence converging to an element x∞ ∈ X, and let (zn)n
be a sequence that does not converge to x∞. By Lemma 5, there is convergent
sequence (qn)n∈N

with
(
δ(qn)

)
n∈N

= (xn)n∈N
. By Lemma 1, there is some i ∈ N

such that δ(q<i∞Σω) does not contain zn for infinitely many n ∈ N. There is some
n0 with qn ∈ q<i∞Σω for all n ≥ n0. Obviously, the word w := q<i∞ satisfies

{x∞} ∪ {xn |n ≥ n0} ⊆ δ(wΣω) and (∃∞n ∈ N) zn /∈ δ(wΣω) .

�
Now we construct an admissible representation δX,β of a weak limit space X =
(X,→X) with the T0–property starting from a numbering2 β : N → B of a
countable limit base B of X. We define δX,β :⊆ Zω → X by

δX,β(p) = x :⇐⇒




range(p) ∩ N ⊆ {i ∈ N | x ∈ βi} and(∀(zn)n ∈ XN
)(

(zn)n 6→X x =⇒
(∃i ∈ range(p))(∃∞n) zn /∈ βi

) (4.1)

for all p ∈ Zω and x ∈ X, where range(p) = {p(j) | j ∈ N}. Thus, a δX,β–name
p of a point x lists “sufficiently many” limit base elements containing x. Note
that in general δX,β would not become an admissible representation of X, if we
demanded of all names of x to list all limit base elements containing x, because
limit base elements are not necessarily sequentially open.

Theorem 12 (Construction of an Admissible Representation).
Let X = (X,→X) be a weak limit space satisfying the T0–property, and let
β : N→ B be a numbering of a limit base B of X.
Then the function δX,β from (4.1) is well–defined and is an admissible represen-
tation of the space X.

Proof:
Unambiguity: Let x 6= y be points of X and let p ∈ Zω. By the T0–property,

the constant sequence (y)n does not converge to x or (x)n does not converges
to y, w.l.o.g. we assume (y)n 6→X x. If (p, x) satisfies the right hand side of
(4.1), then there is some j ∈ N such that (y)n is not eventually in βp(j). Thus
the sequence p cannot be a δX,β–name for y, because y /∈ βp(j).

Surjectivity: Let x ∈ X. Then every p ∈ Zω with range(p) = {n ∈ N | x ∈ βn}
is a δX,β–name of x, because {β0, β1, . . .} is a limit base of X.

Continuity: Let (qn)n be a sequence in dom(δX,β) converging to some p ∈
dom(δX,β). For n ∈ N define zn := δX,β(qn).
Assume that (zn)n does not converge to δX,β(p). Then there is some j ∈ N

such that p(j) ∈ N and zn /∈ βp(j) for infinitely many n ∈ N. Since (qn)n
converges to p, there is some n0 such that qn(j) = p(j) for all n ≥ n0 implying
{zn |n ≥ n0} ⊆ βp(j), a contradiction.
Hence, δX,β is continuous.

2 i.e. β is surjective
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Universality: Let φ :⊆ Zω → X be continuous.
Let p ∈ dom(φ), x := φ(p) and (zl)l be a sequence that does not converge to
x. We show that there is a pair (i, n) ∈ N2 such that

φ(p<nZω) ⊆ βi and (∃∞l ∈ N) zl /∈ βi . (4.2)

Assume that no pair (i, n) satisfies (4.2). Then for every m ∈ N there is some

ym ∈ φ(p<mΣω) such that (∃∞l) zl /∈ βm−b√mc2 implies ym /∈ βm−b√mc2 .
Since φ is continuous, the sequence (ym)m converges to x. Thus there are
j,m0 ∈ N such that {x}∪{ym |m ≥ m0} ⊆ βj and (∃∞l ∈ N) zl /∈ βj , because
B is a limit base of X. But for m := (m0 + j)2 + j we have chosen ym from
X \βj , since j = m−b√mc2 and zl /∈ βj for infinitely many l ∈ N. This yields
the contradiction.
We define the function G : Zω → Zω for every q ∈ Zω and m ∈ N by

G(q)(m) :=

{
m− b√mc2 if φ(q<mZω) ⊆ βm−b√mc2
−1 else.

Then G is continuous w.r.t. the Cantor topology, because G(q)(m) only de-
pends on a finite prefix of q. For all p ∈ dom(φ) we have

range
(
G(p)

) ∩ N =
{
i ∈ N

∣∣ (∃n ∈ N)φ(p<nΣω) ⊆ βi
}

⊆ {
i ∈ N

∣∣φ(p) ∈ βi
}
.

By (4.2), this implies δX,β
(
G(p)

)
= φ(p) for every p ∈ dom(φ). Hence, δX,β

has the universal property.
�

From Proposition 11 and Theorem 12, we obtain the following characterization
of the class of spaces that have an admissible representation.

Theorem 13 (Characterization Theorem).
A weak limit space X = (X,→

X
) has an admissible representation, if and only if

X has a countable limit base and satisfies the T0–property.

Proof: It remains to show that X satisfies the T0–property, if there is an admis-
sible representation δ :⊆ Σω → X of X.
Assume that there are points x 6= y in X such that the constant sequence (x)n
converges to y and (y)n converges to x. From Axiom (L4) we can deduce that
every sequence that consists only of x and y converges both to x and to y. Thus
for every subset A ⊆ Σω the function φA : Σω → X defined by

φA(p) :=
{
x if p ∈ A
y else.

is continuous. By universality of δ, there is a continuous function GA : Σω → Σω

with φA = δ◦GA. For allB 6= A the function GB does not equal GA. This implies
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that the cardinality of the set F of all total continuous functions f : Σω → Σω

is at least card(2Σ
ω

). This contradicts the existence of a representation of F (cf.
[Wei00,Wei87]) which implies card(F) ≤ card(Σω).
Hence, X satisfies the T0–property.

�

5 Closure Properties

In this section we present some operators on weak limit spaces that preserve the
property of having a countable limit base or the one of having an admissible
representation. It turns out that the category AWL whose objects are the weak
limit spaces with an admissible representation and whose morphisms are the
total sequentially continuous functions is bicartesian–closed.

5.1 Coarsest and Finest Limit Relation

Let Y and Z be sets. For i ∈ N let Xi = (Xi,→Xi
) be a weak limit space and

fi : Xi → Y and gi : Z → Xi be functions such that Y =
⋃
i∈N

range(fi). Then
we define two limit relations →

f
on Y and →g on Z by

(yn)n →f y∞ :⇐⇒ (∃i ∈ N
)(∃(xn)n ∈ XN

i

)(∃x∞ ∈ Xi)(∃n0 ∈ N
)

(
(xn)n →Xi

x∞ and (∀n ∈ {n0, . . . ,∞}) yn = fi(xn)
)

and

(zn)n →g z∞ :⇐⇒ (∀i ∈ N
)
(gi(zn))n →Xi

gi(z∞) .

Obviously,→
f

is the finest (smallest) limit relation on Y and →g is the coarsest
(largest) one on Z such that for all i ∈ N the functions fi and gi are continuous
with respect to these limit relations (and the ones of the spaces Xi).

The following lemma shows how to construct limit bases for the spaces Y =
(Y,→

f
) and Z = (Z,→g) from given countable limit bases of the spaces Xi.

Proposition 14.
Let Bi be a limit base of Xi for all i ∈ N.

(1) If Bi is countable for all i ∈ N, then

DY :=
{
fi(B0 ∩ . . . ∩Bk)

∣∣ i, k ∈ N and {B0, . . . , Bk} ⊆ Bi
}

is a countable limit base of the space Y = (Y,→
f
).

(2) The family

DZ :=
{
g−1
i (B)

∣∣ i ∈ N and B ∈ Bi
}

is a limit base of the space Z = (Z,→g).
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Proof:

(1) Since Y =
⋃
i∈N

range(fi), we have (y)n →f y for every y ∈ Y .
Let (yn)n∈N

be a convergent sequence of Y. Then there are some i, n0 ∈ N

and a convergent sequence (xn)n∈N
of Xi with yn = fi(xn) for all n ∈

{n0, . . . ,∞}. Since Bi is limit base of Xi, there is a sequence β0, β1, . . .
such that{

βk
∣∣ k ∈ N

}
=

{
B ∈ Bi

∣∣ x∞ ∈ B and (∀∞n ∈ N)xn ∈ B
}
.

Let (zn)n ∈ Y N be a sequence that does not converge to y∞.
Assume that (zn)n is eventually in fi(β0 ∩ . . . ∩ βk) for all k ∈ N. Then
there is a strictly increasing sequence l0 , l1, . . . of natural numbers with
{zn |n ≥ lk} ⊆ fi(β0 ∩ . . . ∩ βk) for all k ∈ N. There exists a sequence
(an)n ∈ XN

i such that an ∈ β0 ∩ . . . ∩ βk and fi(an) = zn holds for all
k ∈ N and all n ∈ {lk, . . . , lk+1 − 1}. Since (zn)n does not converge to y∞
and fi(an) = zn holds for all n ≥ l0, (an)n does not converge to x∞ by
definition of →

f
. Thus there is some k0 such that (an)n is not eventually

in βk0 , because Bi is a limit base of Xi. This contradicts the fact that βk0

contains an for all n ≥ lk0 .
Hence there is some k ∈ N such that (zn)n is not eventually in fi(β0∩ . . .∩
βk). Obviously fi(β0 ∩ . . . ∩ βk) contains y∞ and yn for almost all n ∈ N.
Therefore, the countable family DY is a limit base of Y.

(2) Obviously, for every z ∈ Z the constant sequence (z)n converges to z in Z.
Let (yn)n∈N

be a convergent sequence of Z, and let (zn)n∈N be a sequence
that does not converge to y∞. Then there is some i ∈ N such that

(
gi(zn)

)
n

does not converge to gi(y∞). Since
(
gi(yn)

)
n∈N

is a convergent sequence of
Xi and Bi is a limit base of Xi, there is a set B ∈ Bi such that

(
gi(yn)

)
n∈N

is eventually in B and
(
gi(zn)

)
n is not eventually in B. Obviously we have

y∞ ∈ g−1
i (B), (∀∞n) yn ∈ g−1

i (B) and (∃∞n) zn /∈ g−1
i (B) .

We conclude that DZ is a limit base of Z.
�

Even if the limit relations of the spaces Xi are induced by topologies, the space
Y is not necessarily a limit space. On the other hand, Y is a weak limit space,
if the spaces Xi are weak limit spaces. This closure property justifies to consider
weak limit spaces. Z is a limit space, if all the spaces Xi are limit spaces, and Z
is a topological space, if all the spaces Xi are topological ones.

5.2 Cartesian Product

For every i ∈ N let Xi = (Xi,→Xi
) be a weak limit space. On the Cartesian

Product
∏
i∈N Xi a limit relation →⊗ is defined by

(yn)n →⊗ x :⇐⇒ (∀i ∈ N
) (

pr i(yn)
)
n →Xi

pr i(x)
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for all sequences (yn)n ∈ (
∏
i∈N

Xi)N and x ∈ ∏
i∈N

Xi, where pr i :
∏
j∈N

Xj →
Xi denotes the i–th projection function. We denote the space

( ∏
i∈N Xi,→⊗

)
by

⊗
i∈N Xi. A limit relation for the finite Cartesian Product is constructed ac-

cordingly.→⊗ is the coarsest limit relation on
∏
i∈N

Xi such that the projections
become continuous. Thus by Proposition 14,

⊗
i∈N

Xi has a countable limit base,
if all the spaces Xi have countable limit bases. Since the product space

⊗
i∈N Xi

satisfies the T0–property, iff all the spaces Xi do so, we conclude by Theorem 13
that the countable Cartesian Product preserves the existence of an admissible
representation. Of course, this also holds for the finite Cartesian Product. If
δi :⊆ Σω → Xi is an admissible representation of the space Xi for i ∈ {1, . . . , k},
then the representation [δ1, . . . , δk] :⊆ Σω →∏k

i=1Xi defined by

[δ1, . . . , δk](p) :=
(
δ1(πk,1(p)), . . . , δk(πk,k(p))

)
,

where πk,i(p)(j) := p(j · k + i − 1), can be easily proven to be an admissible
representation of the finite Cartesian Product

⊗k
i=1 Xi (cf. [Wei00]).

5.3 Coproduct

For every i ∈ N let Xi = (Xi,→Xi
) be a weak limit space. On the set Y :=⋃

i∈N
({i} × Xi) we define →⊕ to be finest (smallest) limit relation such that

for all i the embedding ei : Xi → Y defined by ei(x) := (i, x) is continuous.
The space

( ⋃
i∈N

({i} ×Xi),→⊕
)

is called the coproduct (or disjoint sum) of the
spaces Xi. We denote it by

⊕
i∈N

Xi. The coproduct
⊕k

i=1 Xi of k weak limit
spaces is defined accordingly. Both spaces

⊕k
i=1 Xi and

⊕
i∈N

Xi are weak limit
spaces. They satisfy the T0–property, if all the spaces Xi do so. Thus, Theorem 13
and Proposition 14 imply that the class of weak limit spaces with a countable
limit base and the class of weak limit spaces with an admissible representation
are closed under finite and under countable coproduct. If δi :⊆ Zω → Xi is an
admissible representation of Xi for all i ∈ N, then the function γ :⊆ Zω → Y
defined by

γ(p) := δ|p(0)|
(
p(1)p(2)p(3) . . .

)
can be proven to be an admissible representation of

⊕
i∈N Xi.

5.4 Exponentiation

Let X = (X,→
X
) and Y = (Y,→

Y
) be weak limit spaces. By C(X,Y) we denote

the set of all total continuous functions from X to Y. We say that a sequence
(fn)n of functions in C(X,Y) converges continuously to a function f∞ ∈ C(X,Y),
iff for every sequence (ξn)n ∈ N

N
converging to∞ and every convergent sequence

(xn)n∈N of X the sequence
(
fξn(xn)

)
n converges in Y to f∞(x∞). In this case,

we write (fn)n Vc f∞. If Y is a limit space, then obviously this definition of
continuous convergence is equivalent to the ordinary one

(
i.e. (fn)n Vc f∞, iff

(yn)n →X
x implies (fn(yn))n →Y

f∞(x)
)
. By C(X,Y) we denote the space(C(X,Y),Vc

)
. By the next lemma, C(X,Y) is a weak limit space.
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Lemma 15. Let X = (X,→
X
) and Y = (Y,→

Y
) be weak limit spaces.

Then C(X,Y) =
(C(X,Y),Vc

)
is a weak limit space.

Proof:
Axiom (L1) follows from the continuity of every function in C(X,Y).

Axiom (L4): Let (fn)n be continuously convergent to some function f∞ ∈
C(X,Y) and let (kn)n∈N

be a convergent sequence in N. We have to show
that (fkn)n converges continuously to fk∞ . Let (yn)n ∈ XN be a sequence
converging to some x ∈ X and let (ξn)n be a sequence in N converging to ∞.
If k∞ =∞, then

(
fkξn (yn)

)
n converges to f∞(x), because the sequence (kξn)n

converges to ∞ and (fn)n converges continuously to f∞.
Otherwise there is some n0 ∈ N such that kξn = k∞ for all n ≥ n0. Since
(yn+n0)n converges to x by Axiom (L4) and fk∞ is continuous, the sequence(
fkξn+n0

)(yn+n0 )
)
n converges to fk∞(x). This implies

(
fkξn (yn)

)
n →Y

fk∞(x),
because Y satisfies Axiom (L5).

Axiom (L5): Let (fn)n be a sequence such that (fn+1)n converges continuously
to some f∞ ∈ C(X,Y). Let (yn)n ∈ XN be a sequence converging to some
x ∈ X and let (ξn)n be a sequence in N converging to ∞. Then there is some
n0 ∈ N such that ξn ≥ 1 for all n ≥ n0. Since (ξi+n0 − 1)i converges to∞ and
(yi+n0 )i converges to x, the sequence

(
fξi+n0

(yi+n0)
)
i converges to f∞(x).

Since Y satisfies Axiom (L5),
(
fξn(yn)

)
n converges to f∞(x). We conclude

that (fn)n converges continuously to f∞.
�

By the next theorem, the category whose objects are the weak limit spaces and
whose morphisms are the total continuous functions is cartesian–closed.

Theorem 16.
Let X = (X,→

X
), Y = (Y,→

Y
) and Z = (Z,→Z) be weak limit spaces.

(1) The evaluation function eval : C(X,Y)×X → Y defined by eval(f, x) :=
f(x) is continuous with respect to Vc, →X

and →
Y

.
(2) If h : Z × X → Y is continuous, then the function Λ(h) : Z → C(X,Y)

defined by Λ(h)(z)(x) := h(z, x) is continuous with respect to →Z and Vc.

Proof:

(1) Let (fn)n ∈ (C(X,Y))N be a sequence that converges continuously to a
function f∞ ∈ C(X,Y), and let (xn)n∈N

be a convergent sequence of X.
Since (n)n converges to∞, the sequence

(
eval(fn, xn)

)
n =

(
fn(xn)

)
n con-

verges to f∞(x∞) in Y. Hence eval is continuous with respect to Vc, →X
and →

Y
.

(2) Let (zn)n∈N
be a convergent sequence of Z. Furthermore let (xn)n∈N

be a
convergent sequence of X and (ξn)n be a sequence in N converging to ∞.
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From Axiom (L4) it follows that (zξn)n converges to z∞ in Z. By con-
tinuity of h the sequence

(
h(zξn , xn)

)
n converges to h(z∞, x∞) in Y, i.e.(

Λ(h)(zξn)(xn)
)
n →Y

Λ(h)(z∞)(x∞). By definition of Vc this means that(
Λ(h)(zn)

)
n converges continuously to Λ(h)(z∞). Thus Λ(h) is continuous.

�

For defining a representation of C(X,Y), we use the effective representation η :
Σω → Fωω from [Wei00] (or [KW85,Wei87]) of the set Fωω of all continuous
functions G :⊆ Σω → Σω having a Gδ–domain. This representation satisfies the
extension property, the utm–Theorem, the computable smn–Theorem, and the
continuous smn–Theorem, i.e.

1. for every continuous function G :⊆ Σω → Σω there is some p ∈ Σω such
that η(p) extends G (extension property);

2. the universal function uη :⊆ Σω ×Σω → Σω defined by uη(p, q) := η(p)(q)
is computable (utm–Theorem) and thus continuous;

3. for every computable function G :⊆ Σω × Σω → Σω there is some com-
putable function H : Σω → Σω with η(H(p))(q) = G(p, q) for all p, q ∈ Σω
(computable smn–Theorem);

4. for every continuous function G :⊆ Σω×Σω → Σω there is some continuous
function H : Σω → Σω with η(H(p))(q) = G(p, q) for all (p, q) ∈ dom(G)
(continuous smn–Theorem).

Let δX :⊆ Σω → X and δY :⊆ Σω → Y be admissible representations of
the weak limit spaces X and Y, respectively. We define the partial function
[δX → δY] :⊆ Σω → C(X,Y) by

[δX → δY](p) = f :⇐⇒ (∀q ∈ dom(δX)
)
δY

(
η(p)(q)

)
= f

(
δX(p)

)

for all p ∈ Σω and f ∈ C(X,Y). By Theorem 6, for every total continuous
function f : X → Y there is some continuous function G :⊆ Σω → Σω realizing
f with respect to δX and δY. Since by the extension property there is some
p ∈ Σω such that η(p) extends G, the function [δX → δY] :⊆ Σω → C(X,Y) is
surjective and thus a representation of C(X,Y).

The next theorem states that [δX → δY] is an admissible representation of
the weak limit space C(X,Y), if δX and δY are admissible ones of X and Y,
respectively.

Theorem 17 (Admissibility of [δX → δY]).
Let X = (X, τX) and Y = (Y, τY) be weak limit spaces, and let δX :⊆ Σω → X
and δY :⊆ Σω → Y be admissible representations of X and Y, respectively.
Then [δX → δY] is an admissible representation of the function space C(X,Y).

Proof:
Continuity:

Let (pn)n∈N
be a convergent sequence in dom

(
[δX → δY]

)
. For all n ∈ N let

fn := [δX → δY](pn). In order to show that (fn)n∈N converges continuously to
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f∞ let (xn)n∈N
be a convergent sequence of X and (ξn)n be a sequence in N

that converges to∞. By Lemma 5, there is a convergent sequence (qn)n∈N
with(

δX(qn)
)
n∈N

= (xn)n∈N
. Since

{
(pξn , qn)

∣∣n ∈ N
} ⊆ dom(uη), lim

n→∞ pξn = p∞,
lim
n→∞ qn = q∞ hold and δY ◦ uη is continuous, we have

(
fξn(xn)

)
n =

(
δY(η(pξn)(qn))

)
n →Y

δY
(
η(p∞)(q∞)

)
= f∞(x∞) .

Hence
(
[δX → δY](pn)

)
n converges continuously to [δX → δY](p∞).

Universality:
Let φ :⊆ Σω → C(X,Y) be continuous with respect to →

Σω
and Vc. We

define the “universal” function uφ :⊆ Σω ×Σω → Y by

uφ(p, q) :=
(
φ(p)

)(
δX(q)

)

for all (p, q) ∈ dom(uφ) := dom(φ)× dom(δX).
Let

(
(pn, qn)

)
n∈N

be a convergent sequence in dom(uφ). By continuity of φ
and δX,

(
φ(pn)

)
n converges continuously to φ(p∞) and

(
δX(qn)

)
n converges

to δX(q∞). Thus the sequence
(
uφ(pn, qn)

)
n converges in Y to uφ(p∞, q∞).

Hence uφ is continuous with respect to →
Σω

and →
Y

.
We define u′ :⊆ Σω → Y by

u′
(
p(0)q(0)p(1)q(1) . . .

)
:= uφ(p, q)

for all p, q ∈ Σω . Then u′ is continuous with respect to →
Σω

and →
Y

. By
universality of δY, there is a continuous function G :⊆ Σω ×Σω → Σω with

uφ(p, q) = u′
(
p(0)q(0)p(1)q(1) . . .

)
= δY

(
G(p, q)

)

for all p, q ∈ dom(uφ). The continuous smn–Theorem yields a continuous
function H : Σω → Σω with η(H(p))(q) = G(p, q) for all (p, q) ∈ dom(G). For
all p ∈ dom(φ) and q ∈ dom(δX) we obtain

(
φ(p)

)(
δX(q)

)
= uφ(p, q) = δY

(
G(p, q)

)
= δY

(
η(H(p))(q)

)
,

i.e. φ(p) = [δX → δY](H(p)) and φ = [δX → δY] ◦ (H |dom(φ)).
This proves φ ≤t [δX → δY].

�

From two given countable limit bases BX and BY of the weak limit spaces X and
Y, a countable limit base D of the space C(X,Y) can be directly constructed by
letting

D :=
{F(A0 ∩ . . . ∩Ak, B)

∣∣ k ∈ N , {A0, . . . , Ak} ⊆ BX , B ∈ BY

}
,

where F(A,B) :=
{
f ∈ C(X,Y)

∣∣ f(A) ⊆ B
}
. This construction works also in

the case that X and/or Y do not satisfy the T0–property.
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From Sections 5.2 and 5.3 and from Theorems 16 and 17 we conclude that
the category AWL of weak limit spaces having an admissible representation is
bicartesian–closed. With the help of the utm–Theorem and the computable smn–
Theorem for η, the category whose objects are the weak limit spaces equipped
with an admissible representation and whose morphisms are the total functions
being computable with respect to the representations of the domain and the
codomain can be proven to be bicartesian–closed as well.

5.5 Topologization and Quotient Spaces

Let X = (X,→
X
) be a weak limit space with a countable limit base. Then the

associated topological space
(
X, seq(→

X
)
)

(see Section 2.5) turns out to have also
a countable limit base. The idea of the proof is to embed

(
X, seq(→

X
)
)

into the
space C

(
C(X,Si),Si

)
, where Si is the Sierpiński–space having

{∅, {0}, {0, 1}}
as its topology. We omit the details.
An interesting consequence of this result is that every T0–space Y = (Y, τY)
which is a topological quotient of a countably–based space Z = (Z, τZ) has an
admissible representation. For the proof, one applies Proposition 14(1) to the
corresponding quotient mapping q and shows that the associated topology of
the resulting weak limit space (Y,→q) is equal to τY.

6 The Category PQL

In [MS00], Menni and Simpson introduce the category PQL. Interestingly, this
category is closely related to AWL.

The objects of PQL are those limit spaces X = (X,→
X
) for which there is a

countably–based space Z = (Z, τZ) and an “ω–projecting” function r : Z → X.
r is called ω–projecting, iff r is continuous and for every countably–based space
A = (A, τA) and every continuous function f : A → X there is a continuous
function g : A → Z with f = r ◦ g. The morphisms of PQL are the continuous
functions between the limit spaces in PQL. It turns out that a limit space X is
an object of PQL, if and only if it has a countable limit base. We give a short
sketch of the proof.
“=⇒”: If Z is a topological space with the countable base BZ and r : Z → X

is ω–projecting, then the family
{
r(B) |B ∈ BZ

}
is a countable limit base of

X. This can be proven in a similar way as Proposition 11.
“⇐=”: Let {β0, β1, . . .} be a countable limit base of X. As the underlying set

of the countably–based space Z = (Z, τZ) to be constructed, we use

Z :=
{

(p, x) ∈ 2N ×X
∣∣∣ p ⊆ {i ∈ N | x ∈ βi} and

(∀(zn)n ∈ XN
)(

(zn)n 6→X x =⇒ (∃i ∈ p)(∃∞n) zn /∈ βi
)}
.

As the topology τZ , we take the subspace topology of the product topology
of the Scott–topology on 2N and the indiscrete topology {∅, X} on X. Since
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the Scott–topology on 2N has the countable base
{{p ⊆ N |E ⊆ p} ∣∣E finite

}
,

Z is countably–based. The function r : Z → X defined by r(p, x) := x can be
proven to be ω–projective by using the ideas of the proof of Theorem 12. We
omit the details.

In a similar way, one can show that the category PQW of the weak limit spaces
which are ω–projections of countably–based spaces is equivalent to the category
of weak limit spaces having a countable limit base. Thus the categorical approach
by Menni and Simpson and the Type–2–approach in this paper are essentially
equivalent.

Menni and Simpson showed in [MS00] that the category PQL is locally carte-
sian closed. Since the local exponents for T0 limit spaces have also the T0–
property, we conclude by the above equivalence and Theorem 13 that the cate-
gory AL of limit spaces with admissible representations is locally cartesian closed
as well.

7 Conclusion

We have shown that a large class of spaces are equipped with an admissible
representation. This means that these spaces can be appropriately handled in
the framework of TTE, i.e. we have realistic computational models for them.
The corresponding category AWL includes all countably–based T0–spaces and
has nice closure properties, in particular it is bicartesian–closed. Its subcategory
AL consisting of all limit spaces in AWL is equivalent to the subcategory of PQL

consisting of all T0 limit spaces in PQL. The notion of limit bases enables to
characterize the category AWL in an easy way. A countable limit base of a space
X yields us a countable access to X. Such a countable access is of course necessary
for establishing a realistic computational model on X.
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Abstract. One usually defines the notion of a computable real num-
ber by using recursive functions. However, there is a simple way due to
A. Mostowski to characterize the computable real numbers by using only
primitive recursive functions. We prove Mostowski’s result differently and
apply it to get other simple characterizations of this kind. For instance,
a real number is shown to be computable if and only if it belongs to all
members of some primitive recursive sequence of nested intervals with
rational end points and with lengths arbitrarily closely approaching 0.

Introduction

Let N and Q be the set of the non-negative integers and the set of the rational
numbers, respectively. A function A : N −→ Q is said to be recursive if it can be
represented in the form

A(n) =
u(n)− v(n)
w(n) + 1

, (1)

where u, v, w are recursive functions from N into N (in the case when the values
of A are non-negative the second term in the numerator can be omitted).1 The
notion of a primitive recursive function from N into Q is defined in a similar
way, namely one must replace ”recursive” by ”primitive recursive” in the above
definition. If we regard a function A from N into N as a function from N into
Q then the above notions are clearly equivalent to the ordinary recursiveness
and to the ordinary primitive recursiveness of A, respectively. Of course, we
can treat quite similarly also those Q-valued functions that depend on several
natural arguments.

One usually defines the notion of a computable (or recursive) real number
by using recursive functions.2 Any of the definitions implies the following state-
ment (according to [2], it can be attributed to S. Mazur): a real number α is
1 A definition using effective enumeration of the set Q can also be found in the liter-

ature.
2 Here are several of the places where one can find some (mutually equivalent) defini-

tions of this kind: the paper [4], § 12 of [9], Exercise 15-34 in [5], Lemma 4.2.1 and
Exercise 4.2.1 in [10] (other relevant references can be found in Section II.4 of [3]).

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 296–309, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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computable if and only if there is a recursive function A from N into Q that
satisfies for any n in N the inequality

|A(n)− α| ≤ 1
n + 1

(2)

It is not permissible to replace “recursive” by “primitive recursive” in this state-
ment (cf. Appendix 1). Nevertheless A. Mostowski showed in [2] that such a
replacement is possible if we allow the right-hand side of (2) to be a suitable
primitive recursive function from N into Q and to depend on the choice of the
number α (unfortunately the paper [2] has been not known to us when writing
the preliminary version [8] of the present paper). We shall give here another proof
of Mostowski’s result; certain issues related to this result will be also studied.

It will be useful in Section 2 to consider the notion of primitive recursiveness
also for partial functions from N into Q. We adopt the following definition: a
partial function from N into Q is called primitive recursive if it is the restriction of
some primitive recursive total function from N into Q to some primitive recursive
subset of N. The requirement for a partial function A from N into Q to be
primitive recursive is equivalent to its representability in the form

A(n) =
u(n)− v(n)

w(n)
, (3)

where u, v and w are primitive recursive functions from N into N and it is
assumed that the domain of A is {n | w(n) 6= 0}.

1 Total Approximations and Localizations

Definition 1. Let A and E be (total) functions from N into Q. The pair (A, E)
is called a total approximation of a given real number α if

|A(n)− α| ≤ E(n)

for any n in N and there are numbers arbitrarily close to 0 among the values of E.
The pair (A, E) is called primitive recursive if both A and E are primitive
recursive.

Theorem 1. A real number is computable if and only if it has a primitive re-
cursive total approximation.

Proof. Let α be a real number. If (A, E) is a primitive recursive total approxi-
mation of α then the function s : N −→ N defined by

s(n) = min
{

t | t ∈ N, E(t) ≤ 1
n + 1

}

is recursive and we have

|A(s(n)) − α| ≤ 1
n + 1
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for any n in N, hence α is computable. For the other direction of the proof
suppose that α is computable. Then there is a recursive function A : N −→ Q

that satisfies the inequality (2) for any n in N. We shall find now a surjective
primitive recursive function f : N −→ N such that A(f(i)) is a primitive recursive
function of i (this could be done also by an easy application of the lemma
from [2]). Firstly we represent the function A in the form (1) and we choose a
system of four unary primitive recursive functions in N that enumerates the set
of all quadruples of the form (n, u(n), v(n), w(n)), where n ∈ N. Then we take
as f the first one of these four functions. Clearly for all n in N we have the
inequality

|A(f(i)) − α| ≤ 1
f(i) + 1

,

hence the pair (
λi.A(f(i)), λi.

1
f(i) + 1

)
(4)

is a primitive recursive total approximation of α. ut

Remark 1. The way of reasoning in the above proof can be used also in certain
more complicated other situations. In the concrete situation considered here,
however, a simplification is possible, namely the second part of the proof can re-
placed by the following somewhat shorter reasoning. Let α be a computable real
number. Then consider the set of all quadruples (u, v, w, k) of natural numbers
satisfying the inequality

∣∣∣∣ u− v

w + 1
− α

∣∣∣∣ <
1

k + 1
. (5)

This set is not empty and it is recursively enumerable.3 Hence it can be enumer-
ated by a system U, V, W, K of four primitive recursive functions in N, and the
corresponding pair

(
λn.

U(n)− V (n)
W (n) + 1

, λn.
1

K(n) + 1

)

is a primitive recursive total approximation of α.

Suppose we have some primitive recursive total approximations (A, E) and
(B, F ) of two given real numbers α and β and we want to find primitive recursive
total approximations of the numbers α + β and αβ. This turns out to be a little
3 The recursive enumerability in question could be considered well-known. Still let us

mention the following way to see it: we take a recursive function A from N into Q
satisfying (2) for any n in N, and we observe that (5) holds if and only if

�
�
�
�

u − v

w + 1
− A(n)

�
�
�
�
+

1

n + 1
<

1

k + 1

for some some n in N.
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troublesome in the general case, since, roughly speaking, the values of E(n)
and F (n) are not obliged to become small for one and the same values of n. To
overcome this problem we could use certain special kinds of total approximations.

Definition 2. Let (A, E) be a total approximation of a given real number. We
call (A, E) acceptable if the sequence E(0), E(1), E(2), . . . converges to 0,4
and stable if the function E is monotonically decreasing.5

As it is easily seen, if (A, E) and (B, F ) are acceptable total approximations
of the real numbers α and β then (A + B, E + F ) and (AB, |B|E + |A|F + EF )
are acceptable total approximations of α + β and αβ, respectively. Of course,
if (A, E) and (B, F ) are primitive recursive then so are (A + B, E + F ) and
(AB, |B|E + |A|F + EF ).

Clearly any stable total approximation is acceptable. If (A, E) and (B, F ) are
stable primitive recursive total approximations of the real numbers α and β then
the primitive recursive total approximation (A+B, E +F ) of the number α +β
is a stable one, and the pair (AB, (|B(0)|+F (0))E +(|A(0)|+E(0))F +EF ) is a
stable primitive recursive total approximation of the number αβ (unfortunately
the stability of (A, E) and (B, F ) does not always guarantee the stability of the
other total approximation of αβ considered above).

Theorem 2. A real number is computable if and only if it has a stable primitive
recursive total approximation.

Proof. In view of Theorem 1, it is sufficient to show that each primitive recursive
total approximation of a real number can be transformed into a stable one. Let
(A, E) be a primitive recursive total approximation of a real number α. We set

E′(n) = min{E(i) | 0 ≤ i ≤ n} ,

k(n) = min{i | 0 ≤ i ≤ n, E(i) = E′(n)} ,

A′(n) = A(k(n)) .

Then (A′, E′) is a stable primitive recursive total approximation of α. ut

One often uses intervals with rational end points for the localization of a real
number.

4 This condition is not a good one from a constructive point of view. From such
a point of view it would be preferable to impose the stronger requirement that
E(0), E(1), E(2), . . . effectively converges to 0, i.e. to require the existence of a
recursive function ν : N −→ N such that E(n) ≤ 1/(k + 1) whenever k, n ∈ N and
n ≥ ν(k) (such a function surely exists in the case of a stable primitive recursive
total approximation considered later). A relatively simple equivalent requirement
using primitive recursive functions instead of recursive ones is given in Appendix 3.

5 Only stable primitive recursive total approximations have been considered in the
preliminary version [8] of this paper, and they have been called primitive recursive
approximations there.
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Definition 3. Let A0 and A1 be (total) functions from N into Q, and let α be
a real number. The pair (A0, A1) is called a total localization of α if

A0(n) ≤ α ≤ A1(n)

for any n in N and the set {A1(n)−A0(n) | n ∈ N} contains numbers arbitrarily
close to 0.

Definition 4. A total localization (A0, A1) of a given real number is called
nested if the function A0 is monotonically increasing and the function A1 is
monotonically decreasing.6

The next two theorems characterize the computable real numbers in the
terms of primitive recursive total localizations.

Theorem 3. A real number is computable if and only if it has a primitive re-
cursive total localization.

Proof. We apply Theorem 1. If (A0, A1) is a primitive recursive total localization
of a real number α then the corresponding pair

(
A1 + A0

2
,
A1 −A0

2

)
(6)

is a primitive recursive total approximation of α, hence α is computable. Con-
versely, if α is computable and (A, E) is a primitive recursive total approximation
of α, then the corresponding pair (A − E, A + E) is a primitive recursive total
localization of α. ut

Theorem 4. A real number is computable if and only if it has a nested primitive
recursive total localization.

Proof. It is sufficient to show how to transform any primitive recursive total
localization of a real number into a nested one. Let α be a real number and let
(A0, A1) be a primitive recursive total localization of α. If we define functions
A′0 and A′1 from N into Q by setting

A′0(n) = max{A0(i) | 0 ≤ i ≤ n} , A′1(n) = min{A1(i) | 0 ≤ i ≤ n} ,

then (A′0, A′1) will be a nested primitive recursive total localization of α. ut

Remark 2. If α is a real number and (A0, A1) is a nested primitive recursive
total localization of α, then the pair (6) is a stable primitive recursive total
approximation of α. This can be used for proving Theorem 2 in another way.

6 In [8] only nested primitive recursive total localizations have been considered, and
no term for them has been introduced there.
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Remark 3. We succeeded to characterize the computable real numbers by means
of primitive recursive functions mainly because every recursively enumerable set
has a primitive recursive enumeration (cf. the proof of Theorem 1 and especially
Remark 1). One could replace the primitive recursive functions in the above
characterizations by functions elementary in Kalmár’s sense [1] or by lower ele-
mentary functions in Skolem’s sense [6], and also by elementary definable ones
in the sense of [7]7 (all these elementariness notions can be extended to func-
tions from N into Q similarly to the extension of recursiveness and primitive
recursiveness).

2 Partial Approximations and Localizations

The primitive recursive total approximations and total localizations of the com-
putable real numbers have certain drawbacks. The next example illustrates this
for the case of approximations, but the situation is similar also in the case of
localizations.

Example 1. There is no pair of primitive recursive operators that transform each
stable primitive recursive total approximation of a non-zero computable real
number into a primitive recursive total approximation of its reciprocal.8 In fact,
suppose there is a pair of primitive recursive operators with this property. Let
t : N −→ N be a recursive function such that t has a primitive recursive graph,
but t is not primitive recursive. For any k and n in N let us set

ak =
1

t(k) + 1
, Ak(n) =

1
min{t(k), n}+ 1

, E(n) =
1

n + 1
.

Then for any k in N the pair (Ak, E) is a stable primitive recursive total approx-
imation of the number ak. Since Ak(n) is primitive recursive also as a function
of both k and n, the assumption we made allows us to conclude the existence of
A′k(n) and E′k(n) that are primitive recursive as functions of k and n and satisfy
the condition

|A′k(n)− (t(k) + 1)| ≤ E′k(n)

for all k and n in N.9 In particular, we shall have

|A′k(0)− (t(k) + 1)| ≤ E′k(0)
7 The elementary definable functions form a subclass of the lower elementary ones,

but we unfortunately do not know whether the two classes are different.
8 We skip the details concerning the notion of a primitive recursive operator acting

on Q-valued functions of natural arguments. Hopefully it would be enough to men-
tion that a reduction to ordinary primitive recursive operators is possible through
replacing the Q-valued functions by triples of N-valued functions in accordance with
the representation (1).

9 One may use the fact that for any primitive recursive operator its extensions in the
sense of [9], § 11, Subsection 3, preserve the primitive recursiveness (actually we need
the following instance of the mentioned fact: if Γ is a primitive recursive operator
acting on pairs of functions from N into Q and transforming them again into such
functions, then the function λkn.Γ(Ak, E)(n) is primitive recursive).
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and this provides us with a primitive recursive upper bound of the function t.
On the other hand, such an upper bound cannot exist due to the choice of that
function.

In order to avoid the indicated drawbacks, we shall consider now partial
approximations and partial localizations of the real numbers. We start with the
case of approximations.

Definition 5. Let A and E be functions from some subset D of N into Q. The
pair (A, E) is called a (partial) approximation of a given real number α if

|A(n)− α| ≤ E(n)

for any n in D and there are numbers arbitrarily close to 0 among the values of E.
The pair (A, E) is called primitive recursive if both A and E are primitive
recursive.10

Theorem 5. A real number is computable if and only if it has a primitive re-
cursive approximation.

Proof. Let α be a real number. Similarly to the proof of Theorem 1, if (A, E) is
a primitive recursive approximation of α then the function s : N −→ N defined
by

s(n) = min
{

t | t ∈ dom(E), E(t) ≤ 1
n + 1

}

is recursive and we have

|A(s(n)) − α| ≤ 1
n + 1

for any n in N, hence α is computable. On the other hand, if α is computable
then it has a primitive recursive total approximation (A, E) by Theorem 1, and
clearly (A, E) is a primitive recursive approximation of α. ut

Remark 4. The application of Theorem 1 in the above proof brings a certain non-
uniformity in it, since the primitive recursive total approximation constructed
in the proof of Theorem 1 do not depend in a primitive recursive way on the
Gödel number of the given recursive function A from N into Q satisfying (2).11

Nevertheless, Theorem 5 can be proved without introducing the non-uniformity
in question. This can be done as follows. As in the proof of Theorem 1, when we
suppose that α is a computable real number, we take a recursive function A from
N into Q satisfying (2), represent A in the form (1) with recursive u, v, w and
consider the set of all quadruples of the form (n, u(n), v(n), w(n)), where n ∈ N.
10 According to the definition of primitive recursiveness for partial functions from N

into Q, this entails the primitive recursiveness of the set D.
11 The absence of such a primitive recursive dependence is not a defect of the proof of

the mentioned theorem and this can be shown by appropriately using the construc-
tion from Example 1.
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For the new proof, we find a natural number e such that (n, x, y, z) belongs to
this set if and only if some t in N satisfies the condition

T4(e, n, x, y, z, t) ,

where T4 is the primitive recursive predicate from Kleene’s Normal Form The-
orem for the four argument partial recursive functions (the number e can be
constructed from the Gödel number of A by an appropriate application of the
s-m-n Theorem). Let D be the set of the natural numbers i that satisfy the
condition

T4(e, (i)0 , (i)1, (i)2, (i)3, (i)4)

(the notations (i)j have their usual meaning from Recursive Function Theory).
If f is the restriction of the function λi.(i)0 to the set D then the corresponding
pair (4) is a primitive recursive approximation of α.

The next example shows the existence of a pair of primitive recursive oper-
ators that transform each primitive recursive approximation of a non-zero com-
putable real number into a primitive recursive approximation of its reciprocal.12

Example 2. Let (A, E) be a primitive recursive approximation of a real number
α that is distinct from 0. For all n belonging to the common domain of A and
E and satisfying the condition A(n) 6= 0 we have

∣∣∣∣ 1
A(n)

− 1
α

∣∣∣∣ =
|α− A(n)|
|A(n)||α| ≤

E(n)
|A(n)||α| .

Let D be the set of the elements n of the mentioned common domain that satisfy
the stronger inequality |A(n)| − E(n) > 0 (since |A(n)| − E(n) ≥ |α| − 2E(n),
at least the elements n with E(n) < |α|/2 belong to D). Then for all n in D the
inequality ∣∣∣∣ 1

A(n)
− 1

α

∣∣∣∣ ≤ E(n)
|A(n)|(|A(n)| − E(n))

holds. If A′ and E′ are, respectively, the restrictions to D of the functions

λn.
1

A(n)
, λn.

E(n)
|A(n)|(|A(n)| − E(n))

then (A′, E′) is a primitive recursive approximation of 1/α.

Similarly to the case of total approximations, we introduce the notions of
acceptable and of stable approximation.

Definition 6. Let (A, E) be an approximation of a given real number, and let
D be the common domain of the functions A and E. We call this approxima-
tion acceptable if D contains all sufficiently large natural numbers and E(n)
12 The needed notion of a primitive recursive operator can be again reduced to the ordi-

nary notion of such operator, this time using the representation (3) of the considered
Q-valued functions.



304 Dimiter Skordev

converges to 0 when n tends to infinity.13 The approximation (A, E) is called
stable if the set D contains n + 1, whenever it contains n, and the function E
is monotonically decreasing.

Again all stable approximations of a real number are acceptable approxima-
tions of it. Note that the approximation (A′, E′) from Example 2 is acceptable if
(A, E) is acceptable, but (A′, E′) is not necessarily stable when (A, E) is stable.

Theorem 6. A real number is computable if and only if it has a stable primitive
recursive approximation.

Proof. We use Theorem 5. The “if”-direction follows immediately from it. The
other direction of the proof is a slight modification of the corresponding part
of the proof of Theorem 2. Namely, we show that each primitive recursive ap-
proximation of a real number can be transformed into a stable one. Let (A, E)
be a primitive recursive approximation of a real number α, and let D be the
common domain of the functions A and E. We denote by D′ the set of those
numbers from N that belong to D or are greater than some element of D. Let
the functions E′ : D′ −→ Q, k : D′ −→ N and A′ : D′ −→ Q be defined by
setting

E′(n) = min{E(i) | 0 ≤ i ≤ n, i ∈ D} ,

k(n) = min{i | 0 ≤ i ≤ n, i ∈ D, E(i) = E′(n)} ,

A′(n) = A(k(n)) .

Then (A′, E′) is a stable primitive recursive approximation of α. ut

Definition 7. Let A0 and A1 be functions from some subset D of N into Q,
and let α be a real number. The pair (A0, A1) is called a (partial) localization
of α if

A0(n) ≤ α ≤ A1(n)

for any n in D and there are numbers arbitrarily close to 0 among the values of
the function A1 −A0.

Definition 8. Let (A0, A1) be a localization of a given real number, and let D be
the common domain of A0 and A1. We call this localization nested if D contains
n + 1, whenever it contains n, the function A0 is monotonically increasing and
the function A1 is monotonically decreasing.

Theorem 7. A real number is computable if and only if it has a primitive re-
cursive localization.

Proof. We apply Theorem 5 in the same way as we applied Theorem 1 for the
proof of Theorem 3. ut
13 An effective version of this requirement is the following one: there is a recursive

function ν : N−→ N such that n ∈ D and E(n) ≤ 1/(k + 1) whenever k, n ∈ N and
n ≥ ν(k).
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Theorem 8. A real number is computable if and only if it has a nested primitive
recursive localization.

Proof. It is sufficient to show how to transform any primitive recursive localiza-
tion of a real number into a nested one. Let α be a real number and let (A0, A1)
be a primitive recursive localization of α. Let D be the common domain of A0

and A1. We define a set D′ as in the proof of Theorem 6 and then we define
functions A′0 and A′1 from D′ into Q by setting

A′0(n) = max{A0(i) | 0 ≤ i ≤ n, i ∈ D} ,

A′1(n) = min{A1(i) | 0 ≤ i ≤ n, i ∈ D} .

Then the pair (A′0, A′1) is a nested primitive recursive localization of α. ut

3 Co-approximations

There is a way to do almost the same as with partial approximations, but without
using partial functions.

Definition 9. Let A and H be (total) functions from N into Q, and let α be a
real number. The pair (A, H) is called a co-approximation of α if

H(n)|A(n)− α| ≤ 1

for any n in N, all values of H are non-negative and there are arbitrarily large
among them.

Definition 10. Let (A, H) be a co-approximation of a given real number. We
call (A, H) normal if all values of H belong to N, acceptable if H(n) diverges
to infinity when n tends to infinity,14 and stable if the function H is monoton-
ically increasing.15

Clearly all stable co-approximations of a real number are acceptable.

Theorem 9. A real number is computable if and only if it has a primitive re-
cursive co-approximation.

Proof. We shall use Theorem 5. Let α be a real number. Suppose α is computable
and take a primitive recursive approximation (A, E) of α. Let D be the common
domain of A and E. We may assume without a loss of generality that all values of
E are distinct from 0. Now denote by A′ any total primitive recursive extension
of A and by H the function from N into Q defined as follows:

H(n) =
{

1/E(n) if n ∈ D,
0 otherwise.

14 An effective version of this can be also considered, namely: there is a recursive
function ν : N−→ N such that H(n) ≥ k whenever k, n ∈ N and n ≥ ν(k).

15 Only primitive recursive stable normal co-approximations of a real number have been
studied in [8] under the name primitive recursive representations of this number.
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Then (A′, H) is a primitive recursive co-approximation of α. Conversely, suppose
α has a primitive recursive co-approximation (A′, H). Let D be the set of all n
in N such that H(n) 6= 0, and let A be the restriction of A′ to D. Then (A, 1/H)
is a primitive recursive approximation of α. ut

Remark 5. There is no function H : N −→ Q such that every computable real
number has a primitive recursive co-approximation with second member H (cf.
Appendix 2, where an even stronger statement is proved). From here, taking
into account the proof of Theorem 9, we see the non-existence of a function
E : N −→ Q such that every computable real number has a primitive recursive
approximation with second member E.

Theorem 10. A real number is computable if and only if it has a normal stable
primitive recursive co-approximation.

Proof. One direction of the proof is clear from Theorem 9. For the other direc-
tion suppose α is a computable real number. By Theorem 6, there is a stable
primitive recursive approximation (A, E) of α. We may assume that all values
of E are distinct from 0. Then the construction from the proof of Theorem 9 is
applicable, and it is easy to see that the primitive recursive co-approximation
(A′, H) obtained by it is now a stable one. For any n in N let us set h(n) = [H(n)],
where [r] denotes the greatest integer not exceeding r. Then the pair (A′, h) is
a normal stable primitive recursive co-approximation of α. ut

Appendix 1

Let t : N −→ {0, 1} be a recursive function, and let

α =
∞∑

i=0

t(i)
4i

. (7)

Clearly α is a computable real number. We shall show now a way of computing
the values of t on the base of arbitrary sufficiently close rational approximations
of α. Namely, whenever m ∈ N, r ∈ Q and

|r − α| ≤ 1
4m+1

, (8)

the following equality holds:

t(m) =
[
[2 · 4mr + 1/2] mod 4

2

]
. (9)

In fact, the equality

2α =
∞∑

i=0

2t(i)
4i
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implies that
[2 · 4mα] mod 4 = 2t(m) .

On the other hand, the inequality (8) implies that

2 · 4mα ≤ 2 · 4mr + 1/2 ≤ 2 · 4mα + 1 ,

hence
[2 · 4mr + 1/2] = [2 · 4mα] + d ,

where d = 0 or d = 1. From this equality and the previous one we get

[2 · 4mr + 1/2] mod 4 = 2t(m) + d ,

and from here the equality (9) follows.
Suppose now a primitive recursive function A : N −→ Q satisfies for any n

in N the inequality (2). Then we can satisfy (8) by taking

r = A(4m+1 − 1) ,

and the equality (9) with this choice of r leads to the conclusion that t is primitive
recursive. Hence if we construct the real number α by using a recursive function
t : N −→ {0, 1} that is not primitive recursive, then there will be no primitive
recursive function A : N −→ Q satisfying for any n in N the inequality (2).

Appendix 2

Let H : N −→ Q be an unbounded non-negative primitive recursive function.
We shall construct a computable real number α such that for any primitive
recursive function A : N −→ Q the function λn.H(n)|A(n) − α| is unbounded
(the result from Appendix 1 can be obtained as a special case of this if we
take H(n) = n + 1). For the construction of the number α we choose a ternary
recursive function z in N such that any binary primitive recursive function in
N can be obtained from z by substituting some constant for its first argument.
Then we define a binary recursive function s and a unary recursive function t in
N as follows:

s(k, m) = min
{
n | H(n) ≥ k · 4m+1

}
, (10)

t(i) = sg z((i)0 , i, s((i)1, i)) , (11)

where sg l = 0 for any l in N\{0}, sg 0 = 1. Making use of the function t, we define
the real number α by means of equality (7) from Appendix 1. Suppose that for
some primitive recursive function A : N −→ Q the function λn.H(n)|A(n)−α| is
bounded. Let k be a positive integer such that H(n)|A(n)−α| ≤ k for all n in N.
From (10) we conclude that for any m in N the inequality (8) from Appendix 1
will be satisfied with r = A(s(k, m)), hence also the equality (9) will hold with
this value of r. The last fact can be written in the form

t(m) = f(m, s(k, m)) , (12)
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if we set

f(m, n) =
[
[2 · 4mA(n) + 1/2] mod 4

2

]
.

Since the function f defined by the above equality is primitive recursive, there
is a j in N such that

f(m, n) = z(j, m, n) (13)

for all m and n in N. From (12) and (13) we get

t(2j · 3k) = z(j, 2j · 3k, s(k, 2j · 3k)) ,

and this contradicts the definition (11) of the function t.

Appendix 3

Let E be a non-negative function from N into Q (or even into the set of the
real numbers). We shall show that the sequence E(0), E(1), E(2), . . . effectively
converges to 0 if and only if there is a monotonically increasing unbounded
primitive recursive function h : N −→ N such that h(n)E(n) ≤ 1 for any n
in N. One direction of the proof is obvious. For the other one suppose that
E(0), E(1), E(2), . . . effectively converges to 0 and choose a recursive function
ν : N −→ N such that E(n) ≤ 1/(k + 1) whenever k, n ∈ N and n ≥ ν(k). Let f
be a ternary primitive recursive function in N such that the equality m = ν(k)
holds if and only if f(m, k, i) = 0 for some i. For any n in N let Sn be the set
(possibly empty) of all k in N such that k ≤ n holds and some numbers m and i
not exceeding n satisfy f(m, k, i) = 0. Then we set h(n) = k + 1 for the greatest
k in Sn if Sn is not empty, and we set h(n) = 0 otherwise. The function h is
evidently primitive recursive. The inequality h(n)E(n) ≤ 1 holds for any n in N,
because (k+1)E(n) ≤ 1 whenever f(m, k, i) = 0 and n ≥ m. Since Sn is a subset
of Sn+1 for any n in N, it is clear that h is monotonically increasing. To show
that h is unbounded, consider an arbitrary k in N, set m = ν(k), consider some
i satisfying f(m, k, i) = 0 and choose an integer n satisfying the inequalities
n ≥ m, n ≥ k, n ≥ i. Then k ∈ Sn, hence h(n) ≥ k + 1.

It can be seen in a similar way that for any non-negative function H defined
on N the sequence H(0), H(1), H(2), . . . effectively diverges to infinity if and only
if there is a monotonically increasing unbounded primitive recursive function
h : N −→ N such that H(n) ≥ h(n) for any n in N.

Some Concluding Remarks

The authors interest in simple definitions of computability of real numbers arose
from the pedagogical problem how to teach undergraduate students this notion
(some of the obtained characterizations of the computable real numbers have
been recently used by the author in a lecture course for such students). Hopefully
the presented approach could be useful also for closer connecting Computable
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Analysis with the problems of numerical computations (estimates of proximity
often play a crucial role there and one looks for possibly simple approximation
processes and corresponding estimates). The results formulated in Remark 5
point also to the possibility of providing the set of the computable real numbers
with some hierarchy concerning the degree of their computability. There are
several different ways to introduce such an hierarchy. For example, a real number
β could be said to be less or equally computable than a real number α if the
set of the second members of the primitive recursive approximations of β is a
subset of the corresponding set for α (the mentioned results show that there is
not a least one among the computable real numbers with respect to the quasi-
ordering introduced in this way). Of course, analogues of this can be considered
also with using, say, lower elementary functions instead of primitive recursive
ones.
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Effective Fixed Point Theorem over a
Non-computably Separable Metric Space
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Abstract. This paper shows effective fixed point theorems for com-
putable contractions. Effective fixed point theorem for computable con-
tractions over a computable metric space is easily shown. A function over
a computable metric space is represented by a Type-1 function, and the
fixed point of a contraction is given by iteration of such Type-1 function.
If the contraction is computable, then its fixed point is also computable.
If the support space is not computably separable, the method above is
not available. The function space of an interval into real numbers is not
computably separable with polynomial time computability. This paper
show the fixed point theorem for such non-computably separable spaces.
This theorem is proved with iteration of Type-2 functionals. As an exam-
ple of that, this paper shows that Takagi function is a polynomial time
computable function.

1 Introduction

When we discuss computable objects in a metric space, we often define the
computability and computational complexity of such objects with a separating
function, as is studied by Weihrauch [Weihrauch93,Weihrauch00] and others.
Our aim is to show two theorems on fixed points of computable contractions.
One of the theorems deals with a metric space with a separating function, and
the other deals with a metric space without a separating function.

The computability means the computability by total recursive functions in
the works of Weihrauch [Weihrauch93,Weihrauch00] or others, for example, by
Brattka [Brattka]. We would like to discuss polynomial time computability in
this paper.

We use the representations in discussing computational complexity of math-
ematical objects. A representation is an elements of some structure over natural
numbers, for example, N→ N, (N2 → N)× (N→ N), and so forth. Therefore,
we can define computational complexity for representations naturally. We will
use the following notation for the relation of mathematical objects and their
representations:

representation ` represented object.
We will define some representing systems, which are for points of metric spaces,
functions over metric spaces, and functionals of functions into functions. We
expect a representing system to satisfy the following two properties:
(Existence of the representation) For each x, there is some r such that r ` x.
(Uniqueness of the represented object) For each x, x′ and r, if r ` x and r ` x′
then x = x′.

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 310–322, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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An object has many representations of it in general. We have not yet proved the
existence of representation for functionals, although we have the conjecture that
this property holds under some adequate assumption.

In Section 3, we will show the effective fixed point theorem over computably
separable metric spaces, which is Theorem 1. This theorem states that a com-
putable contraction over a computably separable metric space has a computable
fixed point.

We write I
conti−→ R for the set of all the continuous functions of the unit

interval I = [0, 1] into R, and we write CI,R for the set of all the computable
functions in I

conti−→ R under a computational complexity C. The function space
CI,R is computably separable if the complexity class C is stronger than or equal to
E3, which is the third class of recursive functions by Grzegorczyk [Grzegorczyk].
As is shown in Proposition 4.8, if the complexity class C is equal to polyno-
mial time computability, we do not know the adequate separating function for
the computable functions in CI,R. Nevertheless, we discuss the polynomial time
computability of objects over the function space I

conti−→ R.
In Section 4, We will give a sufficient condition for the claim that the fixed

point of contraction over the function space I
conti−→ R is computable, which is

Theorem 2. We will show a contraction whose fixed point is Takagi function,
which is explained in the literature [YHK], and prove that the contraction satis-
fies the fixed point theorem. Thus, we show that Takagi function is polynomial
time computable.

2 Foundation

Notation 2.1 Let N = {0, 1, 2, ...} be the set of 0 and positive integers. The
elements of N are called natural numbers.

Notation 2.2 We write P for the set of all the polynomial time computable func-
tions over N. A function f belongs to P iff there is a Turing machine which
computes the binary expression of f(x) from the binary expression of x in time
O((logx)k) for some k independent to x. The input size is as large as logx.

Notation 2.3 We write E3 for the third class of primitive recursive functions by
Grzegorczyk [Grzegorczyk]. A function f belongs to E3 iff it is computable in
time O(expk n) for the input size n and some constant k independent to n. The
notation expk is defined as exp0 n = n and expk+1 n = expk(exp n).

Notation 2.4 We write PR for the set of all the primitive recursive functions.

Notation 2.5 The classes P, E3 and PR are called computational complexity
classes. We use C as a variable which ranges over P, E3 and PR. The nota-
tion CNm,Nn stands for the set of all functions of Nm into Nn in the class C.



312 Izumi Takeuti

Definition 2.6 (C-Function) A functions in CNm,Nn is called a C-function.

Remark 2.7 Here we will give the standard encoding of pairs and lists of nat-
ural numbers. We will use them in encoding connective segments in Definition
4.2. There are many ways to encode pairs, or lists, and there are no essential
differences among them. The essential properties are Remarks 2.9 for pairs, and
Remark 2.11 for lists.

Notation 2.8 The functions left, right : N→ N and pair : N2 → N is defined as
follows. Here m and n are natural numbers.

left(0) = 0, left(2n) = 2right(n), left(2n + 1) = 2right(n) + 1,
right(2n) = right(2n + 1) = left(n),
pair(0, 0) = 0,
pair(2m, n) = 2pair(n, m), pair(2m + 1, n) = 2pair(n, m) + 1.

Remark 2.9 The functions left, right and pair are P-functions, which play the
roles of encoding and decoding of pairing. Indeed, we have the following equa-
tions:

n = pair(left(n), right(n)), m = left(pair(m, n)), n = right(pair(m, n)).

Notation 2.10 We write 〈n1, n2, ..., nl〉 for the code of the list (n1, n2, ..., nl),
which is defined as follows:

〈 〉
empty list

= 0, 〈0, 0, ..., 0〉
length l

= 2l−1 (l ≥ 1),

〈n1, n2, ..., ni−1, 2m + ni, ni+1, ..., nl〉
= 2l(m+1)+i−1 + 〈n1, n2, ..., ni, ..., nl〉 where ni < 2m.

Remark 2.11 The following functions belong to P.
(length) 〈n1, n2, ..., nl〉 7→ l : N→ N
(component) (i, 〈n1, n2, ..., nl〉) 7→ ni (if i ≤ l) : N2 → N
(concatenation)

(〈n1, n2, ..., nl〉, 〈nl+1 , nl+2, ..., nl′〉) 7→ 〈n1, n2, ..., nl′〉 : N2 → N
Moreover, it holds that if l ≥ 1 then 2l−1 ≤ 〈n1, n2, ..., nl〉 < (4max

i
ni)l.

3 Metric Space

Definition 3.1 (Numbered Metric Space) A triple X = (|X|, d, s) is an
numbered metric space iff (|X|, d) is a metric space, and s is a function of N into
|X| such that the image s(N) is dense in |X|. We sometimes write X for |X|.
The function s is called a separating function.
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Definition 3.2 (Computable Metric Space) A numbered metric space X =
(|X|, d, s) is a computable metric space under computational complexity C iff
there is a C-function f : N3 → N which satisfies the following condition:

f(m, n, n′)− 1
m

≤ d(s(n), s(n′)) ≤ f(m, n, n′) + 1
m

if m ≥ 1.

A computable metric space under computational complexity C is also called a
C-metric space.

Remark 3.3 There have been several definitions of computable metric spaces.
The definition used by Brattka [Brattka] is equivalent to this definition where
the computational complexity is Turing computability. This definition above is
stronger than the definition which was written by Weihrauch [Weihrauch93].

Example 3.4 Let | · − · | be the function of R2 into R which maps (x, y) into
|x− y|. Let sR be the function of N into R such that

sR(0) = 0
sR(4n + m) = (m− 22n+1)/2n where 0 ≤m < 3 · 4n

Then, (R, | · − · |, sR) is a P-metric space.

Example 3.5 Let I be the unit interval [0, 1]. Let | ·− · | be the distance function
above. Let sI be the function of N into I such that

sI(0) = 0
sI(2n + m) = (2m + 1)/2n+1 where 0 ≤ m < 2n

Then, (I, | · − · |, sI) is a P-metric space.

Notation 3.6 Hereafter we write R and I for the triples above, and regard them
as numbered metric spaces.

Definition 3.7 (Representation of a Point) Let X = (X, d, s) be a num-
bered metric space. For a function f : N→ N and a point x ∈ X, the function
f represents the point x iff for each n ∈ N if n ≥ 1 then d(x, s(f(n))) ≤ 1/n.
We write f ` x when f represents x.

Lemma 3.8 (Existence) For each x ∈ X, there is a function f : N→ N such
that f ` x.

Proof. Because s(N) is dense in X. ut
Lemma 3.9 (Uniqueness) For each x, x′ ∈ X, if f ` x and f ` x′ for the
same function f : N→ N, then x = x′.

Proof. Obvious. ut
Definition 3.10 (C-Point) Let X = (|X|, d, s) be a C-metric space. A point
x ∈ X is a C-point iff there is a C-function f : N→ N such that f ` x. We write
C(X) for the set of all the C-points of X.
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Definition 3.11 (C-Fundamental Sequence) Let X = (|X|, d, s) be a C-
metric space. A sequence of points {x1, x2, ...} (xn ∈ X for each n) is a C-
fundamental sequence in X iff d(xm, xn) ≤ 1/m + 1/n for each m, n ∈ N and that
there is a function f ∈ C such that xn = s(f(n)) for each n.

Remark 3.12 A point x ∈ X is a C-point iff there is a C-fundamental sequence
{xn}n such that |x− xn| ≤ 1/n for each n.

Definition 3.13 (C-Complete) A C-metric space X is C-complete iff each C-
fundamental sequence in X converges.

Definition 3.14 (C-Dense) The separating function s is C-dense iff all the
points in X are C-points.

Definition 3.15 (Computably Separable) A C-metric space is computably
separable under computational complexity C, or C-Separable, iff the separating
function is C-dense. A C-separable C-metric space is called C-separable metric
space.

Remark 3.16 (Polynomial Time Computable Point) The definition of P-
points above is quite natural. If f ` x ∈ R then s(f(2l)) is an approximation of
x with error O(2−l). Thus it gives the significant digits of size O(l). This fact
means that we can calculate an output of size l in polynomial time of l. This is a
nice symmetry for P-function, that is, if f is a P-function then we can calculate
the value for an input of size l in polynomial time of l.

Remark 3.17 (Harmonic Modulus) The conditions of convergence above are
written as d(x, s(f(n))) ≤ 1/n or d(x, xn) ≤ 1/n. We would like to call this
modulus (−)n ≤ 1/n harmonic modulus. On the other hand, the condition of
convergence is written as d(x, xn) ≤ 2−n in many literatures. We would like to
call this modulus (−)n ≤ 2−n geometric modulus.

If we use the geometric modulus in describing the definition of P-points,
we say that a point x is P-point iff there is a function f : N → N such that
d(x, s(f(n))) ≤ 2−n and f(n) can be calculate in time O(nk) for some k inde-
pendent to n.

It seems more natural to use harmonic modulus than geometric modulus in
defining P-points. That is because it seems more easy to say that f is P-function
than that f(n) can be calculate in time O(nk). Moreover, 2n is not P-function
anyway.

Remark 3.18 For the notions defined above except for completeness, a notion
for P implies that for E3, and that for E3 implies that for PR. Namely, a P-
function is an E3-function, and an E3-function is a PR-function. The inverses do
not hold generally. The opposite direction holds for the notion of completeness.
A PR-complete space is E3-complete, and an E3-complete space is P-complete.
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Remark 3.19 Let X = (X, d, s) be a C-metric space. Let Y be a subset such
that s(N) ⊂ Y ⊂ X. Then (Y, d, s) is also a C-metric space. The C-metric space
(Y, d, s) is C-complete iff Y ⊃ C(X). The C-metric space (Y, d, s) is C-separable
iff Y ⊂ C(X).

Definition 3.20 (Representation of a Function) Let X = (|X|, dX , sX)
and Y = (|Y |, dY , sY ) be numbered metric spaces. Let f , g and h be functions
such as f : |X| → |Y | and g, h : N2 → N. Then, the pair of functions (g, h)
represents the function f iff the following conditions hold:

∀m, n. m 6= 0⇒ dY (f(sX (n)), sY (g(m, n))) ≤ 1/m
∀m, n ∈ N.∀x, y ∈ |X|,

m 6= 0, dX(x, sX(0)) ≤ n, dX(y, sX(0)) ≤ n, dX(x, y) ≤ h(m, n)
⇒ dY (f(x), f(y)) ≤ 1/m

If a pair of functions (g, h) represents a function f then we write (g, h) ` f .
For h′ : N → N, (g, h′) ` f iff (g, h) ` f , where the function h is put as

h(m, n) = h′(m). We also say that (g, h′) represents f .

Remark 3.21 The first component of the representation mentions the approxi-
mation of the value over the separating set, and the second component mentions
the modulus of locally uniform continuity.

Remark 3.22 Let f be a function of X to Y . If X is bounded, then the following
two conditions are equivalent.

(1) There are g, h : N2 → N such that (g, h) ` f .
(2) There are g : N2 → N and h′ : N→ N such that (g, h′) ` f .

If X is not bounded, it does not always hold that the two condition above are
equivalent.

Hereafter, we discuss functions of bounded domains mainly. Thus we often
deal with the representation (g, h′) in the condition (2) above.

Remark 3.23 Weihrauch defined the notion of computable functions with Type-
2 machines [Weihrauch00]. As for functions over R, or over compact spaces, his
definition and our definition are equivalent to each other, although our definition
uses functions g, h : N2 → N, which are called Type-1 object. Our definition
implies his definition in general. We will discuss this point later in Section 5.2.

Lemma 3.24 (Existence) Let X and Y be numbered metric spaces. Suppose
that each bounded closed set in X is compact. Then each continuous function
f : X → Y has a representation g, h such that g, h : N2 → N and (g, h) ` f.

If X is compact, then each continuous function f : X → Y has a represen-
tation (g, h) such that g : N2 → N, h : N→ N and (g, h) ` f.

Proof. The function g exists because there is a fundamental sequence sY (yn)
which converges into sY (f(x)) for each x ∈ X. The function h exists because a
continuous function of a compact domain is uniformly continuous. ut
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Lemma 3.25 (Uniqueness) Let X and Y be computable metric spaces. If
two continuous functions f, f ′ : X → Y have the same representation, that
is, (g, h) ` f and (g, h) ` f ′, then f = f ′.

Proof. That is because f and f ′ are continuous, f(sX (n)) = f ′(sX(n)) for each
n, and sX(N) is dense in X. ut
Definition 3.26 (Computable Function) Let X = (|X|, dX, sX) and Y =
(|Y |, dY , sY ) be computable metric spaces. A function f : |X| → |Y | is a C-
function of X into Y iff there is functions g, h ∈ CN2,N such that (g, h) ` f . We
write CX,Y for the set of all C-functions of X into Y .

Proposition 3.27 For x ∈ C(X) and f ∈ CX,Y , the value f(x) belongs to C(Y ).
For f ∈ CX,Y and g ∈ CY,Z, the composition g ◦ f belongs to CX,Z .

Proof. Easy. ut
Definition 3.28 (Contraction) For a metric space (X, d), a function f : X →
X is a contraction of maximum magnification α iff α < 1 and for any x, y ∈ X,
d(f(x), f(y)) ≤ α · d(x, y).

Theorem 1. (Fixed Point Theorem over Numbered Metric Spaces) Let
X = (X, d, s) be a C-complete C-metric space, f ∈ CX,X be a contraction, and
f̄ : N2 → N be a C-function such that

∀m, n. m 6= 0⇒ d(f(sX (n)), s(f̄(m, n))) ≤ 1/m
Suppose that there is a sequence of functions gk ∈ C such that if d(s(n), s(0)) ≤ k
then f̄(m, n) ≤ gk(m).

Then there is a C-point x such that x = f(x).

Proof. The proof consists of several steps.
Step 1. The function h : N→ N is defined by the induction below:

h(0) = h(1) = 0
h(2n) = h(2n + 1) = f̄(2i, h(n)) (i ∈ N, 2i ≤ n < 2i+1)

It holds that h(2n) = h(2n + m) if 0 ≤ m < 2n.
Step 2. Put xn = s(h(2n)) and L = d(x0, f(x0)). Then the followings hold.

d(xn, fn(x0)) ≤ 1/2n−1 + α/2n−2 + · · ·+ αn−2/2 + αn−1




= αn − 2−n

α− 1/2
(α 6= 1/2)

= n21−n (α = 1/2)

d(fn(x0), fn′
(x0)) ≤ αnL + αn+1L + · · ·+ αn′−2L + αn′−1L

= (αn − αn′
)L/(1 − α) (n ≤ n′)

Step 3. Put k, k′ be integers such that
k ≥ 2, αk ≥ 1/2

and that
2k′ ≥ (L/(1− α)) + (1/(α− (1/2)))

or
2k′ ≥ 2L + 2 if α = 1/2.
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Then it holds that
d(xn, xn′) ≤ 2−(n/k)+k′

+ 2−(n′/k)+k′
.

Step 4. For n, an integer in is put as 2in ≤ 2k′+1nk < 2in+1. Then h(2in) =
h(2k′+1nk) and n < 2(in/k)−k′

. Therefore, d(xin, xin′ ) < 1/n + 1/n′ . Thus, {xin}n
is a fundamental sequence.
Step 5. For each n ∈ N,

d(x0, xn) ≤ d(x0, f
n(x0)) + d(xn, fn(x0)) ≤ 1 + αL/1−α.

Hence for each n ∈ N,
d(s(0), s(h(n))) ≤ 1 + αL/1−α.

Put l ≥ 1 + αL/1−α. Then, the value of h is upper-bounded by a C-function gl.
Hence the recursion above is a limited recursion, that is, the function h is a
C-function.
Step 6. The sequence {xin}n is a C-fundamental sequence. Because X is C-
complete, this sequence {xin}n converges at a point x. The sequence {fn(x0)}n
also converges at x. Therefore x is a fixed point of f . ut
Remark 3.29 For each C-function over I or over R, there always exists the func-
tions gk ∈ C in the statement above. Therefore, the fixed point theorem always
holds in I and in R.

Lemma 3.30 (Fixed Point Theorem in PR) Let X = (X, d, s) be a PR-
complete PR-metric space, and f ∈ PRX,X is a contraction. Then, there is a
PR-point x such that x = f(x).

Proof. In the proof of previous lemma, the recursion always defines a PR-
function without the evidence of the upper-bounding function. ut

4 Function Space

Notation 4.1 We write I
conti−→ R for the set of continuous functions of I into

R, and regard I
conti−→ R as a metric space, with a distance d : f, g 7→ d(f, g) =

max
x∈I
|g(x)− f(x)|, which is the distance induced from sup-norm.

Definition 4.2 (Connected Segment) Let q = ((x0, y0), (x1, y1), ..., (xn, yn))
be a sequence of n + 1 points in I ×R. Suppose that it satisfies the followings:

x0 = 0, xn = 1, xi < xi+1 for 0 ≤ i ≤ n− 1
Then this q determines the function f : I

conti−→ R as below:

f(x) = yi + (yi+1 − yi)
x− xi

xi+1 − xi
(xi ≤ x ≤ xi+1)

We call functions of this form connected segments.
Let sI and sR be separating functions of I and R. Then we will define a

separating function s for I
conti−→ R by using connected segments. For n ∈ N, there

is a unique sequence (n1, n2, ..., nl) ∈ N∗ such that N = 〈n1, n2, ..., nl〉. For each
component ni, we assign a point (xi, yi) = (sI (left(ni)), sR(right(ni))) ∈ I ×R.
If this sequence ((x1, y1), (x2, y2), ..., (xl, yl)) satisfies the condition:

x1 = 0, xl = 1, xi < xi+1 for 1 ≤ i ≤ l− 1
Then s(n) is a function which is determined by this sequence. Otherwise, s(n)
is a constant function such as s(n)(x) = 0.



318 Izumi Takeuti

Notation 4.3 Hereafter we fix the notation d for the distance of I
conti−→ R which

is induced from sup-norm, and s for this enumeration of connected segments as
the separating function of I

conti−→ R.

Remark 4.4 There are P-functions s̄ : N3 → N and s̃ : N2 → N such that
∀i, m, n. m 6= 0⇒ |s(i)(sI (n)) − sR(s̄(i, n, m))| ≤ 1/m
∀i, m ∈ N.∀x, y ∈ I. m 6= 0, |y−x| ≤ s̃(i, m)⇒ |s(i)(y)−s(i)(x)| ≤ 1/m

Thus, s(i) ∈ PI,R.

Remark 4.5 There are functions d̄ : PN3,N such that
d̄(m, n, n′) − 1 ≤m · d(s(n), s(n′)) ≤ d̄(m, n, n′) + 1

Thus, (I conti−→ R, d, s) is a P-metric space.

Notation 4.6 We write I
conti−→ R for a numbered metric space (I conti−→ R, d, s).

Proposition 4.7 If C = E3 or C = PR, then CI,R = C(I conti−→ R). Thus, the
C-metric space (CI,R, d, s) is C-complete and C-separable.
Proof. Easy. ut

Proposition 4.8 P(I conti−→ R) ⊂ PI,R and P(I conti−→ R) 6= PI,R. Thus, the
P-metric space PI,R is P-complete but not P-separable.

Proof. In order to make a connected segments as an approximation of a curve
with error ≤ 1/n, we have to make the connected segment of size O(

√
n) in

general. On the other hand, a P-fundamental sequence has a connected segment
of size O((log n)k) with error ≤ 1/n. The size O(

√
n) is greater than O((logn)k).

ut
Remark 4.9 The previous lemma states for the special separating function which
is defined by the connective segments. We have a further conjecture as below.
Indeed, we have not proved this conjecture yet. We cannot regard PI,R as P-
separable metric space before we find out a separating function which is dense
in PI,R.

Conjecture 4.10 No separating function s : N → (I conti−→ R) is P-dense in a
metric space (PI,R, d), where d is the distance defined above.

Notation 4.11 The operation T over I
conti−→ R is defined as follows:

T (f)(x) =




f(2x)
2 + x (0 ≤ x ≤ 1/2)

f(2 − 2x)
2 + 1− x (1/2 ≤ x ≤ 1)

This operation T is a contraction with magnification 1/2, and the fixed point of
T is called Takagi function.
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Proposition 4.12 There is a P-function f such that T (s(n)) = s(f(n)), where
s( ) is the enumeration of the connected segments.

Proof. Easy. ut
Lemma 4.13 Takagi function is E3-computable. Hence, it is PR-computable.

Proof. Because f ∈ P, the iterating function (m, n) 7→ fm(n) belongs to E3.
Then, so does the function (2m, n) 7→ fm(n). Therefore, by the fixed point
theorem (Theorem 1), Takagi function is in E3(I conti−→ R). ut
Remark 4.14 It is easy to observe that Takagi function t( ) is in PI,R. We will
show this fact as the consequence of fixed point theorem. Unfortunately, the
operator T does not satisfies the hypothesis of the fixed point theorem (Theorem
1), because there are no P-functions gk in the theorem. Actually, Takagi function
t( ) is not in P(I conti−→ R). Therefore we will show that there is a functional

(T̄ , T̃) : (N2 → N) × (N→ N) −→ (N2 → N) × (N→ N)
such that (T̄ , T̃)n(f̄ , f̃) represents a function tn, and that tn converges into t( )
as n→∞.

Definition 4.15 (Functional) A function over functions is called a functional.
For a typical example, F : (N→ N)→ N→ N is a functional. The computabil-
ity of functionals is defined by Odifreddi [Odifreddi]. We also regard functions
with more general arities as functionals. For example, F : (N2 → N) × (N →
N)→ (N2 → N) × (N→ N) is also a functional.

Definition 4.16 (Representation of Functionals) Let X1, X2, X3 and X4

be numbered metric spaces. Suppose that X1 and X3 are bounded. Let F be
a function in (X1

conti−→ X2) → (X3
conti−→ X4). Let F̂ be a functional in (N2 →

N) × (N → N) → (N2 → N) × (N → N). Then, the functional F̂ represents
F iff for any f̄ : N2 → N, f̃ : N → N and f : X1

conti−→ X2, if (f̄ , f̃) ` f then
F̂ (f̄ , f̃) ` F (f). We write F̂ ` F when F̂ represents F .

Remark 4.17 If the domain X1 is not bounded, then the representation (g, h) of
a function f : X1 → X2 has the arity such as (g, h) : (N2 → N)2 in general.
This holds also for X3. Therefore, if neither X1 nor X3 is bounded, we have to
consider the representation F̂ of arity (N2 → N)2 → (N2 → N)2. In this paper
we discuss only the case that X1 and X3 are bounded. Therefore we deal with
only the representations of arity (N2 → N)×(N → N)→ (N2 → N)×(N → N).

Conjecture 4.18 (Existence) Let X1, X2, X3 and X4 be numbered metric
spaces. Suppose that X1 and X3 are compact. Regard X1

conti−→ X2 and X3
conti−→

X4 as metric spaces with the following distance functions:
For f, g ∈ X1

conti−→ X2, d(f, g) = max
x∈X1

dX2(f(x), g(x))
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For f, g ∈ X3
conti−→ X4, d(f, g) = max

x∈X3
dX4(f(x), g(x))

Then, each uniformly continuous function in (X1
conti−→ X2)→ (X3

conti−→ X4) has
the representation F̂ = (F̄ , F̃ ), and both functionals F̄ : (N2 → N) × (N →
N)→ N2 → N and F̃ : (N2 → N) × (N→ N)→ N→ N are continuous.

Lemma 4.19 (Uniqueness) Let X1, X2, X3 and X4 be numbered metric
spaces. Suppose that X1 is compact. If F̂ ` F and F̂ ` F ′, then F = F ′

Proof. Each f in the domain of F and F ′ has the representation (f̄ , f̃) such that
(f̄ , f̃) ` f , by Lemma 3.24. Thus F̂ (f̄ , f̃) ` F (f) and F̂ (f̄ , f̃) ` F ′(f). Therefore
F (f) = F ′(f) because of Lemma 3.25. ut
Theorem 2. (Fixed Point Theorem for Functionals) Let X =(|X|, dX, sX)
and Y = (|Y |, dY , sY ) be computable metric spaces. Suppose that X is compact
and Y is C-complete. We regard X

conti−→ Y as a metric space with the distance
function f, g 7→ max

x∈|X| dY (f(x), g(x)). Let F be contraction of X
conti−→ Y into

X
conti−→ Y . Let F̂ be a functional such that F̂ ` F .
Suppose that the following functions f ′ and f ′′ are C-functions for some

ḡ ∈ CN2,N, g̃ ∈ CN,N and g : X
conti−→ Y such that (ḡ, g̃) ` g.

f ′(2k, m, n) = f̄k(m, n), f ′′(2k, m) = f̃k(m) where (f̄k, f̃k) = F̂ k(ḡ, g̃)
Then, there is a function f ∈ CX,Y such that f is a fixed point of F .

Proof. It is obvious that the fixed point of F is represented by the functions
(f̄ , f̃) which are defined as:

f̄(m, n) = f ′(2k+1, 2m, n) f̃(m) = f ′(2k+1, 2m)
where 2k < m ≤ 2k+1. ut
Notation 4.20 We define functions in class P as follows:

h : N2 → N; |2sI(n)− sI(h(m, n))| < 1/m (m ≥ 1, sI(n) ≤ 1/2)
|2− 2sI(n) − sI (h(m, n))| < 1/m (m ≥ 1, sI(n) ≥ 1/2)

g : N3 → N;
∣∣∣∣sR(n) + sI(n′)

2 − sR(g(m, n, n′))
∣∣∣∣ < 1/m (m ≥ 1)

and that g(m, n, n′) = O(m2), h(m, n) = O(m2). This estimation of growth rate
is possible, for the definition of sI and sR.

Notation 4.21 we define functionals T̄ , T̃ , and (T̄ , T̃) as follows:
T̄ : (N2 → N) × (N→ N)→ N2 → N;

T̄ (f̄ , f̃)(m, n) = g(4m, f̄(4m, h(f̃(4m), n)), h(4m, n))
T̃ : (N→ N) → N→ N;

T̃ (f̃)(m) = max(f̃(d2m/3e), 4m)
where d−e is the ceiling function such that dxe is a integer and dxe−1 < x ≤ dxe.

(T̄ , T̃) : (N2 → N) × (N→ N)→ (N2 → N) × (N→ N);
(T̄ , T̃)(f̄ , f̃) =

(
T̄ (f̄ , f̃), T̃ (f̃)

)
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Proposition 4.22 (T̄ , T̃ ) ` T

Notation 4.23 We write 0̂ for the constant functions with the constant value 0
for any arities.

Proposition 4.24 The following functions t′ and t′′ belong to PN2,N and to
PN,N.

t′(2k, m, n) = f̄k(m, n), t′′(2k, m, n) = f̃k(m)
where (f̄k, f̃k) = (T̄ , T̃ )k(0̂, 0̂)

Proposition 4.25 Easy.

Corollary 4.26 Takagi function is in PI,R.

Proof. By Theorem 2, Proposition 4.22 and Proposition 4.24. ut

5 Discussion

5.1 Related Works

There have been several works on computability of objects in some metric spaces.
There are two ways to define the computability over a metric spaces.

One is to use computable structure, which is given by Pour-El and Richard
[Pour-El&Richards]. For a metric space X = (|X|, d), a computable structure
S is a set of sequences of points in |X| which satisfies some properties. One of
the properties is that for each computable function f : N → N and a sequence
{xn}n ∈ S, the new sequence {xf(n)}n also belongs to S. Then we will regard
that a objects is computable iff the objects is defined by elements of S. For
example, a point x ∈ |X| is computable iff there are a sequence {xn}n ∈ S
such that the sequence {xn} converges into x with the computable modulus
f : N→ N, that is, it holds that d(x, xn) ≤ 1/m if n ≥ f(m) and m ≥ 1. When
we use a computable structure S for a metric space X = (|X|, d), we have to
guarantee in advance that all the elements in S are computable.

Another way to define the computability is to use the separating function,
which is given by Weihrauch [Weihrauch93]. A triple X = (|X|, d, s) is a com-
putable metric space iff (|X|, d) is a metric space, and d : |X|2 → R is com-
putable with respect to s : N → |X|. We can guarantee the computability of
a sequence {xn ∈ |X|}n by using this separating function s, as far as s is ad-
equate to computability. Thus, the sequence {xn}n is computable iff there is a
computable function f : N2 → N and s(f(m, n)) converges into xn as m → ∞
with a computable modulus.

Our discussion in Section 4 shows that we can discuss computability without
the separating function. Therefore, our work suggests that there are many other
ways to discuss the computability of the elements of computable structure.

All the works above discussed computability without the limitation of com-
plexity. Our work intends to discuss polynomial time computability over metric
space.
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5.2 Type-1 Objects and Type-2 Objects

Functions over natural numbers are called Type-1 objects. A function in N2 → N
or in N3 → N is also called a Type-1 object. A pairing of Type-1 objects is also
called a Type-1 object, such as (f̄ , f̃) : (N2 → N) × (N → N). Functionals,
which is functions over functions, are called Type-2 objects. For example, F :
(N→ N)→ N→ N is a Type-2 object. The machines which represents Type-2
objects are called Type-2 machines, The word of Type-2 machine appears in the
works by Weihrauch [Weihrauch00].

A computable point in a computable metric space is represented by a funda-
mental sequence which converges into the point. Hence, computable points in a
computable metric space are represented by Type-1 objects.

The representation of a function f over a metric space plays the role of a
function over Type-1 objects, namely, the representation of a point x is mapped
to the representation of f(x). Therefore, it is natural that a Type-2 function
represents this function f . Although, computable functions over computable
metric spaces are represented by Type-1 object. That is because the domain of
the function is separable, so we can restrict the arguments into only the points
in the separating set.

On the other hand, we should represent the functions over the function space
PI,R. by functionals, which is Type-2 object. That is because we does not have
a separating function for the function space PI,R.
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Abstract. When a topological space X can be embedded into the space
Σω

⊥,n of n⊥-sequences of Σ, then we can define the corresponding compu-
tational notion over X because a machine with n+1 heads on each tape
can input/output sequences in Σω

⊥,n. This means that the least number n
such that X can be topologically embedded into Σω

⊥,n serves as a degree
of complexity of the space. We prove that this number, which we call the
computational dimension of the space, is equal to the topological dimen-
sion for separable metric spaces. First, we show that the weak inductive
dimension of Σω

⊥,n is n, and thus the computational dimension is at least
as large as the weak inductive dimension for all spaces. Then, we show
that the Nöbeling’s universal n-dimensional space can be embedded into
Σω

⊥,n and thus the computational dimension is at most as large as the
weak inductive dimension for separable metric spaces. As a corollary,
the 2-dimensional Euclidean space IR2 can be embedded in {0, 1}ω

⊥,2 but
not in Σω

⊥,1 for any character set Σ, and infinite dimensional spaces like
the set of closed/open/compact subsets of IRm and the set of continuous
functions from IRl to IRm can be embedded in Σω

⊥ but not in Σω
⊥,n for

any n.

1 Introduction

In order to perform computation over the set of reals, we need to represent them
as (infinite) sequences of characters. However, it is known that there is no one-
to-one representation, or equivalently, no embedding of real numbers into Σω

which induces reasonable notion of computation over reals, and thus redundant
representations are commonly used [Wei00][BH00]. In a previous paper [Tsu01b],
the author used, instead of Σω , the set Σω

⊥,1 of 1⊥-sequences of Σ. Here, an n⊥-
sequence of Σ is an infinite sequence of Σ in which at most n cells are allowed to
be left undefined (denoted by⊥). He proposed a machine, called an IM2-machine,
which input/output 1⊥-sequences with two heads on each input/output tape,
composed a topological embedding of the set of real numbers into Σω

⊥,1, and thus
induced a notion of computation over reals, which is shown to be equivalent to
the standard notion of computation over reals.

It is easy to extend this input/output mechanism of an IM2-machine to the
set Σω

⊥,n of n⊥-sequences of Σ by putting n+1 heads on each input/output tape,
and therefore, we can obtain a computational notion over a topological space X
when X can be embedded into Σω

⊥,n. Thus, we define the least number n such
that a space X can be embedded into Σω

⊥,n as the computational dimension

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 323–335, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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of X. The computational dimension is a degree of computational complexity of
the space in that it is equal to the number of extra heads required to define
computation over the space by an IM2-machine.

The main theorem of this paper is that the computational dimension and
the usual topological dimension coincide for separable metric spaces. First, we
show that the weak inductive dimension of Σω

⊥,n is n, and therefore the compu-
tational dimension is at least as large as the weak inductive dimension for all
spaces. Then, we show that the Nöbeling’s universal n-dimensional space can be
embedded into Σω

⊥,n and thus the computational dimension is at most as large
as the weak inductive dimension for separable metric spaces.

From this theorem, the 2-dimensional Euclidean space can be embedded into
Σω
⊥,2, but not in Σω

⊥,1 for any character set Σ, and infinite dimensional spaces
like the spaces of closed/open/compact subsets of IRl and the space of continuous
functions from IRl to IRm cannot be embedded in Σω

⊥,n for any n.
In the next section, we review the notion of Gray code embedding and IM2-

machines following [Tsu01b]. Then, we introduce the computational dimension
in Section 3. In Section 4, we show that the weak inductive dimension of Σω

⊥,n
is n. In Section 5, we study the embedding of the 2-dimensional Euclidean space
to Σω

⊥,2, and in Section 6, we prove that the computational dimension and the
weak inductive dimension coincide for separable metric spaces. In Section 7, we
study the embeddings of infinite dimensional spaces in Σω

⊥.

2 Gray Code Embedding and Computability by
IM2-Machines

We write Σω
⊥ for the set of infinite sequences of Σ in which undefined cells (⊥)

are allowed to exist. That is, Σω
⊥ is the set of infinite sequences of Σ ∪ {⊥}. We

write Σω
⊥,n for the set of infinite sequences of Σ in which at most n undefined

cells are allowed to exist, Gray code embedding G (Definition 1 below) is an
embedding of the unit open interval I = (0, 1) (or the whole real line IR) to the
set {0, 1}ω⊥,1. It is based on the Gray code expansion, which is another expansion
of real numbers.

Figure 1 shows the usual binary expansion and the Gray code expansion of
the unit open interval. Here, a horizontal line means that the corresponding bit
has value 1 on the line and value 0 otherwise. In this way, Gray code expansion
of (0,1) is composed from that of (0, 1/2) by taking the mirroring image on
(1/2, 1) with the first bit on. As is the case for the usual binary expansion,
we have two expansions to dyadic numbers. Here, a dyadic number is a rational
number of the formm×2−n for integers m and n. For example, we have two Gray
code expansions 111000... and 101000... for 3/4, corresponding to the two binary
expansions 11000... and 10111.... However, the two expansions are different only
at one digit (in this case the second). This means that the second digit does not
contribute to the fact that this number is 3/4. Therefore, by defining the value
of such a digit as ⊥, we define the Gray code embedding G of I to {0, 1}ω⊥,1 as
follows.
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Fig. 1. Binary Expansion and Gray code Expansion of real numbers.

Definition 1. The Gray code embedding G is a function from I to {0, 1}ω⊥,1

defined coinductively as follows. Let G(x) = a0a1 . . .. The first character a0 is
1,⊥, or 0, according as x is bigger than, equal to, or less than 1/2. The rest
a1a2 . . . is defined to be G(f(x)) where

f(x) =
{

2x (x ≤ 1/2)
2(1− x) (x > 1/2)

.

G can be extended to a function from (−1, 1) to {0, 1}ω⊥,1 by adding the sign
bit as the first bit, and to the whole real line by composing it with some com-
putable embedding of IR into (−1, 1) such as the function f(x) = 2∗arctan(x)/π.

Note that G comes to be an injective function to {0, 1}ω⊥,1. Moreover, we
can show that G maps I homeomorphically into {0, 1}ω⊥,1, and therefore, G is
actually a topological embedding. Here, the topology on Σω

⊥,1 is the subspace
topology of the Scott topology on the cpo Σω

⊥ (see Section 4).
Now, we define a machine which inputs/outputs sequences in Σω

⊥,1. First, we
consider outputs. We consider that our machine calculates a real number x (0 <
x < 1) by producing shrinking intervals (a1, b1), (a2, b2), . . . infinitely so that
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their intersection is {x}, and output G(x) on a tape based on this approximation
information. We consider that the tape is filled with ⊥ at the beginning. When
we know that x < 1/2 or x > 1/2, we can write 0 or 1 as the first digit, respectively.
However, when x = 1/2, neither will happen and therefore we cannot fill the first
cell. However, if we know that 1/4 < x < 3/4, we can fill the second cell with 1.
After that, we can fill the first cell with 0 or 1 when we know that 1/4 < x < 1/2
or 1/2 < x < 3/4, respectively, and the third cell with 0 when we know that
3/8 < x < 5/8. In particular, when x = 1/2, the first cell is unfilled eternally, and
the sequence 1000 . . . is output from the second cell. This kind of output can be
expressed naturally if we consider two heads H1(O) and H2(O) on the output
tape O. They are placed at the first and the second cell at the beginning, and
move automatically when a character is output: after an output from H1(O),
H1(O) is moved to the place of H2(O) and H2(O) is moved to the next cell,
and after an output from H2(O), H2(O) is moved to the next cell. In this way,
H1(O) and H2(O) are always located at the first and the second unfilled cells,
respectively.

Next, we consider an input of a sequence in Σω
⊥,1. When we have only one

head on an input tape, the machine stucks when the head comes to the ⊥ cell
because it will never be filled. Therefore, our machine has two heads H1(Ii) and
H2(Ii) on each input tape Ii, which move the same way as the heads of an out-
put tape, and the machine proceeds depending on an input from one of them.
This means that when both cells under H1(Ii) and H2(Ii) are filled, we have
two applicable rules. Thus, our machine has many computational paths to an
input and all the paths should produce valid results. This property is called in-
determinism. In this way, we define an IM2-machine (Indeterministic Multihead
Type-2 machine), which inputs/outputs sequences in Σω

⊥,1. See [Tsu01b] for the
detailed definition of the machine.

This notion of an IM2-machine can easily be generalized to a machine with
n+1 heads on each input/output tape. The heads H1(T ), H2(T ), . . . , Hn+1(T ) of
a tape T move as follows: when Hi(T ) (1 ≤ i ≤ n+ 1) is used, Hj(T ) (i ≤ j ≤ n)
move to the position of Hj+1(T ) and Hn+1 moves to the next position. Note that
an n+ 1-head machine can manipulate sequences in Σω

⊥,n. Therefore, we define
an IM2-machine of type (Σω

⊥,n1
, . . . , Σω

⊥,nk
, Σω
⊥,n0

) as a machine which has k
input tapes with ni + 1 heads (i = 1, . . . , k) and one output tape with n0 + 1
heads.

Since an IM2-machine has indeterministic behavior, it defines a partial multi-
valued function F :⊆ Σω

⊥,n1
× . . .×Σω

⊥,nk
→→Σω

⊥,n0
, which is a subset of Σω

⊥,n1
×

. . .×Σω
⊥,nk

×Σω
⊥,n0

considered as a partial function from Σω
⊥,n1

× . . .× Σω
⊥,nk

to (the power set of Σω
⊥,n0

) − ∅.

Definition 2. An IM2-machine M with k inputs realizes a partial multi-valued
function F :⊆ Σω

⊥,n1
× . . . × Σω

⊥,nk
→→Σω

⊥,n0
if all the computational paths M

have with the input tapes filled with (p1, . . . , pk) ∈ dom(F ) produce infinite
outputs, and the set of outputs forms a subset of F (p1, . . . , pk). We say that F
is IM2-computable when it is realized by an IM2-machine.
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Definition 3. Let Hi be embeddings of Xi to Σω
⊥,ni

(i = 0, 1, . . . , k). A multi-
valued function F :⊆ X1 × . . . × Xk

→→X0 is realized by an IM2-machine M
if H0 ◦ F ◦ (H−1

1 , . . . , H−1
k ) is realized by M . In this case, we say that F is

(H1, H2, . . . , Hk, H0)⊥-computable.

When Hi are the Gray code embedding G of IR in {0, 1}ω⊥,1, we say that
F :⊆ IRk → IR is Gray code computable. In this definition, we add the suffix ⊥
to the type of the computability to distinguish it from the usual representation-
based computability notion by a Type-2 machine [Wei00].

Definition 4. A partial function is (H1, H2, . . . , Hk, H0)⊥-computable if it is
(H1, H2, . . . , Hk, H0)⊥-computable as a multi-valued function.

By generalizing the proofs in [Tsu01b], one has the followings:

Theorem 1. If a partial function is (H1, H2, . . . , Hk, H0)⊥-computable, then it
is continuous.

Theorem 2. A multi-valued function F :⊆ Ik → I is Gray-code-computable
iff it is ((ρ)k, ρ)-computable in the sense of [Wei00]. Here, ρ is the signed digit
representation or some equivalent ones.

In [Tsu01b], the author gave some basic algorithms by IM2-machines like
addition with respect to the Gray code embedding. In [Tsu01a], he showed that
the behavior of an IM2-machine can be naturally expressed in a parallel logic
programming language GHC.

3 The Computational Dimension of a Topological Space

Now, we study whether topological spaces other than IR have similar embeddings
in Σω

⊥,n. As we have shown, if a space X can be embedded into Σω
⊥,n, then we

can define computational notion on X based on n+1-head IM2-machines. Thus,
the least number n such that X can be embedded into Σω

⊥,n for some Σ has a
meaning as a computational complexity of the space.

Definition 5. The computational dimension of a space X is the least number
n such that X can be embedded into Σω

⊥,n. If X can be embedded into Σω
⊥ and

X cannot be embedded into Σω
⊥,n for every n, then we define the computational

dimension of X as ∞.

We show that this computational dimension coincides with the usual topo-
logical dimension for separable metric spaces. There are several definitions of
the topological dimension of a space: the covering dimension, the strong induc-
tive dimension, and the weak inductive dimension [HW48,Nag65]. It is known
that these three dimensions are equivalent and have many good properties for a
separable metric space. However, we need to develop dimension theory also to
T0 spaces and only the weak inductive dimension has the properties we need for
such a general space.

We write BP (O) for the boundary of O in a topological space P , or B(O)
when it is not ambiguous.
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Definition 6. The weak inductive dimension ind of a topological space X is
defined to be
i) ind X = −1 if X = ∅,
ii) ind X ≤ n if for every neighborhood U of a point p ∈ X there exists an open
set V such that x ∈ V ⊂ U and ind B(V ) ≤ n− 1.
If ind X ≤ n and ind X 6≤ n − 1, then we define ind X = n. If ind X 6≤ n for
every n, then ind X =∞.

The following proposition is straightforward and we use this in calculating the
dimension.

Proposition 1. If X has an open base O such that every element U ∈ O sat-
isfies ind B(U) ≤ n− 1, then ind X ≤ n.

Lemma 1. Let P be a subspace of a topological space X and O ⊂ X. Then,
BP (O ∩ P ) ⊂ BX(O) ∩ P .

For a counter example to BP (O ∩ P ) = BX(O) ∩ P , consider the Scott
topology of three point poset a < b > c for X, {a, c} for P , and {b, c} for O.

Proposition 2 (Heredity of ind ). If ind X ≤ n and P is a subspace of X,
then ind P ≤ n.
Proof. By induction on n. It is trivial for the case n = −1. Assume it for n− 1.
Since ind X ≤ n, for all x ∈ P and O 3 x, there exists x ∈ O′ ⊂ O such that
ind B(O′) ≤ n−1. Since BP (O′∩P ) ⊂ B(O′), by induction hypothesis, we have
ind BP (O′ ∩ P ) ≤ n− 1.

This heredity property does not hold for T0 spaces when we consider the
covering dimension and the strong inductive dimension. See Appendix of [HW48]
for the detail. Since this heredity holds and that dimension is preserved by
homeomorphisms, we have the following:

Proposition 3. If ind X > ind Y , then there is no topological embedding of X
in Y .

4 The Weak Inductive Dimension of n⊥-Sequence Spaces

We write Σω
⊥,n,m for the subspace Σω

⊥,n −Σω
⊥,m−1 of Σω

⊥ (n ≥ m), and Σω
⊥,−,m

for the subspace Σω
⊥ −Σω

⊥,m−1 of Σω
⊥. When α ∈ Σω

⊥, we write α[j] for the j-th
component of α, and we write α|k for the compact element of Σω

⊥ such that
α|k[n] = α[n] for n ≤ k and α[n] = ⊥ for n > k.

The Scott topology of a complete partial order (cpo) P is defined so that a
subset O is open iff it is upward closed and for each directed subset S of P with
tS ∈ O, s ∈ O for some s ∈ S. We say that an element x of P is compact if
for each directed subset S of P with x ≤ tS, x ≤ s for some s ∈ S. In the cpo
Σω
⊥, d is a compact element iff d[k] 6= ⊥ for finitely many k. Σω

⊥ has the base
{d↑ | d ∈ P is compact}. Here, we write d↑ for the subset {x ∈ P |d ≤ x} of P .
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Definition 7. The length of a poset P is the maximal length n of a strictly
increasing chain a0 < a1 < . . . < an in P . If there is an arbitrary long chain in
P , then we define that the length of P is infinite.

Proposition 4. 1) The length of Σω is 0.
2) The length of Σω

⊥,n is n.
3) The length of Σω

⊥ is infinite.

It is easy to prove that the dimension of a cpo Q with the Scott topology is
equal to the length of Q; it is a finite number n only when Q consists only of
compact elements. However, when we consider the Scott topology on a cpo Q,
and consider its subspace topology on a subposet P , then the length of P and
the dimension of P do not coincide. For example, one can consider the image
im(G) ⊂ Σω

⊥ of the Gray code embedding G. It has length 0 because there is no
order relation among elements of im(G), whereas it has dimension 1 because it
is homeomorphic to I.

It does not hold generally that the closure of an open set O is {x | x ≤
y for ∃y ∈ O}. As a counter example, consider the case X = {0, 1}ω⊥, O = ∪{d↑
| d = 0n1⊥ω for some n}. Since O includes 0n10ω for all n, Cl(O) includes the
increasing sequence 0⊥ω < 00⊥ω < 000⊥ω < ..., and therefore includes its limit
0ω. However, this property holds when O is a base element d ↑. We prove the
following stronger statement:

Lemma 2. Suppose that P is a closed subspace of Σω
⊥ and d is a compact ele-

ment of P . Then, BP (d↑ ∩P ) 3 α iff d t α exists in P and d 6≤ α.

Proof. The if part is trivial. BP (d ↑ ∩P ) 3 α means that all the open sets
containing α intersect with d ↑ in P . Therefore, α|k ↑ intersects with d ↑, and
thus d t α|k is a member of P for all k. In this way, we have an increasing
sequence d t α|1 ≤ d t α|2 ≤ . . . whose limit d t α exists because Σω

⊥ is a cpo.
From the closedness of P , d t α is in P .

Proposition 5. If P ⊂ Σω
⊥,−,m is a closed subset of Σω

⊥ and d is a compact
element of P , then BP (d↑ ∩P ) ⊂ Σω

⊥,−,m+1.

Proof. If all the elements of BP (d↑ ∩P ) have infinite number of bottom compo-
nents, then we have nothing to prove. Suppose that α ∈ BP (d ↑ ∩P ) has finite
number of bottom components. Then, from Lemma 2, d 6≤ α and dtα exists in
P . Since dtα is strictly greater than α, dtα has fewer bottom components than
α has. At the same time, d t α has at least m bottom components. This means
that α has at least m+ 1 bottom components and therefore α ∈ Σω

⊥,−,m+1.

Lemma 3. Suppose that P is a closed subset of Σω
⊥. BP∩Σω

⊥,n(d↑ ∩P ∩Σω
⊥,n) =

BP (d↑ ∩P ) ∩Σω
⊥,n.

Proof. Use Lemma 1 for ⊂ and Lemma 2 for ⊃.
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Proposition 6. Let P ⊂ Σω
⊥,−,m be a closed subset of Σω

⊥ and n ≥ m. Then,
ind (P ∩Σω

⊥,n) ≤ n−m.

Proof. By induction on n −m. First, consider the case that n = m. We have
BP∩Σω

⊥,n(d ↑ ∩P ∩ Σω
⊥,n) = BP (d ↑ ∩P ) ∩ Σω

⊥,n by Lemma 3 and BP (d ↑
∩P ) ∩ Σω

⊥,n = ∅ since BP (d ↑ ∩P ) ⊂ Σω
⊥,−,m+1 by Proposition 5. Therefore,

ind BP∩Σω
⊥,n (d↑ ∩P ∩Σω

⊥,n) = −1 for all compact element d. By Proposition 1,
we have ind (P ∩Σω

⊥,n) ≤ n−m.
Next, consider the case n > m. We need to show ind BP∩Σω

⊥,n (d ↑ ∩P ∩
Σω
⊥,n) = BP (d ↑ ∩P ) ∩ Σω

⊥,n ≤ n −m − 1 for all compact element d. We have
BP (d↑ ∩P ) ⊂ Σω

⊥,−,m+1 by Proposition 5. Since BP (d↑ ∩P ) is closed, we have
ind BP (d↑ ∩P ) ≤ n − (m+ 1) by the induction hypothesis.

Theorem 3. ind Σω
⊥,n = n.

Proof. ind Σω
⊥,n ≤ n by applying Proposition 6 to the case P = Σω

⊥ and m =
0. For ind Σω

⊥,n ≥ n, when |Σ| ≥ 2, we use the embedding of IRn in Σω
⊥,n

constructed in Section 5. It is well known that ind IRn = n ([Eng78]). Therefore,
by Proposition 2, we have indΣω

⊥,n ≥ n. When |Σ| = 1, we prove it in proposition
7.

When Σ = {1},Σω
⊥ is isomorphic to Pω = {a | a ⊂ N} forN = {0, 1, 2, 3, . . .}

by identifying α ∈ Σω with a ∈ Pω when α[k] = 1 iff k ∈ a. With this correspon-
dence, Σω

⊥,n corresponds to P (n)
ω = {a ∈ Pω | |N − a| ≤ n}. Since there is the

top element N in Pω, every non-empty open set U includes N , and therefore,
its closure is the whole space Pω. This means that the boundary B(U) is the
complement Pω−U . This is also the case for P (n)

ω . That is, BX(U) = X−U for
X = P

(n)
ω .

Proposition 7. ind P
(n)
ω = n.

Proof. Since we have already shown ind P (n)
ω ≤ n, we need to prove ind P (n)

ω 6≤
n− 1. We prove it by induction on n.

It is immediate when n = 0. When n > 0, let X = P
(n)
ω and show that there

exists an open set U ⊂ X such that ind B(U) 6≤ n−1. Then, for each non-empty
open subset V ⊂ U , we have B(V ) ⊃ B(U) because B(V ) = X − V , and by
heredity (Proposition 2), ind B(V ) 6≤ n− 1.

Take U = {0} ↑ ∩X. Then, B(U) = X − U = {a ∈ X | 0 6∈ a}. This
set is isomorphic to {a | a ⊂ N ′, |N ′ − a| ≤ n − 1} for N ′ = {1, 2, 3, . . .}.
Therefore, B(U) is isomorphic to P (n−1)

ω , and thus ind B(U) 6≤ n− 1. Note that
the topological structure of B(U) as a subspace of X and that of P (n−1)

ω are the
same.

From Theorem 3 and Proposition 3, we have the followings.

Corollary 1. The computational dimension of a space is at least as large as its
weak inductive dimension.
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Corollary 2. There are no embeddings of IRn and In in Σω
⊥,n−1 for any char-

acter set Σ.

Proof. ind IRn = ind In = n ([Eng78]).

5 Embeddings of Finite Dimensional Spaces

In this section, we construct an embedding of IR2 in Σω
⊥,2 forΣ = {0, 1}, namely,

interleaving G(x) and G(y) to define the name of (x, y) ∈ IR2. Thus, the com-
putational dimension of IR2 is 2.

Let F be the function fromΣω
⊥,1×Σω

⊥,1 toΣω
⊥,2 which maps (a1a2 . . . , b1b2 . . .)

to a1b1a2b2 . . .. Then, F is a topological homeomorphism from Σω
⊥,1×Σω

⊥,1 into
Σω
⊥,2. Since IR can be embedded in Σω

⊥,1 by the Gray code embedding G, we can
topologically embed IR2 into Σω

⊥,2 by F ◦ (G,G). In the same way, IRn can be
embedded into Σω

⊥,n. Combining this fact with Corollary 1, we have

Theorem 4. IRn has the computational dimension n.

In order to show that the computability notion induced on IR2 by F ◦ (G,G)
in Definition 3 and 4 is the standard one, we show that the encoding F and the
decoding F−1 can be expressed by an IM2-machine.

First, we consider encoding. That is, we construct an IM2-machine of type
(Σω
⊥,1, Σ

ω
⊥,1, Σ

ω
⊥,2) which inputs two sequences in Σω

⊥,1 and outputs its interleav-
ing in Σω

⊥,2.
The machine has two input tapes Ii (i = 1, 2) with two heads H1(Ii) and

H2(Ii) on each Ii (i = 1, 2), and one output tape O with three heads H1(O),
H2(O), and H3(O). It has 4 states (c, s) for c ∈ {1, 2} and s ∈ {1, 2} with (1,1)
the initial state. c indicates the tape to input the next character from, and s
indicates the pair of heads used to output the next character: s = 1 means to
output from H1(O) and H3(O), s = 2 means to output from H2(O) and H3(O).
We need 16 rules corresponding to the combination of 4 states, 2 heads and 2
input characters. We abbreviate them into two rules with variables by allowing
pattern matching on the left hand side of a rule, and using the not function
defined as not 1 = 2 and not 2 = 1 on the right hand side.

(c, s) H1(Ic)(x) ⇒ (not c, 1) Hs(O)(x)
(c, s) H2(Ic)(x) ⇒ (not c, not s) H3(O)(x)

The first rule is read as when the state is (c, s) and it inputs the character x from
the first head, then it changes its state to (not c, 1) and output the character x
from the s-th head. For the decoding function to the first component, we consider
a machine of type (Σω

⊥,2, Σ
ω
⊥,1) with the following rules:

(1, 1) H1(I)(x) ⇒ (2, 1) H1(O)(x)
(1, 2) H2(I)(x) ⇒ (2, 1) H1(O)(x)
(1, s) H3(I)(x) ⇒ (2, not s) H2(O)(x)
(2, 1) H1(I)(x) ⇒ (1, 1)
(2, 2) H2(I)(x) ⇒ (1, 1)
(2, s) H3(I)(x) ⇒ (1, not s)
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Thus, f : IR2 → IR is (F ◦(G,G), G)⊥-computable iff it is (G,G,G)⊥-computable
as a function in two arguments, and thus it is (ρ, ρ, ρ)-computable, where ρ is a
representation equivalent to the Cauchy representation by Theorem 2.

For other finite dimensional spaces, it is immediate to show that S1 (=
[0, 1]/∼ with ∼ defined as 0 ∼ 1) can be embedded into Σω

⊥,1. From Figure
1, one can find that G can be modified to a function from S1 by assigning
⊥000000 as G(0) = G(1). Since ind S1 = 1, we have the following.

Proposition 8. The computational dimension of S1 is 1.

More generally, we show in the next section that the computational dimension
and the topological dimension coincide for all the separable metric spaces.

6 The Coincidence of the Computational Dimension and
the Topological Dimension

Definition 8. Let I be the unit open interval (0, 1) and Qn
i be the subspace of

In with i dyadic coordinates, where a dyadic number is a rational number of the
form m× 2−n for integers m and n. We define

Nn
k = Qn

0 ∪ . . .Qn
k .

That is, Nn
k is the subspace of In consisting of all points which have at most k

dyadic coordinates.

It is known that Nn
k has dimension k ([Eng78]). The space N2n+1

n is essen-
tially the same as the Nöbeling’s universal n-dimensional space, and it is uni-
versal for the class of all n-dimensional separable metric spaces in the following
sense.

Proposition 9. For any n-dimensional separable metric space X, there is a
topological embedding of X in N2n+1

n .

Proof. See [Eng78], for example.

Thus, if we can embed N2n+1
n in Σω

⊥,n, it means that we can embed any
n-dimensional topological space in Σω

⊥,n, and therefore the computational di-
mension and the weak inductive dimension coincide for all the separable metric
spaces.

Theorem 5. There is an embedding from Nm
n to Σω

⊥,n for m ≥ n and Σ =
{0, 1}.
Proof. We start with the embedding Gm of Im in Σω

⊥,m we constructed in Theo-
rem 4. Since it is an interleaving of the Gray code, the number of ⊥ which appear
in Gm(x) is equal to the number of dyadic coordinates of x ∈ Im. Therefore,
when we restrict it to Nm

n , then the image has at most n dyadic coordinates.
That is,Gm(Nm

n ) ⊂ Σω
⊥,n. Thus, this restriction ofGm toNm

n is a homeomorphic
embedding to Σω

⊥,n.
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(0,0) (1,0)

(0,1)

00 10

11

0000 0010

0010 0011

01

X

y

Fig. 2. The coding of N2
1 .

Corollary 3. The computational dimension and the weak inductive dimension
coincide for all the separable metric spaces.

Proof. It is immediate from Theorem 5 when ind X is finite. When ind X is
infinite, separable metric spaces are second countable T0 spaces and as we note
in the next section, every second countable T0 spaces can be embedded into Σω

⊥.
Therefore, the computational dimension of X is also infinite.

Corollary 4. If a separable metric space can be embedded in Σω
⊥,n for some

alphabet Σ, then it can be embedded in {0, 1}ω⊥,n.

Figure 2 depicts how the code G2 of N2
1 is composed. We split N2

1 into four
sub-areas, and assign the first two bits of G2(x) as 00, 01, 10, and 11 in each
sub-areas. Note that N2

1 is the unit square I2 minus points whose coordinates
are both dyadic numbers. On the boundaries, we assign ⊥0 or ⊥1 on x = 1/2,
and 0⊥ or 1⊥ on y = 1/2. Note that the center point (1/2, 1/2) is not included
in N2

1 . The rest of the bits are coded coinductively; we have the 1/2 reduction
of the code of N2

1 on the right lower subsquare, which is flipped horizontally and
vertically to fill all the subsquares so that they agree on the boundaries x = 1/2
and y = 1/2.

7 Embedding of Infinite Dimensional Objects

We consider infinite dimensional spaces which appear in computable analysis,
like the set A(n) of the closed subsets of IRn, O(n) of the open subsets of IRn,
K(n) of the compact subsets of IRn, and C(A, IRn) of the continuous functions
from a subset A ⊂ IRm to IRn. As for the topological structures on them, we
have some possibilities. In this section, we consider A(n) with the following three
topological structures and discuss how they are embedded into Σω

⊥.
Let Cb(n) be the set of all open rational cubes of IRn. τA< is the topology

of A(n) which has {A ⊂ IRn | A ∩ J 6= ∅} as a subbase element for J ∈ Cb(n).
In the same way, τA> is the topology which has {A ⊂ IRn | A ∩ J = ∅} as a
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subbase element for J ∈ Cb(n), and τA is the topology with the union of these
two as the subbase. These three topologies are the final topologies of the three
representations ψ<, ψ> and ψ in [Wei00].

Let M be a homeomorphism from IR to (0, 1). Then, since IR includes in-
finite number of disjoint open intervals (0, 1), (1, 2), (2, 3), . . ., we can assign to
(a0, a1, . . .) ∈ IRω the closed set {M(a0),M(a1) + 1,M(a2) + 2, . . .}. It is easy
to show that this map from IRω to A(1) is a topological embedding with respect
to τA< , τA> , and τA on A(1). In the same way, we can construct embeddings from
IRω to A(n) for every n. Therefore, (A(n), τA< ), (A(n), τA> ), and (A(n), τA) are
infinite dimensional spaces, and they have the computational dimension ∞ if
they have embedding in Σω

⊥.
On the other hand, these spaces have natural embeddings into Pω = {1}ω⊥.

More generally, one can define an embedding of a second countable T0-space
X into Pω, by fixing a subbase O = {Oi | i ∈ N} with numbering, assigning
i-th cell to Oi, and defining the embedding E of X as E(x)[i] = 1 iff x ∈ Oi

[Eng68]. This corresponds, in the standard representation theory, to considering
the standard representation of S restricted to complete names where S is an
effective topological space S = (X,O, µ) with µ(i) = Oi, or when {(i, j) | Oi =
Oj} is r.e., considering the standard representation in a computable topological
space S = (X,O, µ) [Wei00]. Applying this to the above-mentioned subbase,
we define embeddings E<, E>, and E of (A, τA< ), (A, τA> ), and (A, τA) to Pω,
respectively. Thus, these spaces have the computational dimension ∞.

When we use {0, 1}ω⊥ instead of {1}ω⊥, we can not only express positive prop-
erties like n ∈ Oi but also negative properties like n 6∈ Cl(Oi). Therefore, we
can define a new embbeding Ê of (A(n), τA) to {0, 1}ω⊥ which is based on the
subbase of (A(n), τA< ). For the embedding E, it is obvious that E(x) includes
infinite number of ⊥-cells for each x ∈ A(n). Our result that the computational
dimension of (A(n), τA) is infinite shows that Ê(x) also includes infinite number
of ⊥-cells for some x ∈ A(n), and also says that one cannot think of an embbed-
ing with finite number of ⊥-cells for each element, even if we use bigger alphabet
as Σ.

8 Conclusion

We have proposed a way of defining computation over a topological space X by
considering an embedding of X in the sets Σω

⊥,n (n = 0, 1, . . .) of sequences of Σ
in which bottoms are allowed to exist. We have shown that the computational
dimension, which is the number of bottoms required in the name space, and the
usual topological dimension coincide for separable metric spaces.

Since our theory is based on an embedding of a space into the domain Σω
⊥, it

can be considered as a variant of domain theoretic approaches ([ES98], [Gia99],
[SHT99],[Bla97]). On the other hand, each element of Σω

⊥,n has a unique textual
representation as an n⊥-sequence and we have the notion of a machine which
operates on such extended sequences. In this sense, it can also be considered as
a variant of more concrete representation-based approaches [Wei00].
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One of the benefits of our embedding-based approach is that, since we con-
sider embeddings in name spaces, we can study properties of computable func-
tions over Σω

⊥,n to study properties of computable functions over topological
spaces in general. For example, multi-valued functions over X play an impor-
tant role in computable analysis. They are represented by multi-valued functions
over name spaces in our approach, whereas they are represented by single-valued
functions over Σω which are given multi-valued meaning through redundant rep-
resentations in the standard representation theory. Our result relating the di-
mension of a space and the number of heads required to perform computation
over the space is another example.
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Abstract. We develop the theory of the computability structure and
some notions of computable functions on a uniform topological space,
and will apply the results to some real functions which are discontinuous
in the Euclidean space.
Keywords: Effective uniform topological space, Computability struc-
ture, Computable function, Binary tree structure, Cylinder function,
Amalgamated space of reals, Function with jump points, Partial com-
putability.

1 Introduction

We have recently been speculating on computability problems of some discontin-
uous real functions such as the Gaußian function ([20]), Rademacher functions
([23]) and Walsh functions ([7]). These are functions either on the whole real line
or on the interval [0, 1), jumping at integer points or at some dyadic rationals,
and assuming integer values.

Throughout this article, knowledge of the notion of computability of a real
number or a sequence of real numbers as well as the notion of computable func-
tions over reals will be assumed. (A real number is computable if it can be
approximated by a recursive sequence of rational numbers with recursive mod-
ulus of convergence.) For basic facts on computability results in the elementary
calculus, we refer the reader to [11] and [22].

In traditional computable analysis, a real function f on a compact interval
with computable end-points can be computable (“Grzegorczyk-computable”)
only if it is continuous. Namely, f is “Grzegorczyk-computable” if f preserves
sequential computability and if f is effectively uniformly continuous, that is, f is
uniformly continuous with a recursive modulus of continuity.

For a function on an open interval, the computability has been defined by
effectively approximating the interval with compact intervals.

On the other hand, one often computes the values of a discontinuous function
at jump points and draws the graph of such a function. For example, how does
one draw a graph of a Gaußian function? One would first compute the values
at integer points, that is, at jump points, plot them, and then draw horizontal
? Corresponding author.
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segments rightward. It is thus natural to attribute some notions of computability
to some discontinuous functions.

There have been various approaches to this problem. In addition to the ref-
erences as mentioned above, we quote only a few: [1], [2], [3], [5], [9], [11], [15],
[16], [17], [18], [19], [20], [21], [23]. Computability theory on abstract algebras
has been studied for example in [13] and [14]. The functional space approach,
which has been initiated by [11], is especially useful and interesting.

Dealt in a function space, points of discontinuity of a discontinuous function
are sort of smoothed out (by integration etc.). For this reason one can develop
the computability theory for discontinuous functions in a function space, but
at the same time, the value at a jump point cannot be talked about in such a
theory.

On the other hand, some discontinuous functions will become continuous if
one changes the topology of the domain of definition.

In a topological space with some kind of hierarchy of neighborhoods, one can
develop a theory of the computability structure and define computable functions.

Here we propose such a theory of the computability structure on a uniform
topological space, and will show that some real functions which are discontinuous
with respect to the Euclidean topology will become continuous with respect to
some uniform topology.

Although a uniform topological space with a countable index is topologically
equivalent to a metric space, there is a point of working with the uniform topol-
ogy. Namely, in viewing a discontinuous function as a continuous function by
changing topology, there is no need of computing new metrics. What is involved
is simply to describe the real line from a different viewpoint.

For the reader’s convenience, we will first list the axioms of uniform topology
with the index set N, the set of natural numbers, and some of its consequences
(Section 2). (For the definitions and properties concerning uniform topology, we
have consulted [6] and [10].) A special kind of functions, called cylinder func-
tions, are defined in terms of uniform topology. Cylinder functions are uniformly
continuous.

The notion of effective uniform topology and the theory of the computability
structure on a uniform topological space is developed in Section 3. There are
three axioms, which are similar to the axioms for the computability structure
on a metric space (cf. [9] and [21]).

The notion of relative computability (with respect to a computability struc-
ture) is first defined in Section 4, and with this notion, some sufficient conditions
for computability will be proved.

A real-valued function f is relatively computable if f preserves sequential
computability and if there is a recursive modulus of continuity for f with respect
to each computable sequence. If furthermore the value of f at any point is
approximated by the values of f at points in an effectively approximating set,
then f is called computable.

A uniformly continuous function (on the whole space) is called uniformly
computable if there is a recursive modulus of uniform continuity.

In Section 5, we will show that, as an example, the tree topology of a binary
tree is an effective uniform topology, and that the family of all the recursive
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paths in the binary tree form a computability structure. Furthermore, an effective
enumeration of all the eventually zero paths is an effective separating set.

As an application, we show that the system of Rademacher functions forms a
uniformly computable sequence of functions. Some other examples are also given
in this section.

The next example, denoted by AR, is an amalgamation of the discrete space
of integers and the union of all the open intervals of real numbers with end points
of adjacent integers with relativized open interval topology (Section 6). As a set,
AR is identical with the set of real numbers, but it becomes a new effectively
uniform topological space, which we will denote by A.

The set of computable numbers of A is identical with the set of computable
numbers (in R), and the set of computable sequences in A is a subset of com-
putable sequences (in R). Some functions which jump at integer points (such as
the Gaußian function) in the Euclidean topology will become continuous in A,
and can be shown to be computable.

In this section, examples and counter-examples for various notions in the
preceding sections are supplied.

In the last section, Section 7, we will briefly discuss the computability of
partial functions, and then list some further work we hope to carry out.

As mentioned above, there are various different approaches in a similar spirit,
and it is of interest to compare our theory with others. In this article, however,
we confined ourselves to see how far we can proceed with our theory.

2 Preliminaries: Uniform Topological Space

In the following,N will denote the set of natural numbers. Let X be a non-empty
set.

Definition 2.1. (Uniform Topology: cf. [6] and [10]) Suppose there is a system
of maps

Vn : X −→ P(X)

for each n ∈ N, where P(X) denotes the power set of X.
For each x ∈ X, Vn(x) is called a neighborhood of x of level n, and {Vn} is

called a neighborhood system for X.
If this system satisfies the axioms Ai, i = 1 − 5 below, then it is called a

uniform topology on X, and the structure 〈X, {Vn}〉 is called a uniform topological
space.

A1: x ∈ Vn(x) for each x ∈ X and n ∈ N.
A2:

⋂
n∈N Vn(x) = {x}

A3: For every n, m ∈ N, there is an l (independent of x) such that for every x

Vl(x) ⊂ Vn(x) ∩ Vm(x).

A4: For every n ∈ N, there is an m ∈ N (independent of x, y) such that for
every x, y ∈ X

x ∈ Vm(y) implies y ∈ Vn(x).
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A5: For every n ∈ N there is an m ∈ N (independent of x, y, z) such that
for every x, y, z ∈ X

x ∈ Vm(y) and y ∈ Vm(z) imply x ∈ Vn(z).

Note. A1 in fact follows from A2.

Corollary 1. T = 〈X, {Vn(x)|n = 1, 2, 3, · · ·; x ∈ X}〉 is a topological space
with {Vn(x)|n = 1, 2, 3, · · · ; x ∈ X} as a system of neighborhoods. (We will
subsequently denote T with 〈X, {Vn}〉 for short.)

Topological convergence with respect to {Vn} can be defined as usual.

Definition 2.2. (Topological Convergence) Let T = 〈X, {Vn}〉 be a uniform
topological space.

(1) Let {xk} be a sequence from X and let x ∈ X. {xk} is said to converge
to x (with respect to {Vn}) if

∀n∃j∀k ≥ j(xk ∈ Vn(x)).

(2) Let {xk} be a sequence from X which satisfies the following.

∀n∃j∀k ≥ j(xk ∈ Vn(xj)).

Then, {xk} is called a Cauchy sequence.
(3) If every Cauchy sequence converges, then the space T is called complete.

Metric Example. Every metric space can be regarded as a uniform topological
space with the index set N and Vn(x) = B(x, 1

2n ), where B(x, 1
2n ) is the open

ball of size 1
2n around x.

Note. Conversely, it is known classically that a uniform topological space with
a countable index set can be metrized, and the two kinds of convergence are
equivalent (cf.[6]).

The reason why we nevertheless work with a uniform topology with the index
set N has been explained in the introduction.

Definition 2.3. (Continuity of Real Function) (1) A real-valued function f
from a uniform topological space X is continuous if the following holds: for every
p = 1, 2, 3, · · ·, and for every x ∈ X, there is an n such that

for every y ∈ Vn(x), |f(x)− f(y)| ≤ 1
2p

.

(2) A real-valued function f from a uniform topological space X is uniformly
continuous if the following holds: for every p = 1, 2, 3, · · ·, there is an n such that
for every x ∈ X

for every y ∈ Vn(x), |f(x)− f(y)| ≤ 1
2p .

Note. The correspondence of n(= np) to p can be called a modulus of uniform
continuity for f .

As a special kind of functions, we will mention the following for a later use.
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Definition 2.4. (Cylinder Function) A real-valued function f from X will be
called a cylinder function if there is an n such that, for every x ∈ X,

∀y ∈ Vn(x)(f(x) = f(y)).

From Definitions 2.3 and 2.4 follows immediately the next proposition.

Proposition 2.1. (Uniform Continuity of Cylinder Function) A cylinder func-
tion is uniformly continuous.

3 Topological Computability

Let T = 〈X, {Vn}〉 be a uniform topological space. We will define some no-
tions and objects for T which have computational meanings. Examples will be
presented in Sections 5 and 6.

Definition 3.1. (Effective Uniform Topology) A uniform topology {Vn} on X
is called an effective uniform topology if there are recursive functions α1, α2, α3

which satisfy the following.
For every n, m ∈ N and every x ∈ X, Vα1(n,m)(x) ⊂ Vn(x)∩ Vm(x) (effective

A3).
For every n ∈ N and every x, y ∈ X, x ∈ Vα2(n)(y) implies y ∈ Vn(x)

(effective A4).
For every n ∈ N and every x, y, z ∈ X,

x ∈ Vα3(n)(y) and y ∈ Vα3(n)(z) imply that x ∈ Vn(z)

(effective A5).

Effective convergence and the computability structure for T can be defined
similarly to the counterparts of metric spaces (See [9] and [21]).

Definition 3.2. (Effective Convergence) (1) A sequence {xk} for X is said to
effectively converge to a point x in X if there is a recursive function γ satisfying
∀x∀k ≥ γ(n)(xk ∈ Vn(x)).

(2) A multiple sequence {xνk} from X is said to effectively converge to a
sequence {xν} if there is a recursive function β satisfying

∀ν∀n∀l∀k ≥ β(ν, n)(xνk ∈ Vn(xν)).

Note. Although the convergence of a sequence of points to a point is classically
natural and adequate, it is important to consider the convergence of a double (or
a multiple) sequence to a sequence when the effectivity is the central subject.
The same applies also to some other notions, and hence we will subsequently
give two definitions, a property concerning a point and the one concerning a
sequence of points.
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Definition 3.3. (Computability Structure) Let S be a family of sequences from
X. (As usual, we include multiple sequences, such as double sequences and triple
sequences, when we talk about sequences.)
S is called a computability structure if it satisfies the following.
C1: (Non-emptiness) S is nonempty.
C2: (Re-enumeration) If {xk} ∈ S and α is a recursive function,
then {xα(i)}i ∈ S.
More generally, if {xν1,ν2,···,νk} ∈ S, and if α1, α2, · · · , αk are recursive func-

tions, then {xα1(ν),α2(ν),···,αk(ν)} ∈ S, where ν stands for ν1, ν2, · · · , νk.
C3: (Limit) If {xlk} belongs to S, {xl} is a sequence from X, and {xlk}

converges to {xl} effectively, then {xl} ∈ S. That is, S is closed with respect to
effective convergence.

Similarly to C2 above, we can also read l as a finite sequence of indices ν .
A sequence belonging to S is called a computable sequence. An element x of

X is called computable if the sequence {x, x, · · ·} is computable.
For an effective uniform topological space with a computability structure S,

we will denote CT = 〈X, {Vn}, α1, α2, α3,S〉.
Note. In Definition 1.4 of [21], the first axiom of the computability structure
for a metric space requires that the sequence of distances for any two sequences
in S be a computable double sequence of real numbers. In the topological com-
putability, we need not talk about distances. Instead, we only require that S be
non-empty.

The subsequent universe of discourse will be CT . We will list some definitions
concerning computability structures for later use.

Definition 3.4. (Effective Approximation) Suppose a computable sequence
{ek} satisfies the following. For each computable sequence {xl}, there is a recur-
sive function ν such that

∀n∀l(eν(n,l) ∈ Vn(xl)).

Then {ek} is called an effective approximating set of the computability structure
S, and S is said to be effectively approximated.

The notion of effective approximation is weaker than the following effective
separability, and will be used, for example, in Proposition 4.1.

Definition 3.5. (Effective Separability) Let {ek} be an effective approximating
set. Suppose furthermore that it is dense in X, that is, ∀n∀x∃k(ek ∈ Vn(x)).
Then the space CT is said to be effectively separable, and {ek} is called an
effective separating set.

Note. In the metric space treated as in [21], an effective separating set is defined
first, and, as a corollary, it follows that a computable sequence is effectively
approximated by it. In Section 6 (Example 5), we will see an example of an
effective approximating set which is not dense in the space.
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Notation. In the following, we let ET = 〈X, {Vn}, α1, α2, α3,S, {ek}〉 denote
an effective uniform topological space with a computability structure and an
effective approximating set.

Definition 3.6. (Relative Effective Completeness) (1) A sequence from X,
say {xj}, is said to be effectively Cauchy if there is a recursive function α such
that

∀n∀j ≥ α(n)(xj ∈ Vn(xα(n))).

(2) A double sequence from X, say {xmj}, is said to be effectively Cauchy
if there is a recursive function α such that

∀n∀m∀j ≥ α(m, n)(xmj ∈ Vn(xmα(m,n))).

(2) The space ET is said to be relatively effectively complete (with respect to
S) if every computable and effectively Cauchy double sequence {xmj} effectively
converges to a sequence in X.

Note. 1) The definition of an effective Cauchy sequence above is appropriate
due to the effective version of A5 (Definition 3.1).

2) In (2) above, the limit sequence is computable by virtue of the third
axiom C3 (Definition 3.3).

3) Effective completeness with respect to a computability structure does not
imply completeness of the whole space, as will be seen in Example 4 of Section 6.

4) In [21], the definition (2) above was a corollary if the space was complete.
5) We gave the definition of the effectivity of a Cauchy sequence for a

double sequence since a simple Cauchy sequence is hardly of use in relation to
the effectivity. (See 2) above.)

The remark below has been added according to a referee’s advice.

Remark 1. Any double sequence that effectively converges (Definition 3.2) is
effectively Cauchy.

This can be shown as follows. Suppose that {xmj} effectively converges to
{xm}, that is, for a recursive function β(m, n), it holds that

∀j ≥ β(m, n)(xmj ∈ Vn(xm)).

Put
α(m, n) = β(m, max{α2(α3(n)), α3(n)).

where the functions α2 and α3 are in Definition 3.1. Then,

xmα(m,n) ∈ Vα2(α3(n))(xm)

and so
(a) xm ∈ Vα3(n)(xmα(m,n))

and
(b) ∀j ≥ α(m, n)(xmj ∈ Vα3(n)(xm)).
(a) and (b) imply that xmj ∈ Vn(xmα(m,n)) for j ≥ α(m, n).
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4 Computable Functions

In [21], we defined the (uniformly) computable functions on an effectively com-
pact space, and then later extended a computable function (not necessarily uni-
form) as defined on an effectively σ-compact set. Here we take a slightly different
approach. We do not assume compactness or σ-compactness on a space, and, this
way, we can deal with computability of a function relative to a computability
structure.

In defining some notions of computable functions, we have the following
examples (in a metric space) in mind.

Example A. Let X = (0, 1] and define Vl(x) = B(x, 1
2l

) ∩ X. Consider a
function f(x) = 1

x
defined on X.

Example B. Let X and Vl(x) be as above. Consider a sequence of functions
{fn(x) = x−1+ 1

n } defined on X.

Note. Here the space (0, 1] is considered in the usual Euclidean topology. When
we extend a function such as 1

x to the closed interval [0, 1] so that f(0) = 0, for
example, we would view it as a disjoint union of {0} and (0, 1] so that f will be a
continuous function on the whole set. Such a case will be discussed in Section 6.

The next definition concerns the computability of a function with respect to
the computability structure S. We find it natural to first consider some notion
of computability on computable objects.

Definition 4.1. (Relative Computability) (1) A real-valued function f from
an effective uniform space CT is called relatively computable (with respect to S)
if the following hold.

(i) f preserves sequential computability, that is, for any computable sequence
{xm} from X, {f(xm)} is a computable sequence of real numbers.

(ii) For any {xm} ∈ S there exists a recursive function γ(m, p) such that
y ∈ Vγ(m,p)(xm) implies |f(y) − f(xm)| ≤ 1

2p .
(2) A sequence of real-valued functions from an effective uniform space CT ,

say {fn}, is called relatively computable (with respect to S) if the following hold.
(iii) {fn} preserves sequential computability, that is, for any computable

sequence {xm} from X, {fn(xm)} is a computable double sequence of real num-
bers.

(iv) For any {xm} ∈ S there exists a recursive function γ(n, m, p) such that
y ∈ Vγ(n,m,p)(xm) implies |fn(y) − fn(xm)| ≤ 1

2p .
Let us note that a function f is relatively computable in the sense of (1) if

and only if the sequence {f, f, f, · · ·} is relatively computable in the sense of (2).

Note. Notice that in the definition above, the continuity of the function is not
assumed for relative computability. A counter-example will be given in Section
6 (Example 8).
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Proposition 4.1. (A Special Case of Sufficiency) Assume that {fn} satisfies
the following.

(i) {fn} preserves sequential computability.
(ii) There exists an effective approximating set {ek} (Definition 3.4) satisfying

that {fn} is effectively uniformly continuous with respect to {ek}, that is, there
exists a recursive function γ0(n, p) (independent of k) for which

y ∈ Vγ0(n,p)(ek) implies |fn(y) − fn(ek)| ≤ 1
2p

for any k.
Then {fn} is relatively computable (with respect to S). Furthermore {fn} is

effectively uniformly continuous with respect to any {xm} ∈ S (instead of {ek}).
Proof: For the sake of brevity, we will prove the proposition for the case of a
single function instead of a sequence of functions. So we show that for {xm} ∈ S
there exists a recursive function γ(p) independent of m such that

y ∈ Vγ(p)(xm) implies |f(y) − f(xm)| ≤ 1
2p .

Recall that α3 and α2 in Definition 3.1 satisfy
(a) y ∈ Vα3(n)(x) and x ∈ Vα3(n)(e) imply y ∈ Vn(e),

and
(b) e ∈ Vα2(l)(x) implies x ∈ Vl(e).
Put np = γ0(p+1) and lp = α3(np). Since {ek} is an effective approximating

set, there exists a recursive function ν(n, m) such that

(em,p =)eν(α2(lp),m) ∈ Vα2(lp)(xm)

for m= 1,2, · · ·.
It follows that xm ∈ Vlp (emp) = Vα3(np)(emp) by (b) above, and so (a) im-

plies y ∈ Vnp(emp) for any y ∈ Vα3(np)(xm). Note that xm ∈ Vnp(emp). Put
γ(p) = α3(γ0(p + 1)) = α3(np), which is independent of m. If y ∈ Vγ(p)(xm) =
Vα3(np)(xm), we have

|f(xm) − f(y)| ≤ |f(xm)− f(emp)|+ |f(emp) − f(y)| ≤ 1
2p+1

+
1

2p+1
=

1
2p

.

The construction of γ above is uniform in f , and hence goes through for a
sequence of functions as well.

From the proof above, we can deduce the following Proposition, which
presents a sufficient condition for the relative computability of functions.

Proposition 4.2. (A Sufficient Condition) Assume that {fn} satisfies the fol-
lowing.

(i) {fn} preserves sequential computability.
(ii) There exist an effective approximating set {ak} and a recursive function

γ0(n, k, p) such that
(ii-a) for any n, k and p, y ∈ Vγ0(n,k,p)(ak) implies |fn(y) − fn(ak)| ≤ 1

2p , and
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(ii-b) for any {xm} ∈ S, there is a recursive function ν0(n, m, p) (depending on
{xm}) for which hold

xm ∈ Vα3(γ0(n,νn,p+1))(aνn)

where νn = ν0(n, m, p).
Then {fn} is relatively computable.

For the computability of functions, we adopt the following definition.

Definition 4.2. (Computable Function) (1) A function f is called computable
if the following hold.

(i) f preserves sequential computability.
(ii) f is relatively computable, and there exist an effective approximating

set, say {ek} ∈ S, and a recursive function γ0(k, p) for which

y ∈ Vγ0(k,p)(ek) implies |f(y) − f(ek)| ≤ 1
2p

and ∞⋃
k=1

Vγ0(k,p)(ek) = X

for p.
(2) A sequence of functions, say {fn}, is called computable if there is a

recursive function γ0(n, k, p) (depending also on n) for which (i) and (ii) above
hold (for every n).

An example which is relatively computable but not computable will be given
in Section 6 (Example 7).

Corollary 2. Suppose that the assumptions in Proposition 4.2 hold for {fn},
and furthermore suppose that the corresponding {ek} satisfies⋃∞

k=1 Vγ0(n,k,p)(ek) = X for any n and p.

Then {fn} is computable.

Example A. X = (0, 1] and Vn(x) = B(x, 1
n ) ∩X. A single function f(x) = 1

x
defined on X is computable.

On the interval Ij = ( 1
2j , 1], the function f(x) = 1

x is uniformly continuous:
if x, y ∈ Ij and |x− y| ≤ 2−(2j+p), |f(x)− f(y)| ≤ 1

2p .
Let {ek} be an effective enumeration of rationals in X and η(k) be the

recursive function such that η(k) = q with 1
2q

< ek ≤ 1
2q−1 . Put γ0(k, p) =

22(η(k)+1)+p, then the property for γ0(k, p) in Definition 4.2 holds. The relative
computability (Definition 4.1) is similarly shown.

For function convergence, we have the examples A and B above in mind.

Definition 4.3. (Convergence of Functions) (1) {fn} is said to relatively effec-
tively converge to f if, for any {xm} ∈ S, there exist recursive functions η(m, p)
and δ(m, p) such that
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for n ≥ η(m, p) and y ∈ Vδ(m,p)(xm), it holds that |fn(y) − f(y)| ≤ 1
2p .

(2) {fn} is said to effectively converge to f if it relatively effectively converges
to f , and, furthermore, there exist an effective approximating set {ek} ∈ S and
recursive functions η0(k, p) and δ0(k, p) such that

for n ≥ η0(k, p) and y ∈ Vδ0(k,p)(ek), it holds that |fn(y) − f(y)| ≤ 1
2p

and ∞⋃
k=1

Vδ0(k,p)(ek) = X.

Examples A and B. {x−1+ 1
n } effectively converges to 1

x .

An example of a sequence of functions which relatively effectively converges
but does not effectively converge will be given in Example 8.

For the next proposition we define equi-computability of functions.

Definition 4.4. (Equi-computability) {fn} is called relatively equi-computable
if the following hold.

(i) {fn} preserves sequential computability.
(ii) For any {xm} ∈ S there exists a recursive function γ(m, p) (independent

of n) such that

y ∈ Vγ(m,p)(xm) implies |fn(y) − fn(xm)| ≤ 1
2p

.

Proposition 4.3. (Limit Function) Let {fn} be relatively equi-computable,
and let {fn} relatively effectively converge to f . Then f(x) is relatively com-
putable.

Proof: We will show that (i) and (ii) in Definition 4.1 hold. (i) (Proof of
sequential computability) Suppose {xm} ∈ S. Then {fn(xm)} is a computable
double sequence of reals, and it holds that

|fn(xm)− f(xm)| ≤ 1
2p

if n ≥ η(m, p),

for {fn} relatively effectively converges to {f}. It follows that {f(xm)} is a
computable sequence of reals.

(ii) Fix {xm} ∈ S. The convergence of {fn} to f means that
(a) for n ≥ η(m, p) and y ∈ Vδ(m,p)(xm) it holds that |fn(y) − f(y)| ≤ 1

2p .
The equi-computability of {fn} means that

(b) y ∈ Vγ(m,p)(xm) implies |fn(y) − fn(xm)| ≤ 1
2p .

Put γ0(m, p) = α1(δ(m, p), γ(m, p)) where α1(n, m) is in Definition 3.1, that
is, Vα1(n,m)(x) ⊂ Vn(x) ∩ Vm(x).

For n ≥ η(m, p) and y ∈ Vγ0(m,p)(xm), we have

|f(xm) − f(y)| ≤ |f(xm)− fn(xm)|+ |fn(xm) − fn(y)| + |fn(y) − f(y)| ≤ 3
2p

by (1) and (2), noting that xm ∈ Vδ(m,p)(xm), y ∈ Vγ(m,p)(xm) and y ∈
Vδ(m,p)(xm) hold.

Example 10 in Section 6 will be an example of such a convergence.
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Corollary 3. (A Sufficiency for Limit Computability) Let {fn} be relatively
equi-computable and let {ek} be an effective separating set. Suppose {fn} ef-
fectively converges to f . Furthermore suppose that the corresponding δ(k, p) in
Definition 4.3 for {ek} and γ(k, p) in Definition 4.4 for {ek} satisfy

∞⋃
k=1

Vα1(δ(k,p),γ(k,p))(ek) = X.

Then f(x) is computable .

Example. Examples A and B satisfy the assumptions in the corollary above.

Definition 4.5. (Uniform Computability) (1) A function f on X is called
uniformly computable if f preserves sequential computability and if there is a
recursive modulus of uniform continuity for f .

(2) A sequence of functions {fn} is called uniformly computable if it preserves
sequential computability and there is a recursive function α such that

y ∈ Vα(n,p)(x)⇒ |fn(x) − fn(y)| ≤ 1
2p

.

Uniform computability is the strongest of all the notions of computability of
a function.

An example of a computable function which is not uniformly computable is
given by 1

x
on the space (0, 1] as in Example A. See also Examples 6 and 9 in

Section 6.

5 Example: Binary Tree and Cylinder Function

Let Ω be the set of infinite binary sequences, that is, a sequence in Ω is of the
form 〈s1, s2, · · · , sn, · · ·〉, where each sn = 0 or = 1.

Since the space Ω has been well-studied, we will only review some facts and
notations concerning it.

We will denote the set of finite binary sequences by Ω∗. Thus, an element of
Ω∗ is of the form 〈s1, s2, · · · , sn〉, where each si is either 0 or 1.

Elements of Ω will be denoted by σ, τ etc., and σ|n will denote the finite
sequence 〈σ(1), σ(2), · · · , σ(n)〉.

We will give an outline of the tree topology on Ω, by first defining a system
of maps denoted by U .

Definition 5.1. (Base System) For each n = 1, 2, · · ·, a map Un : Ω → P(Ω) is
defined as follows. For each σ ∈ Ω and for each n = 1, 2, 3, · · ·, put

Un(σ) = {τ | τ |n = σ|n}.
Each such Un(σ) is called a cylinder set. The collection of such sets is known to
be a base system for Ω.

Put U = {Un}n, and denote the space 〈Ω,U〉 by TB.
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The following propositions follow immediately from the definition.

Proposition 5.1. (Tree Topology) (1) TB = 〈Ω,U〉 is a uniform topological
space.

(2) The topology determined by 〈Ω,U〉 induces a neighborhood system {Uε},
where Uε = {σ|σ|n = ε} for ε ∈ Ω∗ of length n.

Un(σ) can be also written as Uσ|n.
(3) For bases Un(σ) and Um(τ ), where m ≥ n, if Un(σ) = Un(τ ), then

Um(τ ) ⊂ Un(σ); otherwise, Um(τ ) ∩ Un(σ) = φ.
(4) The space 〈Ω,U〉 is separable and compact.

Proposition 5.2. (Effective Tree Topology) The space TB = 〈Ω,U〉 is an ef-
fective uniform topological space.

Proof: It suffices to show that there are recursive functions for Ai, i = 3, 4, 5.
For A3, define l to be α1(n, m) = max(m, n). For simplicity, assume l = n. Then
Ul(σ) = Un(σ) and Un(σ) ⊂ Um(σ), and hence Ul(σ) ⊂ Um(σ) ∩Un(σ).

For A4, let α2(n) = n. If σ ∈ Un(τ ), then σ|n = τ |n, and hence τ ∈ Un(σ).
For A5 also, let α3(n) = n. If σ ∈ Un(τ ) and τ ∈ Un(ρ), then σ|n = τ |n = ρ|n,

which implies σ ∈ Un(ρ).

A computability structure for Ω is defined as follows. (See Definition 3.3 for
the computability structure.)

Proposition 5.3. (Computability Structure on Ω) (1) Let SΩ be the family
of recursive sequences from Ω. Then SΩ forms a computability structure. (As
usual, we include multiple sequences such as double sequences, triple sequences,
etc., when we talk about sequences.)

(2) An effective enumeration of “eventually constant 0” sequences is an
effective separating set (Definition 3.5) for 〈Ω,U ,SΩ〉.

(3) The space 〈Ω,U ,SΩ〉 is relatively effectively complete (Definition 3.6).

We will consider a special type of real-valued functions on Ω, that is, a
function which is determined by finite information of a fixed length. Such a
function is a cylinder function (Definition 2.4).

The following facts are generally known.

Proposition 5.4. (Cylinder Function on Ω) (1) A real-valued function on Ω
is a cylinder function if and only if there is an n such that for every σ and for
every τ ∈ Un(σ), f(τ ) = f(σ).

Let us call the least such n the length of f .
(2) For any cylinder function, say f , there are finitely many disjoint cylinder

sets whose union is the whole space, and f is constant on each cylinder set. As
an obvious consequence, a cylinder function has only finitely many values.

Proposition 5.5. (Computability of Cylinder Function) A cylinder function
on Ω with computable values is uniformly computable (cf. Definition 4.5). (There
are only finitely many values by virtue of (ii) of Proposition 5.4.)
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As an example of (2) of Definition 4.5, we will consider the following.

Definition 5.2. (Rademacher Functions) Let n = 1, 2, · · · . The n-th Radem-
acher function φn(σ) on Ω is defined as follows.

φn(σ) =
{

1, σ(n) = 0
−1, σ(n) = 1.

As an immediate consequence, we have that the n-th Rademacher function
φn is a cylinder function of length n, and {φn} is uniformly equi-continuous on
Ω with a common modulus of uniform continuity for all n. (We have consulted
[4] and [12] for Rademacher functions and Walsh analysis.)

Proposition 5.6. (Computability of Rademacher System) The Rademacher
functions {φn} form a uniformly computable sequence of functions.

With a same kind of reasoning, we can claim that the system of Walsh func-
tions is a uniformly computable sequence of functions. This fact is related to
some results in [7], but we will not elaborate on it here.

We will give some other examples of functions on a tree.

Example 1. Let f be a real-valued function on Ω:

f(σ) = Σ
σn

2n
.

(We regard this as a function from a topological space to reals, not as a repre-
sentation.) f is a uniformly computable function.
Example 2. Instead of a binary tree, we can consider a ternary tree Ω3. We
can easily see that an effective uniform (tree) topology can be introduced to this
tree. The real-valued function f :

f(σ) = Σ
σn

3n

is a uniformly computable function (σn = 0, 1, 2).
Example 3. Let Ω3

c be the Cantor space:

Ω3
c = {σ ∈ Ω3|σk = 1 for k ≥ min{j|σj = 1} if there is such j}.

Define Un(σ) = {τ ∈ Ω3
c |τ |n = σ|n}. Then Ω3

c with {Un} is an effective uniform
space and the function f :

f(σ) = Σ
σn

3n

is a uniformly computable function.
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6 Example: Amalgamated Space A and Functions with
Integer-Jumps

If we regard the real space R as the disjoint union of the integer set and the
open intervals with consecutive integer ends, to which uniform topology can be
introduced, then we can treat functions which jump at integer points and are
continuous otherwise (in the Euclidean topology) as continuous functions.

Definition 6.1. (Set of Real Numbers as an Amalgamation) Z and R respec-
tively will denote the set of integers and the set of reals. We assume k ∈ Z.

(1) We will use the following notations.

JZ := Z, Jk := (k, k + 1), J =
⋃
k

Jk, AR := J ∪ JZ.

(2) We define a basis of uniformity (a basis of neighborhoods) for JZ and Jk

above as follows.
For JZ, V Z

n (x) = {x} for every n = 1, 2, 3, · · · and for every x ∈ JZ; for Jk,
k ∈ Z, V k

n (x) = (x− 1
2n

, x + 1
2n

) ∩ Jk, for all x ∈ Jk and for n = 1, 2, 3, · · ·.
(3) The amalgamated space is the pair A =〈AR,W〉, where AR is the set

defined in (1) and W denotes a system of maps {Wn} from AR to P(AR), the
power set of AR, defined by

Wn(x) = V Z
n (x) if x ∈ JZ;Wn(x) = V k

n (x) if x ∈ Jk.

Note. Obviously, as sets, JZ is nothing but Z and AR is nothing but R. We use
the notations JZ and AR so that it will be clear which topology is discoursed.

The classical uniformity of the topology determined by {Wn} will be included
in its effective uniformity as stated below.

Proposition 6.1. (Effective Uniformity of the Spaces) (i) The spaces JZ =〈
JZ, {V Z

n }
〉

and J =
〈
J, {V k

n }
〉

are effective uniform topological spaces.
(ii) The amalgamated space A = 〈AR, {Wn}〉 is an effective uniform topo-

logical space.

Proof: (ii) follows from (i) and the definition of W = {Wn}.
For (i), we can take the following recursive functions for both cases.
A1 and A2 are trivial.
A3 Put α1(m, n) = max(m, n).
A4 Put α2(n) = n.
A5 Put α3(n) = n + 1.

Definition 6.2. (A-Sequence) (1) A sequence from AR, say {xj}, is called an
A-sequence if {xj}j ⊂ JZ or {xj}j ⊂ J.

(2) A multiple sequence from AR, say {xνj}, is called an A-sequence if, for
each ν , {xνj}j ⊂ JZ or {xνj}j ⊂ J.
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Definition 6.3. (A-Recursive Sequence) (1) A sequence of rational numbers,
say {ri}, is called A-recursive if the following holds.

(1-a) {ri} is an A-sequence.
(1-b) There are recursive functions α, β, γ such that

ri = (−1)α(i) γ(i)
β(i)

where β never assumes value 0.
(2) A multiple sequence of rationals, say {rνi}, is called A-recursive if it is

an A-sequence and if it can be recursively represented as in (1-b) with recursive
functions α(ν, i), β(ν, i) and γ(ν, i).

Remark 2. An effective enumeration of all rational numbers is not A-recursive.

We will state some classical facts on A.

Proposition 6.2. (Classical Properties of A)
(1) Every real number can be represented as the limit of an A-sequence of

rational numbers.
(2) For each k ∈ Z, {k} ∪ Jk ∪ {k + 1} is not complete (in A).
(3) The space A = 〈AR,W〉 is not complete.

Definition 6.4. (A-Computable Sequence in A) (1) A sequence from AR,
say {xl}, is called A-computable if there is an A-recursive double sequence of
rationals (Definition 6.3), say {rlj}, and a recursive function δ satisfying

∀n∀l∀j ≥ δ(n, l)(rlj ∈Wn(xl)).

(2) A multiple sequence from AR, say {xνl}, is called A-computable if there
is an A-recursive sequence of rationals, say {rνli} and a recursive function δ
satisfying

∀ν∀n∀l∀j ≥ δ(ν, n, l)(rνlj ∈Wn(xνl)).

Proposition 6.3. (Closure under Effective Limit) If a double A-computable
sequence {xij} converges effectively to a sequence {xi} as j tends to ∞ with
respect to the topology W, then the latter is an A-computable sequence.

Proof: The proof of the corresponding property in Proposition 1 in Chapter 0
of [11] for R goes through, if we note that there the decidability of order relation
a < b for computable real numbers a and b is not used. We only have to check
that the recursive sequence of rationals constructed there satisfies the property
of being A-sequence.
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Proposition 6.4. (A-Computable Elements)
(i) For a single real number, it is computable (in R) if and only if it is

A-computable.
(ii) An A-sequence is computable (in R) if and only if it is A-computable.
(iii) There is a sequence of real numbers (not an A-sequence) which is com-

putable in R but is not A-computable.
(iv) An effective enumeration of all rational numbers is A-computable. (Re-

call that it is not A-recursive.)

Now, we can define SA as the family of A-computable real sequences in the
sense above.

Proposition 6.5. (Computability Structure on A) (i) Let SA be the family of
A-computable sequences as defined in Definition 6.4. Then SA is a computability
structure for the space A.

(ii) An effective enumeration of all rational numbers is an effective separating
set of A (cf. Definition 3.5).

Proof: (i) C1 and C2 are obvious. C3 is Proposition 6.3.
(ii) From the definition of A-computable sequences in Definition 6.4 and (iv)

above.

We will now apply the computability structure SA in order to demonstrate
that some functions which have jump points at integers can be computable in
A.

Using the topology of A, we can supply some examples and counter examples
to notions of computability in Section 4.

Example 4. SZ: Let SZ be the set of all recursive sequences of integers. It
satisfies the axioms C1-C3 in Definition 3.3 with the A-topology. The sequence
{0, 1,−1, 2,−2, · · ·} serves as an effective approximating set (Definition 3.4) for
SZ. This set is certainly not dense in AR. This structure is relatively effectively
complete (Definition 3.6) but, as stated in (iii) of Proposition 6.2, the whole
space is not complete.
Example 5. SJ: Let SJ be the family of sequences in SA which lie in J.
It satisfies the axioms C1-C3. A recursive enumeration of all the non-integer
rationals will serve as its effective approximating set (Definition 3.4), which is
not dense in the space AR.

Proposition 6.6. (Uniform Computability in A) Let f be a real-valued func-
tion on AR. f is uniformly computable in A if and only if f preserves sequential
computability and is uniformly equi-computable on all Jk for k ∈ Z, that is,
there is a recursive function, say β such that

∀p∀k∀x, y ∈ Jk(y ∈Wβ(p)(x)⇒ |f(x) − f(y)| ≤ 1
2p

).

(See Definition 4.5 for uniform computable function.)
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A simple example will be the integer-part function, also known as the Gaußian
function.

Proposition 6.7. (Computability of the Gaußian Function) The Gaußian func-
tion is uniformly computable in A.

Proof: It suffices to show the necessary condition in Proposition 6.6.
(Preservation of computability) Let {xl} be anA-computable sequence, that

is, there is an A-recursive double sequence of rationals {rli} which converges
effectively to {xl} in A. Notice that the sequence {[rli]} is an A-sequence from
JZ and is a recursive sequence of rational numbers (in R).

Furthermore, it obviously holds that

∀n∀l∀i(rli ∈Wn(xl))

and hence {[xl]} is A-computable.
(Equi-computability) Put β(p) = 1. Suppose x ∈ Jk for a k ∈ Z and

y ∈ V k
1 (x). Then [x] = [y] = k, and hence [x]− [y] = 0. If x ∈ JZ and y ∈ V Z

1 (x),
then y = x. β trivially satisfies the requirement.

Proposition 6.8. (Sufficiency for Computability) Consider a real-valued func-
tion f on AR which has the following properties.

(a) f preserves sequential computability.
(b) There is a recursive function κ such that

∀k, p ∈ Z∀x, y ∈ Jk(y ∈Wκ(k,p)(x)⇒ |f(x) − f(y)| ≤ 1
2p

).

Using the topology of A and applying Propositions 6.6 and 6.8, we can supply
some examples and counter-examples to notions of computability in Section 4.

Example 6. Consider the computability structure SA, and a function f on AR

such that f(n) = n for n ∈ Z and f(x) = 1
x−k on Jk. f is computable but not

uniformly computable (Definitions 4.2 and 4.5).
Example 7. Consider the computability structure SJ in Example 5 above. Let
f be the function f(x) = x defined on AR. Then f is relatively computable with
respect to SJ but not computable (Definitions 4.1 and 4.2).

This is because, for any sequence {el} ∈ SJ and for every n, Vn(el)∩JZ = φ.
Example 8. Take the computability structure SZ.

(1) Define f(x) = [x + 1
2 ]. f is relatively computable with respect to SZ but

not continuous. (See Note for Definition 4.1.)
(2) Define fn(x) = 1− 1

n if x ∈ JZ, and fn(x) = (−1)n if x ∈ J. Let f(x) = 1.
The sequence of functions {fn} relatively effectively converges to f but does not
effectively converge to f . (See Definition 4.3.)

Similarly to A, we can change the topology of a subset of R. Using this
idea applied to the interval [0, 1], we can further supply some examples and
counter-examples.
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Example 9. Let X = [0, 1], and let XA be the set X regarded as the disjoint
sum of {0} and (0, 1]. Define Vl(0) = {0} and Vl(x) = B(x, 1

2l
) ∩ (0, 1] for

x ∈ (0, 1]. XA with {Vl} is an effective uniform topological space.
Consider the function f(x) = 1

x on (0, 1] and f(0) = 0. f is computable on
XA, but not uniformly computable (Definitions 4.2 and 4.5).
Example 10. Let us take the same space as in Example 9. Consider a sequence
of functions {fn} defined by

fn(x) =
{

x−1+ 1
n , x ∈ (0, 1]
0, x = 0.

{fn} is an effectively equi-computable sequence of functions, effectively converg-
ing to the function f in Example 9 (An example of Proposition 4.3).

7 Partial Computable Functions and Future Work

Here we will briefly state how we view the computability problem of partial
functions, and also some succeeding work we plan to take up.

A function such as tanx is defined on the real line except for some points.
In the line of [11], computability of a function is generally discussed for total
functions, but a function like tanx certainly possesses some computational at-
tributes. Here we will take up such a subject.

One way of treating such a function in the theory of computability is to
regard it as a point in a functional space such as a Banach space or Fréchet
space. However, we would like to treat such a function not just as a point in a
space but also as an input-output operation in considering computability.

For this purpose, we will extend our notion of computable functions to partial
functions.

Definition 7.1. (Partial Computability) Let {ek} be an effective separating
set in an effective uniform space with a computability structure, say 〈X,V,S〉.
Let η and ξ be recursive functions and let D =

⋃
i Vη(i)(eξ(i)) be a subset of X

determined by η and ξ. Let f be a real-valued function defined on D. f is said
to be partial computable if the following holds.

(i) f preserves sequential computability on D, that is, for any computable
sequence {xk} in D, {f(xk)} is a computable sequence of real numbers.

(ii) f is computable on D in the sense that there is a recursive function
δ(i, p) satisfying, for every p and every i, if x ∈ Vη(i)(eξ(i)), then for every y

y ∈ Vη(i)(eξ(i)) ∩ Vδ(i,p)(x)⇒ |f(x)− f(y)| ≤ 1
2p

.

Example 11. Consider the real space with the Euclidean topology. Vn(x) =
{y : |x− y| < 1

2n } gives an effective uniform topology.
The family of computable sequences of real numbers (in R) serves as a com-

putability structure. Let {ei} be a recursive enumeration of rational numbers,
which is an effective separating set.
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Consider the tan function on the real line.
Notice that { 2n+1

2 π}, n = 0,±1,±2, · · ·, is a computable sequence of real
numbers, which are not rationals, and tan is defined on D =

⋃
n(2n+1

2
π, 2n+3

2
π).

Now define ξ to be the identity, so that it is recursive. η is defined as
follows. For i = 1, 2, · · ·, find the m such that 2m+1

2 π < ei < 2(m+1)+1
2 π,

m = 0,±1,±2, · · ·. Put such a unique m as mi. {mi} is a recursive sequence
of integers.

Next, for each i and l, check if 2mi+1
2

π < ei − 1
2l

and ei + 1
2l

< 2(mi+1)+1
2

π.
Define η(i) to be the least such l for i. η is recursive.

The D above can be written as D =
⋃

i Vη(i)(ei).
Sequential computability of tan is known.
For computability on D, consider the function on each compact interval Ii =

[ei− 1
η(i) , ei + 1

η(i) ]. Then we can find a recursive function δ(i, p) which serves as
a modulus of continuity depending on i.

So, the function tan is partial computable.
Example 12. Put f(x) = sin( 1

x ) on R − {0}. We can show that f is partial
computable on this domain in a manner similar to Example 11.

In concluding this article, we will list some further topics which we would
like to work on in the future.

Foreseeable Subjects. 1. The effective inter-relations between a uniform
topology and the corresponding metric.

2. More effective properties on an effective uniform topological space, espe-
cially some properties of effective subsets.

3. Application of our theory to Walsh analysis, especially in relation to the
results in [7] and [8].

4. Foundational problems, especially with Type 2 Turing machine by Weih/-
rauch and his colleagues.
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Abstract. In this paper we prove computable versions of Urysohn’s
lemma and the Tietze–Urysohn extension theorem for computable metric
spaces. We use the TTE approach to computable analysis [KW85,Wei00]
where objects are represented by finite or infinite sequences of symbols
and computations transform sequences of symbols to sequences of sym-
bols. The theorems hold for standard representations of the metric space,
the set of real numbers, the set of closed subsets and the set of contin-
uous functions. We show that there are computable procedures deter-
mining the continuous functions from the initial data (closed sets, con-
tinuous functions). The paper generalizes results by Yasugi, Mori and
Tsujii [YMT99] in two ways: (1) The Tietze–Urysohn extension applies
not only to “strictly effectively σ-compact co-r.e.” sets but to all co-r.e.
closed sets. (2) Not only computable functions exist for computable sets
and functions, respectively, but there are computable procedures which
determine continuous functions from arbitrary closed sets and continu-
ous functions, respectively. These procedures, however, are not exten-
sional on the names under consideration, and so they induce merely
multi-valued computable functions on the objects.

1 Introduction

Let (M, d) be a metric space. Urysohn’s lemma and the Tietze–Urysohn exten-
sion theorem for metric spaces can be formulated as follows [Die60,Eng89].

Theorem 1 (Urysohn’s Lemma). For any pair A,B of disjoint closed subsets
of M there exists a continuous function f : M → R such that f(x) = 0 for x ∈ A,
f(x) = 1 for x ∈ B and 0 < f(x) < 1 for x 6∈ A ∪B.

Theorem 2 (Tietze–Urysohn Extension Theorem). Let A ⊆M be closed
and let f : A → R be continuous. Then there exists a continuous function
g : M → R such that f(x) = g(x) for x ∈ A, and infx∈A f(x) = infx∈M g(x) and
supx∈A f(x) = supx∈M g(x), if A 6= ∅.

Some computable versions of the theorems have been proved in the framework
of the the Pour-El/Richards approach to computable analysis [PER89], in which

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 357–368, 2001.
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http://www.informatik.fernuni-hagen.de/thi1/klaus.weihrauch/


358 Klaus Weihrauch

computable functions are continuous. Q. Zhou [Zho96] uses a special computable
version of Urysohn’s lemma (Theorem 3) to prove a computable Tietze–Urysohn
extension theorem (Theorem 4).

Theorem 3 (Zhou). Let I be a computable rectangle in Rq. For any integer v
let A,B ⊆ I be finite unions of closed cubes in the “vth grid” such that A∩B = ∅.
Then there exists a computable real function f : I → R such that f(x) = 0 for
x ∈ A, f(x) = 1 for x ∈ B and 0 < f(x) < 1 for x 6∈ A ∪B.

Theorem 4 (Zhou). Let I be a computable rectangle in Rq, let K be a recursive
closed subset of I, and let g : K → R be a computable function. Then there exists
a computable function f : I → R such that f(x) = g(x) for all x ∈ K.

(Zhou’s generalization to g : K → Rp is straightforward.) A more general com-
putable version of Urysohn’s lemma for metric spaces with “computability struc-
ture” has been proved by Mori/Tsujii/Yasugi [MTY97].

Theorem 5 (Mori/Tsujii/Yasugi). For any disjoint pair A,B of co-r.e.
closed subsets of an “effectively compact metric space” M there exists a com-
putable function f : M → R such that f(x) = 0 for x ∈ A and f(x) = 1 for
x ∈ B.

In [YMT99] the same authors have proved a more uniform version of the
above theorem for computable sequences of co-r.e. sets and a computable version
of the Tietze–Urysohn extension theorem:

Theorem 6 (Yasugi/Mori/Tsujii). Let A be a “strictly effectively σ-com-
pact” metric space M and let g : A→ R be computable. Then the function g has
a computable extension f : M → R.

A more general version of Urysohn’s lemma for Euclidean space is as follows
([Wei00], Theorem 6.2.10).

Theorem 7 (Weihrauch).

1. There is a (ψn , ψn, δn1→ )-computable function G :⊆ A×A → C(Rn) mapping
every disjoint pair A,B ⊆ Rn of non-empty closed sets to a continuous
function f : Rn → R such that
f(x) = 0 for x ∈ A, f(x) = 1 for x ∈ B and 0 < f(x) < 1, otherwise.

2. The multi-valued function F :⊆ A × A ⇒ C(Rn) mapping every disjoint
pair A,B ⊆ Rn of closed sets to continuous functions f : Rn → R such that
f(x) = 0 for x ∈ A, f(x) = 1 for x ∈ B and 0 < f(x) < 1, otherwise, is
(ψn>, ψn>, δn1→ )-computable.

In contrast to Theorems 3 to 6 which deal with computable closed sets and
computable real valued functions using the Pour-El/Richards approach to com-
putable analysis [PER89], this last theorem formulated in the framework of
TTE (Type-2 Theory of Effectivity) [KW85,Wei00] is of different type: there
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are computable operators mapping arbitrary disjoint pairs of closed sets to con-
tinuous functions. In particular, they map computable elements to computable
ones. Since the ψn-computable closed subsets of Rn are the recursive closed
sets ([Wei00], Def. 5.1.1; [Zho96]) and the δn1→ -computable real functions are the
computable functions ([Wei00], Lemma 6.1.2; [PER89]), the first part generalizes
Theorem 3. And since the ψn>-computable closed subsets of Rn are the co-r.e.
closed sets ([Wei00], Def. 5.1.1), the second part generalizes Theorem 5 for the
Euclidean space.

Using the framework of TTE, in this paper we first generalize Theorem 7
to “computable metric spaces” [Wei93] [Wei00] and then apply it to prove a
computable operator version of the Tietze–Urysohn extension theorem for com-
putable metric spaces, which generalizes Theorem 6 in two ways: (1) No com-
pactness restriction is needed. (2) There is a computable multi-valued function
acting on arbitrary continuous functions with closed domains. Neither in the
second generalized version of Urysohn’s lemma nor in the generalized version of
the Tietze–Urysohn theorem “multi-valued” can be replaced by “single-valued”.
The theorems are proved for “canonical representations” of the sets under con-
sideration.

2 Computability on Computable Metric Spaces

In this paper we apply the framework of TTE, Type-2 Theory of Effectivity.
First we introduce some notations and representations we will use later. For
details the reader is referred to [Wei00].

Let Σ be a sufficiently large finite alphabet of symbols and let Σ∗ and Σω

be the set of finite and infinite, respectively, sequences of symbols. The length of
a word w ∈ Σω is denoted by |w|. By 〈 , 〉 we denote standard pairing functions
on the finite or infinite sequences, respectively ([Wei00], Def. 2.1.7). A function
f :⊆ Σω → Σω is computable, if there is a machine (e.g., a “Type-2 machine”)
which for any p ∈ dom(f) computes forever reading p from the left to the right
and writing f(p) one-way from the left to the right. Every computable function
is continuous w.r.t. the Cantor topology τC on Σω .

In TTE, infinite sequences p ∈ Σω are used as “names” of abstract objects
and computations are performed on names. A representation of a set M is a
surjection δ :⊆ Σω →M . If δ′ :⊆ Σω →M ′ is another representation, a function
f :⊆ M → M ′ is (δ, δ′)-computable (-continuous), iff there is a computable
(continuous) realizing function h :⊆ Σω → Σω , such that f ◦ δ(p) = δ′ ◦ h(p)
for δ(p) ∈ dom(f). A multi-valued function F :⊆M ⇒ M ′ is (δ, δ′)-computable
(-continuous), iff there is a computable (continuous) realizing function h :⊆
Σω → Σω , such that δ′ ◦ h(p) ∈ F ◦ δ(p) for δ(p) ∈ dom(F ). Generalizations to
functions with several arguments are straightforward.

Let νQ :⊆ Σ∗ → Q and I :⊆ Σ∗ → Int be some standard notations of the
rational numbers and the open intervals on R with rational endpoints, respec-
tively. As our standard representation of the real numbers we consider the func-
tion ρ :⊆ Σω → R defined by: ρ(p) = x, iff p = w0#w1# . . . , I(wn+1) ⊆ I(wn)
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and {x} =
⋂
n∈N

I(wn). It is equivalent to the standard Cauchy representa-
tion ([Wei00], Def. 4.1.5). Computable metric spaces are introduced in [Wei00],
Section 8.1, and the somewhat more general semi-computable metric spaces in
[Wei93]).

Definition 8. A computable metric space is a quadruple M = (M, d,D, α),
where (M,D) is a separable metric space, D is a dense countable subset of M
and α :⊆ Σ∗ → D is a notation of D such that

νQ(t) < d(α(u), α(v)) < νQ(w) is r.e. in t, u, v, w,∈Σ∗. (1)

In the following let M = (M, d,D, α) be a fixed computable metric space.
Property (1) means that dD×D is (α, α, ρ)-computable [Wei00]. Notice that

in [Wei93], Property (1) is replaced by the weaker condition

d(α(u), α(v)) < νQ(w) is r.e. in u, v, w ∈ Σ∗ . (2)

As a consequence of (1) or (2), dom(α) is r.e., and so there is a notation α′ of D
such that α ≡ α′ and dom(α′) is recursive. Therefore we may assume without
affecting the computability results below that dom(α) is recursive.

Define a notation J :⊆ Σ∗ → B of the set of open balls in M with center in
D and rational radius by

J〈u, v〉 := B(α(u), νQ(v)) for u ∈ dom(α) and νQ(v) > 0 (3)

and J(w) does not exist, otherwise. We may assume that # does not occur in w
for w ∈ dom(J) and that the empty word is not in dom(J). Since ball inclusion
J(u) ⊆ J(v) can depend crucially on the internal structure of the metric space
and may be not even r.e., we consider formal balls with formal radius and formal
inclusion [WS81,Wei93]. For 〈u, v〉, 〈u′, v′〉 ∈ dom(J) we define the formal radius
by rad〈u, v〉 := νQ(v) which is an upper bound of the metric radius of the ball
J〈u, v〉 ⊆M , and the formal inclusion relation ≺ ⊆ dom(J) × dom(J) by

〈u, v〉 ≺ 〈u′, v′〉 ⇐⇒ d(α(u), α(u′)) + νQ(v) < νQ(v′) . (4)

Obviously, the relation ≺ is an r.e. subset of Σ∗ ×Σ∗ and

s ≺ t implies J(s) ⊆ J(t).

Various representations of Rn, the set of closed subsets of Rn, and of sets of
continuous functions f :⊆ Rn → R are introduced and compared in
[BW99,Wei00]. We generalize some of them from Rn to M .

Definition 9. Define a representation δ :∈ Σω → M as follows: δ(p) = x, iff
there are u0, u1, u2 ∈ dom(J) such that

p = uo#u1# . . . , (∀n) un+1 ≺ un, lim
n

rad(un) = 0 and {x} =
⋂
n

I(un) .
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The representation δ is equivalent to the Cauchy representation of M ([Wei93];
[Wei00], Section 8.1). In particular, it is admissible ([KW85]; [Wei00], Section
3.2). The distance function d : M ×M → R is (δ, δ, ρ)-computable.

Definition 10. Define a representations ψ> :⊆ Σω → A of the set A of the
closed subsets of M as follows:

w ∈ dom(J), if p ∈ dom(ψ>) and #w# is a subword of p, and

ψ>(p) := M \
⋃{

J(w) | #w# is a subword of p
}
.

A ψ>-name p of a closed set A ∈M “enumerates” its open complement. The rep-
resentation ψ> generalizes ψen

> from [Wei00], Def 5.1.9, and δunion from [BW99].

As a generalization of the “admissible Gödel numbering” φ : N → P (1), in
TTE there is a representation ηωω : Σω → F ωω satisfying the universal Turing
machine theorem (“utm-theorem”) and the computable smn-theorem where

F ωω = {f :⊆ Σω → Σω | f continuous and dom(f) is Gδ} .
Every continuous function f :⊆ Σω → Σω has an extension in F ωω ([Wei00],
Section 2.3). We introduce “canonical” representations of the set C(M) of contin-
uous functions f : M → R and of the set Cc(M) of continuous partial functions
f :⊆M → R with closed domain.

Definition 11. 1. Define a representation δ→ :⊆ Σω → C(M) by

δ→(p) = f ⇐⇒ ηωωp is a (δ, ρ)-realization of f .

2. Define a representation δc :⊆ Σω → Cc(M) by

δc〈p, q〉 = f ⇐⇒ ηωωp is a (δ, ρ)-realization of f and dom(f) = ψ>(q) .

Since the representation δ is admissible, by the “main theorem” ([Wei00], Theo-
rem 3.2.11), δ→ is a representation of C(M) and δc is a representation of Cc(M).
The representation δ→ generalizes the representation δR

n

→ of the continuous real
functions and δ→ = [δ → ρ]M ([Wei00], Definitions 6.1.1, 3.3.13). The functions
apply : (f, x) 7→ f(x) for f ∈ C(M) or f ∈ Cc(M) are (δ→, δ, ρ)-computable
or (δc, δ, ρ)-computable, respectively ([Wei00], Lemma 3.3.14). Obviously, δ→ is
reducible to δc, δ→ ≤ δc (see [Wei00], Definition 6.1.1 and Section 3.3).

Finally, we introduce the distance representation ψdist of the set of A0 of the
non-empty closed subsets of M .

Definition 12. Define a representation ψdist :⊆ Σω → A0 by

ψdist(p) = A ⇐⇒ δ→(p) = dA

where dA(x) := d(x, A) = infy∈A d(x, y).

The representation ψdist generalizes ψdist from [Wei00], Definition 5.1.6, and
δ=dist from [BW99] (which represent also the empty set). An easy proof shows
that ψdist is reducible to ψ>, ψdist ≤ ψ>. But in general, ψ> is not even con-
tinuously reducible to ψdist , ψ> 6≤t ψdist (for example, consider the Euclidean
space ([BW99]; [Wei00], Section 5.1).
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3 Computable Tietze–Urysohn Extension

Our first computable version of Urysohn’s lemma generalizes Theorem 7.1.

Theorem 13 (First Computable Urysohn Lemma). There is a
(ψdist, ψdist, δ→)-computable function U :⊆ A0 × A0 → C(M) such that for
any disjoint pair (A,B) of non-empty closed sets U(A,B)(x) = 0 for x ∈ A,
U(A,B)(x) = 1 for x ∈ B, and 0 < U(A,B)(x) < 1, otherwise.

Proof: Define U(A,B)(x) := dA(x)/(dA(x)+dB(x)). Then for closed disjoint
non-empty sets A,B, the function U(A,B) satisfies the Urysohn conditions. It
remains to show that U is computable. For A ∈ A0 and x ∈ M define F (A, x) :=
dA(x). We show that F is (ψdist, δ, ρ)-computable. By Definitions 11 and 12 we
obtain

F (ψdist(p), δ(q)) = dψdist(p) ◦ δ(q) = δ→(p) ◦ δ(q) = ρ ◦ ηωωp (q) = ρ ◦ u(p, q) ,

where u is the computable universal function of ηωω, and so F is (ψdist, δ, ρ)-
computable. Since addition and division on real numbers are computable (w.r.t.
ρ), the function G, G(A,B, x) := U(A,B)(x) is (ψdist, ψdist, δ, ρ)-computable.
By the type conversion theorem ([Wei00], Theorem 3.3.15), the function U is
(ψdist, ψdist, [δ → ρ]M)-computable, that is, (ψdist, ψdist, δ→)-computable. 2

Since ψ> 6≤t ψdist in general, for an input of a computation ψ>-names are
less useful than ψdist-names. Nevertheless, the “computationally available infor-
mation” is sufficient to compute a name of an Urysohn function, although in
this case there is no longer an extensional function on the names, the computed
function is merely multi-valued, i.e. we must admit that equivalent names of two
closed sets are mapped to different Urysohn functions. We prepare the proof of
the theorem by a lemma.

Lemma 14. 1. The multi-valued function F : A⇒ C(M),

F (A) :=
{
f ∈ C(M) | A = f−1[{0}]},

is (ψ>, δ→)-computable.
2. In general, there is no (ψ>, δ→)-continuous (single-valued) function F1 :
A → C(M) such that A = F1(A)−1[{0}].
Proof: 1. For each 〈u, v〉 ∈ dom(J) define the cone function c〈u, v〉 : M → R

by c〈u, v〉(x) := max(0, (νQ(v)−d(α(u), x))/νQ(v)) with values from (0; 1] in the
open ball J〈u, v〉 and value 0 otherwise. For every p ∈ dom(ψ>) and i ∈ N define
a function fpi : M → R by

fpi :=
{

2−i · c(w) if #w#, w ∈ dom(J), is the suffix of the first i symbols of p
0 otherwise.

The function (p, i, x) 7→ fpi(x) is (idΣω , νN, δ, ρ)-computable. Let fp :=
∑

i fpi.
Then (p, x) 7→ fp(x) is (idΣω , δ, ρ)-computable. By the type conversion theorem
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([Wei00], Theorem 3.3.15), p 7→ fp is (idΣω , [δ → ρ]M )-computable, that is,
(idΣω , δ→)-computable. Since for every p ∈ dom(ψ>), ψ>(p) = f−1

p [{0}], the
multi-valued function F is (ψ>, δ→)-computable.

2. For a counter-example consider the computable metric space (R, d,Q, νQ)
with Euclidean distance. Suppose, there is a (ψ>, δ→)-continuous function F1 :
A → C(M) such that A = F1(A)−1[{0}] for all closed A ⊆ R. Since apply :
(f, x) 7→ f(x) is (δ→, δ, ρ)-continuous and ψ> is (idΣω , ψ)-continuous, the func-
tion p 7→ F1 ◦ ψ>(p)(0) is (idΣω , ρ)-continuous, and so by the main theorem
([Wei00], Theorem 3.2.11), (τC , τR)-continuous, where τC is the Cantor topology
on Σω , since idΣω and ρ are admissible. Let A0 := R \ (−1; 1), J(v) = (−1; 1)
and for all n, pn := 0n#v#000 . . . . Then by (sequential) continuity,
0 = F1(R)(0) = F1 ◦ ψ>(000 . . . )(0) = F1 ◦ ψ>(limn pn)(0)
= limn F1 ◦ ψ>(pn)(0) = limn F1(A0)(0) = F1(A0)(0) > 0 (contradiction). 2

The following computable version of Urysohn’s lemma generalizes Theorem
6 and Theorem 7.2.

Theorem 15 (Second Computable Urysohn Lemma).

1. The multi-valued function U :⊆ A × A ⇒ C(M) mapping every disjoint
pair of closed subsets of M to continuous functions f : M → R such that
f(x) = 0 for x ∈ A, f(x) = 1 for x ∈ B and 0 < f(x) < 1, otherwise, is
(ψ>, ψ>, δ→)-computable.

2. In general, there is no (ψ>, ψ>, δ→)-continuous (single-valued !) function
U1 :⊆ A×A → C(M) such that for disjoint closed sets A,B, f := U1(A,B)
has the property f(x) = 0 for x ∈ A and f(x) = 1 for x ∈ B.

Notice that in Part 2 we exclude not only functions with 0 < f(x) < 1 for
x 6∈ A ∪B.
Proof: 1. By Lemma 14 there is an (idΣω , δ→)-computable function H such that
H(p)−1[{0}] = ψ>(p). Define a function V :⊆ Σω ×Σω ×M → R by

V (p, q, x) :=
H(p)(x)

H(p)(x) +H(q)(x)
.

Since the apply function (f, x) 7→ f(x) for δ→ is (δ→, δ, ρ)-computable, the func-
tion V is (idΣω , idΣω , δ, ρ)-computable, and so by the theorem on type conversion
([Wei00], Theorem 3.3.15), the function U ′ : (p, q) 7→ f where f(x) = V (p, q, x)
is (idΣω , idΣω , δ→)-computable. If ψ>(p) = A, ψ>(q) = B and A ∩B = ∅, then
U ′(p, q) is an Urysohn function for A,B. Therefore the multi-valued function U
is (ψ>, ψ>, δ→)-computable.

2. (cf. the proof of Lemma 14.2) For a counter-example consider the com-
putable metric space (R, d,Q, νQ) with Euclidean distance. Suppose, there is a
(ψ>, ψ>, δ→)-continuous function U1 such that U1(A,B) is an Urysohn func-
tion for all disjoint pairs A,B of closed sets. Since apply : (f, x) 7→ f(x)
is (δ→, δ, ρ)-continuous and ψ> is (idΣω , ψ)-continuous, the function (p, q) 7→
U1(ψ>(p), ψ>(q))(0) is (idΣω , idΣω , ρ)-continuous, and so by the main theorem
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([Wei00], Theorem 3.2.11), (τC , τC, τR)-continuous, where τC is the Cantor topol-
ogy on Σω , since idΣω and ρ are admissible.

Consider the case U1(∅, ∅)(0) > 0. There are w0, w1, . . . ∈ Σ∗ and p ∈ Σω
such that for q := #w0#w1# . . . , ψ>(p) = ∅ and ψ>(q) = [−1; 1]. For n ∈ N let
qn := #w0#w1# . . .#wn##p. Then by (sequential) continuity,
0 < U1(ψ>(p), ψ>(p))(0) = limnU1(ψ>(qn), ψ>(p))(0)
= U1(ψ>(limn qn), ψ>(p))(0) = U1(ψ>(q), ψ>(p))(0) = 0
(contradiction). The case U1(∅, ∅)(0) < 1 can be treated similarly. 2

Since a computable function maps computable elements to computable ones,
we obtain the following less effective corollary.

Corollary 16. For every disjoint pair A,B of co-r.e. closed subsets of M , there
is a computable function f : M → R such that f(x) = 0 for x ∈ A, f(x) = 1 for
x ∈ B and 0 < f(x) < 1, otherwise

Notice that the corresponding corollary of Theorem 13 follows from Corollary
16.

The next lemmas prepare the proof of the computable Tietze–Urysohn exten-
sion theorem. A closed subset D ⊆ R is co-r.e., iff {w ∈ dom(I) | I(w) ⊆ R \D}
is r.e. ([BW99]; [Wei00], Definition 5.1.1).

Lemma 17. For every closed co-r.e. set D ⊆ R, the function H : f 7→ f−1[D]
(f ∈ Cc(R)) is (δc, ψ>)-computable.

Proof: Since the formal ball inclusion ≺ is r.e., the set of all initial parts
u0#u1# . . .#uk# of δ-names (see Definition 9) is r.e.. Let w0, w1, . . . be a com-
putable list of this set. Since the set D is co-r.e., there is a computable list
v0, v1, . . . of all words w ∈ dom(I) such that I(w) ⊆ R \D. Let N be a Type-2
machine ([Wei00], Section 2.1) computing the universal function (p, q) 7→ ηωωp (q).
There is a Type-2 machine M which on input 〈p, q〉 ∈ dom(δc) works in stages
k = 0, 1, 2, . . . as follows.

Stage k: (1) M simulates |wk| steps of the computation of N on input (p, wk),
let w be the result. If for some i ≤ k, #vi# is a subword of w, then M prints
#wkj# on the output tape, where wk = wk0#wk1# . . .#wkj#.
(2) M prints # and then the word #v#, if v ∈ dom(J) and #v# is the suffix of the
first k symbols of the sequence q. (End of Stage k)

Suppose, 〈p, q〉 ∈ dom(δc) and let f := δc〈p, q〉. Then M〈p, q〉 ∈ dom(ψ>).
Since ηωωp is a (δ, ρ)-realization of f , f(z) = f ◦ δ(s) = ρ ◦ ηωωp (s) = ρ ◦ N(p, s)
for any δ-name s of any z ∈ dom(f) = ψ>(q).
(a) Assume z 6∈ f−1[D]. Let r = u0#u1# . . . be a δ-name of z. If z 6∈ dom(f),
then z ∈ I(v) for some word #v# written in Phase (2) of some stage k. Otherwise,
z ∈ dom(f) and f(z) 6∈ D. Since ρ ◦ N(p, r) = f(z) ∈ R \ D, there is some i
such that #vi# is a subword of N(p, r). Then for some k ≥ i, wk is a prefix of r
and the machine N on input (p, wk) produces some prefix w of N(p, r) such that
#vi# is a subword of w, and so in Stage k the machine M writes a word #wkj#
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such that z = δ(r) ∈ J(wkj). Therefore, z 6∈ ψ> ◦M〈p, q〉.
(b) Assume z ∈ f−1D. Since z ∈ dom(f), no interval #v# with z ∈ J(v) is
written in Phase (2) for some k. Suppose, in Phase 1 of Stage k some word
#wkj# is written by M . For all y ∈ J(wkj) ∩ dom(f), f(y) ∈ I(vi) (vi from the
algorithm), and so f(y) 6∈ D, since I(vi) ⊆ R \ D, hence z 6∈ J(wkj). And so
no interval #v# with z ∈ J(v) is written in Phase (1) for some k. Therefore,
z ∈ ψ> ◦M〈p, q〉.
From (a) and (b) we conclude f−1D = ψ> ◦M〈p, q〉. Therefore, the function H
is (δc, ψ>)-computable. 2

Lemma 18. The following multi-valued function V :⊆ Cc(M) ⇒ C(M) is
(δc, δ→)-computable: g ∈ V (f), iff |f(x)| ≤ 1 and |f(x) − g(x)| ≤ 2/3 for all
x ∈ dom(f) and |g(x)| ≤ 1/3 for all x ∈M .

Roughly speaking, g ∈ V (f), iff |f | is bounded by 1 and g is an approximate
extension of f with error ≤ 2/3. In the proof we apply the computable Urysohn
lemma 15.1.
Proof: Define t : R → R by t(x) := (3x + 1)/2 such that t(−1/3) = 0 and
t(1/3) = 1. Then

Ft : f 7→ t ◦ f is (δc, δc)-computable, (5)
FA : f 7→ f−1[(−∞; 0]] is (δc, ψ>)-computable, (6)
FB : f 7→ f−1[[1;∞)] is (δc, ψ>)-computable, (7)
U : (A,B) |⇒ h, U from Theorem 15, is (ψ>, ψ>, δ→)-computable, (8)
Gt : f 7→ t−1 ◦ f is (δ→, δ→)-computable. (9)

Properties (5) and (9) can be proved easily by standard technique, (6) and (7)
hold by Lemma 17, and (8) holds by Theorem 15. Define

V := Gt ◦ U ◦ (FA, FB) ◦ Ft.

Then V is (δc, δ→)-computable. Suppose, f ∈ Cc(M) and |f(x)| ≤ 1 for all
x ∈ dom(f). Then FA ◦ Ft(f) = {x ∈ dom(f) | f(x) ≤ −1/3} and FB ◦ Ft(f) =
{x ∈ dom(f) | f(x) ≥ 1/3}. Suppose, h ∈ U ◦ (FA, FB) ◦ Ft(f). Then h(x) = 0,
if x ∈ dom(f) and f(x) ≤ −1/3, h(x) = 1, if x ∈ dom(f) and f(x) ≥ 1/3, and
0 < f(x) < 1, if x 6∈ dom(f). Therefore, g := Gt(h) satisfies g(x) = −1/3, if
x ∈ dom(f) and f(x) ≤ −1/3, g(x) = 1/3, if x ∈ dom(f) and f(x) ≥ 1/3, and
−1/3 < g(x) < 1/3, if x 6∈ dom(f). Since |f | is bounded by 1, |f(x)−g(x)| ≤ 2/3
for all x ∈ dom(f). 2

We are now ready to prove a computable Tietze–Urysohn extension theorem
for computable metric spaces.

Theorem 19 (Computable Tietze–Urysohn Extension Theorem). The
multi-valued function T : Cc(M) ⇒ C(M) mapping every continuous real valued
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function on M with closed domain to some total continuous extension g : M → R

such that

inf
x∈A

f(x) = inf
x∈M

g(x) and sup
x∈A

f(x) = sup
x∈M

g(x), if A := dom(f) 6= ∅, (10)

is (δc, δ→)-computable.

Proof: We effectivize the classical proof given, e.g., in [Eng89]. First, we consider
arguments f ∈ Cc(M) such that |f(x)| ≤ 1 for x ∈ dom(f). Let f0, f1, . . . ∈
Cc(M) and g1, g1, . . . ∈ C(M) be functions such that

f0 = f, gn+1 ∈ (2/3)nV {[(3/2)nfn]} and fn+1 = fn − gn+1 (11)

for all n, V from Lemma 18. By induction, for n ≥ 1,

fn and gn are well-defined, (12)
|fn(x)| ≤ (2/3)n for all x ∈ dom(f), (13)
|gn(x)| ≤ (1/3)(2/3)n−1, (14)
fn = f − (g1 + . . .+ gn). (15)

Therefore, the series
∑∞

i=1 gi converges uniformly to a continuous function g :
M → R such that f(x) = g(x) for x ∈ dom(f) and |g(x)| ≤ 1 for all x ∈ M .

It remains to show g can be computed from f . In the following we use the
notation x 7→ |x| of N which is equivalent to νN. Since the function (n, h) 7→
(3/2)nh is (| |, δc, δc)-computable, the function (n, h) 7→ (2/3)nh is (| |, δ→, δ→)-
computable, and the function (h, h′) 7→ h − h′ is (δc, δ→, δc)-computable, by
Lemma 18 the multi-valued function G1 : (n, h) |⇒ (2/3)nV [{(3/2)nh}] has a
computable (| |, δc, δ→)-realization H1 : Σ∗ × Σω → Σω , and the multi-valued
function G : (n, h) |⇒ h− (2/3)nV [{(3/2)nh}] has a computable (| |, δc, δc)-reali-
zation H : Σ∗ ×Σω → Σω .

Define a computable function H :⊆ Σ∗ × Σω → Σω by primitive recursion
([Wei00], Theorem 2.1.14) as follows:

F (λ, p) = p, F (wa, p) = H(w, F (w, p)) (w ∈ Σ∗, a ∈ Σ, p ∈ Σω).

For any p ∈ dom(δc) let δc(p) = fp0 ∈ Cc(M). For n ≥ 1 define

fpn := δc ◦ F (0n, p), and gpn := δ→ ◦ F1(0n−1, F (0n−1, p)).

Then the sequences fp0, fp1, . . . and gp1, gp2, . . . satisfy (11–15). Since (h, x) 7→
h(x) is (δ→, δ, ρ)-computable, the function (p, x, n) 7→ gpn(x) is (idΣω , δ, | |, ρ)-
computable, and so by the type conversion theorem ([Wei00], Theorem 3.3.15),
the function (p, x) 7→ (gp0(x), (gp1(x), . . . ) is (idΣω , δ, [|| → ρ]N)-computable. The
limit operation (x0, x1, . . . ) 7→

∑∞
i=0 xi for real sequences with |xn| ≤ (2/3)n

is ([| | → ρ]N, ρ)-computable ([Wei00], Theorem 4.3.7). Therefore, (p, x) 7→
gp(x), gp :=

∑
n gpn, is (idΣω , δ, ρ)-computable. By the type conversion theorem

([Wei00], Theorem 3.3.15) the function p 7→ gp is (idΣω , [δ → ρ]M )-computable,
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that is, (idΣω , δ→)-computable. Since gp extends δc(p), the function T1 which is
the restriction of T to functions f with |f(x)| ≤ 1 for x ∈ dom(f) is (δc, δ→)-
computable.

Now consider functions for which not necessarily |f(x)| ≤ 1 for x ∈ dom(f).
The function t : x 7→ x/(1 + |x|) is monotone and computable and maps the
real line onto the interval (−1; 1). Its inverse t−1 : x 7→ x/(1− |x|) is monotone
and computable and maps the interval (−1; 1) onto the real line. The function
T− : f 7→ t ◦ f is (δc, δc)-computable and the function T+ : h 7→ t−1 ◦ h is
(δ→, δ→)-computable. Then T = T+ ◦ T1 ◦ T−, and so T is (δc, δ→)-computable.
2

Since computable functions map computable elements to computable ones,
we obtain:

Corollary 20. Every (δ, ρ)-computable function f :⊆ M → R with co-r.e.
closed domain has a (δ, ρ)-computable total (δ, ρ)-computable extension g : M →
R with the same sup and inf.

In Theorem 19 “multi-valued” cannot be replaced by “single-valued”. In gen-
eral, the multi-valued extension function T : Cc(M) ⇒ C(M) from Theorem 19
has no (δc, δ→)-continuous choice function T ′ : Cc(M) → C(M). We prove a
slightly stronger version which excludes also extension by functions violating
(10).

Lemma 21. For the computable metric space M := (R, | |,Q, νQ) there is no
(δc, δ→)-continuous function T ′ : Cc(M)→ C(M) such that T ′(f) : R→ R is a
(total) continuous extension of f :⊆ R→ R.

Notice that for this metric space M, δ from Definition 9 is exactly our stan-
dard representation ρ of the real numbers.

Proof: Suppose that such a function T ′ exists.
Let f0(0) := 0 and x 6∈ dom(f0) for all other x ∈ R and let a := T ′(f0)(1),

the value at 1 of the extension of f0. Let fa(x) := (1+a)x. There are p, q, r ∈ Σω
such that δ→(p) = fa, ψ>(q) = {0} and ρ(r) = 1. Since ψ>(#iq) = ψ>(q) = {0}
for all i ∈ N,

(T ′ ◦ δc〈p, #iq〉) ◦ ρ(r) = T ′(f0)(1) = a, (16)
(T ′ ◦ δc〈p, #ω〉) ◦ ρ(r) = T ′(fa)(1) = 1 + a. (17)

for all i ∈ N.
By definition there is a continuous function h :⊆ Σω → Σω such that T ′ ◦

δc〈p, q〉 = δ→ ◦ h〈p, q〉. For any r ∈ dom(ρ) we obtain (T ′ ◦ δc〈p, q〉) ◦ ρ(r) =
(δ→ ◦ h〈p, q〉) ◦ ρ(r) = ρ ◦ ηωωh〈p,q〉(r). By the utm-theorem for ηωω and continuity
of ρ :⊆ Σω → R, the function

G :⊆ Σω → R, G(q) := (T ′ ◦ δc〈p, q〉) ◦ ρ(r), is continuous.
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By (16,17) and continuity of G,

a = lim
i→∞

G(#iq) = G( lim
i→∞

#iq) = G(#ω) = 1 + a

(contradiction). 2

In [Die60] a Tietze–Urysohn extension is defined explicitly: Suppose, f :⊆
M → R is continuous on its closed domain A and 1 ≤ f(x) ≤ 2 for all x ∈ A.
Then the function g : M → R with g(x) = f(x) for x ∈ A and

g(x) :=
infy∈A

(
f(y)d(x, y)

)
d(x, A)

otherwise, is a continuous extension of f . By Lemma 21, this proof cannot be ef-
fectivized, since g is a single-valued function of f (and A). While for the Urysohn
lemma ψdist-names allow single-valued output (Theorem 13 versus Theorem 15),
it is an open problem, whether there is some (δc0, δ→)-continuous Tietze exten-
sion operator, where

δc0〈p, q〉 = f ⇐⇒ ηωωp is a (δ, ρ)-realization of f and dom(f) = ψdist(q)

(cf. Definition 11).
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Abstract. In this note we study Turing computability of the linear in-
homogeneous Schrödinger propagator S. We prove: (1) S is computable
when the initial functions are from Sobolev spaces. (2) When acting on
Lp(Rd), S is computable, if and only if p = 2.

1 Introduction

The Schrödinger equation is the fundamental equation of quantum mechan-
ics. It provides a canonical description for the envelop dynamics of a quasi-
monochromatic plane wave propagating in a medium. In this note we consider
the inhomogeneous linear Schrödinger equation

ut = i4u+ φ, t ∈ R, x ∈ Rd, i =
√−1

with the forcing term φ(t, x) and the initial condition u(0, x) = f(x), where
4u =

(
∂2u
∂x2

1
+ ∂2u

∂x2
2

+ · · ·+ ∂2u
∂x2

d

)
. In this note we study Turing computability of

the Schrödinger propagator S : (t, φ, f) 7→ u(t, ·).
The equation describes the movement of a particle of mass equal to 1/2. The

particle is moving in the absence of external forces if the forcing term φ ≡ 0.
This is the quantum analogue of Galileo’s particle moving in a straight line at
constant speed. The physical interpretation, in quantum mechanics, is that the
square of the modulus, |u(t, x)|2, is the probability density for finding the particle
at time t and place x. The probability interpretation requires that

∫
Rd
|u(t, x)|2dx = 1 for all t ≥ 0

for physically relevant solutions. One is immediately led to think that L2(Rd),
thus Sobolev spaces Hs(Rd), will play a distinguished role. In fact, the Schrö-
dinger equation is an example where the precise existence and regularity results
require Sobolev spaces. We note that the Schrödinger equation is neither elliptic,
parabolic, nor hyperbolic.

For another operator, the linear wave operator, computability has already
been studied in detail. The following results are established in [PER89,PEZ97]
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and [WZ98]: (1) The wave propagator SW : R×Ck(R3)×Ck−1(R3)→ Ck−1(R4)
is (ρ, δk

3 , δ
k−1
3 , δk−1

4 )-computable, that is, there is a Type-2 Turing machine which
computes a δk−1

4 -name for SW (t, f, g), the amplitude at time t ∈ R when fed a
ρ-name of the time t, a δk

3 -name of the initial amplitude f , and a δk−1
3 -name of

the initial velocity g (where ρ is the standard representation of R and δk
d is the

standard representation of Ck(Rd) [WZ98]; (2) SW is not (ρ, τk−1
3 , τk−1

3 , τk−1
4 )-

continuous, where τk
d is the compact open topology on Ck(Rd). As a consequence

of the First Main Theorem of Pour-El and Richards, there exist computable
continuous functions f and g such that the wave at time t = 1, SW (1, f, g), is
not computable; (3) The wave propagator is computable on Sobolev spaces.

Like the wave propagator the computability of the solution operator of the
Schrödinger equation is closely related to the space of the initial conditions. As
is known there exists a nonzero solution u ∈ C∞(Rt × Rd

x) with

ut = i4u and u = 0 for all t < 0.

Thus for the Schrödinger equation there is not uniqueness for the initial value
problem in the category of all smooth solutions. Hence the continuously kth
differentiable functions, k ∈ N, are not good choices as initial conditions for
the Schrödinger equation. Other natural candidates for the initial data are
Sobolev functions and Lp functions. In Section 2 below we study computability
of the Schrödinger propagator on Sobolev spaces. Like the wave propagator the
Schrödinger propagator is computable on Sobolev spaces. In Section 3 we discuss
computability of the Schrödinger propagator on Lp spaces. We prove that for
any p 6= 2, the solution operator of the Schrödinger equation is not computable
when acting on Lp.

2 The Schrödinger Operator on Sobolev Spaces

Among the various models of computation proposed for computable analysis
we use Type-2 Theory of Effectivity (TTE for short), as our computational
model. We shall review some basic definitions. For details on TTE the reader is
referred to the textbook [Wei00]. Let Σ be a sufficiently large finite alphabet,
Σ∗ the set of finite words over Σ with the discrete topology, and Σω the set of
infinite words over Σ with the Cantor topology. In TTE, Turing computability is
extended from finite words w ∈ Σ∗ to infinite sequences p = (p0p1p2 . . . ) ∈ Σω

of symbols. A Type-2 Turing machine T computes a function (possibly partial)
fT :⊆ Σω → Σω in the following way: fT (p) = q, if and only if the machine T
reads the input sequence p = (p0p1p2 . . . ) symbol by symbol from the left to the
right and writes the output sequence q = (q0q1q2 . . . ) symbol by symbol from
the left to the right. A notation (representation) of a set M is a surjective map
δ :⊆ Σ∗ → M (δ :⊆ Σω → M). For any x ∈ M and p ∈ Σ∗ (or p ∈ Σω), p is
called a δ-name of x if δ(p) = x.

Through a notation or a representation computations on M are defined by
means of computations on Σ∗ or Σω which can be performed by ordinary or
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Type-2 Turing machines. If δ and δ′ are representations of M and M ′ re-
spectively, then a function ψ :⊆ Σω → Σω is called a (δ, δ′)-realization of
f :⊆M →M ′, if and only if the following diagram commutes,

? ?

-

-

Σω Σω

M M ′

ψ

f

δ δ′
f ◦ δ(p) = δ′ ◦ ψ(p)

for p ∈ dom(f ◦ δ)

i.e., f ◦ δ(p) = δ′ ◦ ψ(p) for all p ∈ dom(f ◦ δ). A function f is called (δ, δ′)-
continuous (-computable), if and only if it has a continuous (computable) (δ, δ′)-
realization. The concept can be generalized straightforwardly to (δ1, . . . , δn, δ0)-
realizations of functions f :⊆M1 × . . .×Mn →M0.

For any representations δ and δ′ there is a canonical representation [δ → δ′]
of the set of (δ, δ′)-continuous functions f : M → M ′. It is defined by means of
a standard representation η : Σω → F ωω, the set of (essentially) all continuous
partial functions from Σω to Σω , such that [δ → δ′](p) = f if and only if η(p)
is a (δ, δ′)-realization of f (Chap. 2.3 in [Wei00]). η satisfies both the universal
Turing machine theorem and the smn-theorem. If both M andM ′ are topological
T0-spaces with countable bases and both δ and δ′ are admissible representations
(Def. 3.2.7 in [Wei00]), then f : M →M ′ is continuous if and only if it is (δ, δ′)-
continuous (Thm. 3.2.1 in [Wei00]). In this case [δ → δ′] is a representation of
C(M,M ′), the set of all continuous functions from M to M ′.

The following theorem on type conversion will be needed (Thm. 3.3.15 in
[Wei00]):

Lemma 1. Let δi :⊆ Σω →Mi be a representation of the set Mi, 0 ≤ i ≤ k. Let
f : M1× . . .×Mk →M0 and define F (x1, . . . , xk−1)(xk) := f(x1, . . . , xk). Then
f is (δ1, . . . , δk, δ0)-computable (-continuous), iff F is (δ1, . . . , δk−1, [δk → δ0])-
computable (-continuous).

Let N,Q, and R denote the set of natural numbers, rational numbers, and
real numbers respectively. Let ρd :⊆ Σω → Rd be the standard representation
of Rd [Wei00]. Roughly speaking, p ∈ Σω is a ρd-name of x ∈ Rd, if p is a
sequence of (names of) rational d-tuples which fast converges to x, where in a
metric space, a sequence {ai} fast converges to a, if the distance between ai and
a is less than 2−i for all i ∈ N. The representations ρd are admissible.

In the following we introduce standard representations of Lp-spaces and
Sobolev spaces (cf. [WZ98]). For any 1 ≤ p < ∞ the space Lp(Rd) of Lp-
functions is the set of all measurable complex valued functions f such that
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∫
Rd
|f(x)|pdx < ∞ with the norm ||f ||Lp = {∫

Rd
|f(x)|pdx}1/p. Let M be the

countable set of rational complex valued finite step functions defined on Rd as
follows:

M =

{
k∑

i=0

ci · Irisi : k ∈ N, ci rational complex, ri, si ∈ Qd, ri < si

}
, (1)

where ri = (r1, r2, · · · , rd), si = (s1, s2, · · · , sd), ri < si if and only if rj < sj

for all 1 ≤ j ≤ d, (ri, si) = (r1, s1) × (r2, s2) × · · · (rd, sd), and Irisi(x) = 1 if
x ∈ (ri, si) and Irisi(x) = 0 otherwise. The set M is dense in Lp(Rd). On Lp(Rd)
we consider the Cauchy representation δlp which is admissible (see Sec. 8.2 in
[Wei00]).

Definition 2. Let νM : Σ∗ \ {#} → M be a standard notation of M . The
Cauchy representation δLp for Lp(Rd) is defined as follows: For any f ∈ Lp(Rd)
and q = (#q0#q1#q2# · · · ) ∈ Σω , δLp(q) = f, if and only if for all i ∈ N,
qi ∈ dom(νM ) and ||νM(qi)− f ||Lp < 2−i.

For any s ∈ R, the Sobolev space Hs(Rd) is the set of all functions f such
that

Ts(f) ∈ L2(Rd) where Ts(f) := (1 + | · |2)s/2f̂(·)

(f̂ denotes the Fourier transform of f) equipped with the norm

||f ||Hs = ||Ts(f)||L2 .

Ts is an isometric mapping and the space Hs(Rd) is a separable Hilbert space.
In [WZ98] a standard representation δs is introduced for the Sobolev space as
follows:

Definition 3. For any s ∈ R define a representation δs :⊆ Σω → Hs(Rd) by

δs := T−1
s ◦ δL2 , or

δs(p) = f ⇐⇒ δL2(p) = (1 + | · |2)s/2f̂(·).

Like δL2 , δs is admissible. By the definitions above, computations on L2(Rd) are
carried out by Type-2 Turing machines with names being sequences of (names
of) rational finite step functions, and computations on Hs(Rd) are simply re-
duced to computations on L2(Rd).

To study computability of the solution operator of the Schrödinger equation,
we also need to introduce a representation for the space C(R;L2(Rd)), which
is the set of all continuous functions from R to L2(Rd) with the compact-open
topology. The set of all D(K,U) := {H ∈ C(R;L2(Rd)) : H(K) ⊆ U}, where
K ⊂ R is a compact set and U ⊆ L2(Rd) is an open set, is a subbase of the
compact-open topology. Recall that the countable set M (see (1)) of all rational
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complex valued finite step functions defined on Rd is dense in L2(Rd). Thus the
open balls B(s, r) = {f ∈ L2(Rd) : ||f − s||L2 < r} with rational radius (in L2-
norm) and centered at an element of M form a countable subbase of L2(Rd). Let
B denote this subbase. Let J be the set of all bounded rational closed intervals
in R and U the set {D(I, B) : I ∈ I, B ∈ B}. Then U is a countable subbase
of C(R;L2(Rd)). Thus every function in C(R, L2(Rd)) can be approximated by
elements in U . The following representation makes use of this fact.

Definition 4. . Let νU :⊆ Σ∗ → U be a standard notation (coding) of the
countable set U such that dom(νU) ⊆ (Σ \ {#})∗). Define the compact-open
representation δco : Σω → C(R, L2(Rd)) of C(R, L2(Rd)) as follows: δco(p) = H,
iff

q = (#v0#v1#v2 · · · ), vi ∈ dom(νU ) and

{vi : i ∈ N} = {w ∈ dom(νU) : H ∈ νU(w)}.
Since both representations ρ and δL2 are admissible, [ρ → δL2 ] is also a

representation of C(R, L2(Rd)). The two representations, δco and [ρ→ δL2 ], are
equivalent, although they are defined by different approaches.

Lemma 5. δco ≡ [ρ→ δL2 ].

Proof. The proof is similar to that of Theorem 6.1.7 in [Wei00]. We omit it. 2

For the space C(R, Hs(Rd)) we use the canonical representation [ρ→ δs]. A
straightforward proof shows:

Proposition 6. [ρ→ δs] = T−1
s ◦ [ρ→ δL2 ] = T−1

s ◦ δco

In words, for any φ ∈ C(R;Hs(Rd)), q ∈ Σω is a [ρ → δs]-name of φ, if and
only if q is a [ρ→ δL2 ]-name of Ts(φ) = (1 + |ξ|2)s/2φ̂x(t, ξ). The representation
thus reduces computations on C(R;Hs(Rd)) to computations on C(R;L2(Rd)).
After these preparations we can formulate our central theorem.

Theorem 7. For any s ∈ R consider the inhomogeneous linear Schrödinger
equation:

ut = i4u+ φ, t ∈ R, x ∈ Rd, φ ∈ C(R;Hs(Rd))

with the initial condition u(0, x) = f(x) ∈ Hs(Rd). Then the solution operator

S : R ×C(R;Hs(Rd)) ×Hs(Rd)→ Hs(Rd), (t, φ, f) 7→ S(t)(φ, f) = u(t, ·),
is (ρ, [ρ→ δs], δs, δs)-computable.

Proof. For given initial condition f ∈ Hs(Rd), continuous forcing φ : R →
Hs(Rd) and time t the solution u(t, ·) ∈ Hs(Rd) is given explicitly by

ûξ(t, ξ) = e−it|ξ|2 f̂(ξ) +
∫ t

0

e−i|ξ|2(t−τ)φ̂(τ )(ξ) dτ (2)
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([Sul99]). Denote u(t, ·) as g(·). Multiplying (2) by (1 + |ξ|2)s/2 and substituting
by Ts we obtain:

Ts(g)(ξ) = e−it|ξ|2Ts(f)(ξ) +
∫ t

0

e−i|ξ|2(t−τ)Ts ◦ φ(τ )(ξ) dτ (3)

Let p be a ρ-name of t, q1 a δs-name of f , and q2 a [ρ→ δs]-name of φ. From
these data we want to compute a δs-name r of g. By Proposition 6 a δs-name
of f (or g respectively) is a δL2 -name of Ts(f) (or Ts(g) respectively), and a
[ρ→ δs]-name of φ is a [ρ→ δL2 ]-name of Ts ◦ φ. We obtain:

δL2 (r)(ξ)

= e−iρ(p)|ξ|2δL2(q1)(ξ) +
∫ ρ(p)

0

e−i|ξ|2(ρ(p)−τ)[ρ→ δL2 ](q2)(τ ))(ξ) dτ (4)

which is a computational problem w.r.t. δL2 . We interrupt the proof of Theorem
7 by some lemmas.

Lemma 8. 1. The function t 7→ h, h(ξ) := e−it|ξ|2, is (ρ, [ρd → ρ2])-compu-
table.

2. The function (t, τ ) 7→ h, h(ξ) = e−i|ξ|2(t−τ), is (ρ, ρ, [ρd → ρ2])-computable.

Lemma 9. 1. Addition (f, f ′) 7→ f + f ′ on L2(Rd) is (δL2 , δL2 , δL2)-compu-
table.

2. Multiplication (f, g,K) 7→ fg where fg(x) = f(x)g(x) for f ∈ L2(Rd), g ∈
C(Rd), and K ∈ R with ∀x|g(x)| < K is (δL2 , [ρd → ρ2], ρ, δL2)-computable.

A modulus of uniform continuity of f : R → L2(Rd) on [0; 1] is a function
µ : N→ N such that ||f(x)− f(y)||L2 ≤ 2−n for |x− y| ≤ 2−m(n) (x, y ∈ [0; 1]).

Lemma 10. There is a computable function d :⊆ Σω → Σω such that d(p) =
0µ(0)10µ(1)10µ(2)1 . . . for some modulus µ of uniform continuity of [ρ→ δL2 ](p)
on [0; 1] (for all p ∈ dom([ρ→ δL2 ])).

Lemma 11. The integration

(a, b, h) 7→
∫ b

a

h(τ ) dτ, a, b ∈ R, h ∈ C(R;L2(Rd))

is (ρ, ρ, [ρ→ δL2 ], δL2)-computable.

We merely outline the proofs.
Proof of Lemma 8: (1) The function (t, ξ) 7→ e−it|ξ|2 is (ρ, ρd, ρ2)-computable.

Apply Lemma 1. (2) (correspondingly)
Proof of Lemma 9: Generalize the proof of Lemma 4.3 in [WZ98] from 3 to

d dimensions.
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Proof of Lemma 10: By Lemma 5 it suffices to consider δco instead of [ρ →
δL2 ]. If δco(p) = h, then p is (encodes) a list of all pairs (I, B) such that h[I] ⊆ B.
Consider n ∈ N. Then for every t ∈ [0; 1] there is some pair (It, Bt) in the list such
that Bt has a radius < 2−n and t ∈ It/3, where [a; b]/3 := (a+(b−a)/3 ; b−(b−
a)/3). Finitely many Intervals It1/3, . . . , Itj/3 cover [0; 1]. Let µ(n) be less than
the length of every Iti . Then µ is a modulus of uniform continuity. By systematic
search, some Type-2 machine can compute an encoded modulus from p.

Proof of Lemma 11: First consider the special case a = 0, b = 1. The integral
can be defined by the limit of Riemann sums:

∫ 1

0

h(τ ) dτ = lim
k→∞

k∑
i=1

h(
i

k
)/k.

For obtaining an approximate sum with error ≤ 2−n−1 (which can be used as
the nth term in a Cauchy name), choose k = m(n + 2) and compute each h( i

k )
with precision 2−n−2.
The general case a, b can be reduced to the special one (cf. the proof of Theorem
6.4.1.2 in [Wei00]).

Now we return to the proof of Theorem 7. Combining the functions from the
lemmas, it follows that a sequence r can be computed from p, q1 and q2 satisfying
Equation (4). This proves the theorem. 2

3 The Schrödinger Propagator on Lp-Spaces

We now return to the linear homogeneous Schrödinger equation

ut = i4u, t ∈ R, x ∈ Rd,

with the initial condition u(0, x) = f(x). For any 1 ≤ p <∞ and any t ∈ R, the
Schrödinger propagator S(t) : Lp(Rd) → Lp(Rd) is well defined. Moreover, as
a special case of Theorem 7, S(t) is computable on L2(Rd) for any computable
t ∈ R, since L2(Rd) = H0(Rd) and, by a straightforward calculation, the Fourier
transform on L2(Rd) is (δL2 , δL2)-computable. However when acting on Lp(Rd)
for any p 6= 2, the Schrödinger propagator behaves quite differently: It is no
longer computable. More precisely we have

Theorem 12. For any t 6= 0, the Schrödinger propagator S(t) : Lp(Rd) →
Lp(Rd) is (δLp , δLp)-computable if and only if p = 2.

Proof. We consider the case when p < 2. The same argument applies to the
situation where p > 2. For any t 6= 0, we compute the solution of the Schrödinger
equation ut = i4u with the initial value g(x) = f(x)/||f ||Lp , where f(x) =
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e−a|x|2/2 and a > 0 is a constant. We note that g is infinitely differentiable,
g ∈ Lp(Rd), and ||g||Lp = 1. Since

S(t)g = F−1
(
e−it|ξ|2 f̂

)
/||f ||Lp

=
(
a−d/2(1/a+ 2it)−d/2e−|x|

2/(2(1/a+2it))
)
/||f ||Lp,

the Lp-norm of S(t)g can be computed explicitely as follows:

||S(t)g||pLp =
∫

Rd

∣∣∣a−d/2(1/a+ 2it)−d/2e−|x|
2/(2(1/a+2it))

∣∣∣p dx/||f ||Lp

= |(1 + 2ita)|−pd/2

×
∫

Rd

∣∣∣e−a|x|2/(2(1+4a2t2))eia2t|x|2/(1+4a2t2)
∣∣∣p dx/||f ||Lp

= |(1 + 2ita)|−pd/2
∫

Rd
e−pa|x|2/(2(1+4a2t2))dx/||f ||Lp

= |(1 + 2ita)|−pd/2

(
1 + 4a2t2

2πap

)d/2

/||f ||Lp

=
|(1 + 2ita)|−pd/2

(
1+4a2t2

2πap

)d/2

(
1

2πap

)d/2

= |1 + 2ita|−pd/2 (
1 + 4t2a2

)d/2

→∞

as a→ +∞. Hence

sup
φ∈Lp(Rd),||φ||Lp=1

||S(t)φ||Lp
||φ||Lp =∞.

This shows that the operator S(t) is unbounded on Lp(Rd). Since S(t) is a linear
operator, the unsoundness implies discontinuity. A discontinuous operator is of
course not computable.

2

If δ and δ′ are representations of M and M ′ respectively, and f is (δ, δ′)-
computable, then, by definition, f maps every δ-computable x ∈ M to a δ′-
computable element f(x) ∈ M ′. There is a computability property which is
strictly weaker that (δ, δ′)-computability. A map f : M → M ′ is called a
(δ, δ′)-computable invariant if it maps every δ-computable element in M to a
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δ′-computable element in M ′. In [Bra99] Brattka showed that there exist (δ, δ′)-
computable invariants which are not (δ, δ′)-computable.

Theorem 12 shows that S(t) is not (δLp , δLp)-computable for any t 6= 0 and
p 6= 2. Can S(t) be a (δLp , δLp)-computable invariant? In the following we use
the First Main Theorem by Pour-El and Richards [PER89] to show that S(t) is
not a (δLp , δLp)-computable invariant either, if p is a computable real number.

Corollary 13. For any t 6= 0 and computable p 6= 2, the Schrödinger propaga-
tor S(t) : Lp(Rd)→ Lp(Rd) is not a (δLp , δLp)-computable invariant.

Proof. As is known classically, S(t) is a closed linear operator. By the proof
of Theorem 12, S(t) is unbounded. By Theorem 9.3.3 in [Wei00], the sequences
computable w.r.t. δLp are the computable sequences w.r.t. “intrinsic” Lp-com-
putability [PER89]. Applying the First Main Theorem of Pour-El and Richards
[PER89], S(t) must map some δLp-computable initial Lp(Rd) function f to a
solution S(t)f ∈ Lp(Rd) which is not δLp -computable.

2
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Abstract. Computing the spectral decomposition of a normal matrix is
among the most frequent tasks to numerical mathematics. A vast range
of methods are employed to do so, but all of them suffer from instabilities
when applied to degenerate matrices, i.e., those having multiple eigen-
values. We investigate the spectral representation’s effectivity properties
on the sound formal basis of computable analysis. It turns out that in
general the eigenvectors cannot be computed from a given matrix. If
however the size of the matrix’ spectrum (=number of different eigen-
values) is known in advance, it can be diagonalized effectively. Thus, in
principle the spectral decomposition can be computed under remarkably
weak non-degeneracy conditions.

1 Introduction

The Spectral Theorem for normal matrices is one of the most important theorems
of linear algebra. It ensures the existence of an appropriately rotated coordinate
system in which a normal operator becomes diagonal.

Theorem 1 (Spectral Theorem). Let A ∈ Cn×n be a normal matrix. There
exists an orthogonal basis (x1, ..., xn) of Cn and complex numbers λ1, ..., λn ∈ C

such that Axi = λixi for each i = 1, ..., n.

The Spectral Theorem has a large number of applications in mathematics,
computer science, engineering and other disciplines of which we just mention the
following:

– Mathematically it yields a nice normal form for normal linear operators.
– The Spectral Theorem induces an easy-to-use calculus for functions of self-

adjoint matrices.
– It enables the explicit solvability of vector-valued linear differential equa-

tions.
? Work partially supported by DFG Grant Me 872/7-3.
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– In quantum physics, it provides the basic tool for describing a measurement
process (‘collapse of the system into an eigenstate’).

– Whether some dynamical systems are stable or instable depends on the eigen-
values of their dynamics.

– In mechanical engineering it is particularly important to align a rotating
body strictly along its mass centroid axis in order to avoid dynamic imbal-
ances which might otherwise destroy its bearing.

– We also mention the numerous applications to computer science, e.g. in graph
theory [4] and combinatorial optimization [12].

– Finally, from the complexity theoretic point of view it can increase efficiency
to diagonalize a matrix A in order to compute An [7,3].

However the Spectral Theorem only asserts the existence of the spectral de-
composition — actually finding it is a different task. Numerical mathematics
offers a vast range of methods and software libraries for doing so in the non-
degenerate case, that is, provided the λi are pairwise different. For the general
case on the other hand, no satisfying algorithm has been found yet: all known
methods suffer from numerical instabilities and convergence problems if eigen-
values coincide.

The present work puts these experiences onto the formal basis of computable
analysis, which is the theory of real number computation as it has been developed
by Turing, Banach and Mazur, Grzegorczyk, Lacombe, Pour-El and Richards,
Kreitz and Weihrauch, Ko and many others [16,11,5,10,13,9,8]. We will follow
Weihrauch’s approach to computable analysis (the so-called Type-2 Theory of
Effectivity) since it offers a very uniform frame for computations on real numbers,
functions and subsets [17]. Using this theory we prove that the spectral resolution
of non-degenerate normal matrices can be computed but in the general case it
cannot. The reason for this intractability lies in the discontinuous behaviour of
eigenvectors: even infinitely small perturbations of the input matrix (e.g. due
to floating point approximations) may entirely change the eigenvectors. On the
other hand, our following main result says that it suffices to know the cardinality
of the spectrum σ(A) in advance, in order to compute the spectral resolution of
A (later on we will give a precise reformulation as Theorem 13).

Theorem 2 (Computable Spectral Theorem). Given as input a normal
matrix A ∈ Cn×n and the cardinality of its spectrum |σ(A)|, we can compute an
orthogonal basis (x1, ..., xn) of Cn and complex numbers λ1, ..., λn ∈ C such that
Axi = λixi for each i = 1, ..., n.

Our work differs from that of Pour-El and Richards [13] in that we consider
uniform computability. This means that we investigate computability of the
spectral representation as (multi-valued) function of the input matrix A. In
contrast, Pour-El and Richards look for sufficient and necessary conditions on
A such that the eigenvalues and eigenvectors be objects which are computable
as points, i.e., without considering the computability of their dependence on
A itself. Furthermore the counter-examples of Pour-El and Richards rely on so
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called ad hoc structures which have been defined for infinite-dimensional Hilbert
spaces and thus do not apply to the finite-dimensional case we consider.

We close this section with a short survey on the organization of this paper. In
the following section we recall some basic definitions from computable analysis
and in Section 3 we will present relevant parts of our previous results from [18,2],
which have been developed for the canonical Euclidean space Rn. Here we will
discuss the transfer of these results to the complex case Cn. In Section 4 we will
present basic results on eigenvalues and eigenvectors which are mainly based on
the Computable Fundamental Theorem of Algebra. In Section 5 we discuss and
prove our main result, the Computable Spectral Theorem.

2 Computable Analysis

In this section we briefly present some basic notions from computable analysis
(based on the approach of Type-2 Theory of Effectivity) and some direct conse-
quences of well-known facts. For a precise and comprehensive reference we refer
the reader to [17]. Roughly speaking, a partial real number function f :⊆ Rn → R

is computable, if there exists a Turing machine which transfers each sequence
p ∈ Σω that represents some input x ∈ Rn into some sequence FM (p) which
represents the output f(x). Since the set of real numbers has continuum cardi-
nality, real numbers can only be represented by infinite sequences p ∈ Σω (over
some finite alphabet Σ) and thus, such a Turing machine M has to compute
infinitely long. But in the long run it transfers each input sequence p into an
appropriate output sequence FM(p). It is reasonable to allow only one-way out-
put tapes for infinite computations since otherwise the output after finite time
would be useless (because it could possibly be replaced later by the machine). It
is straightforward how this notion of computability can be generalized to other
sets X with a corresponding representation, that is a surjective partial mapping
δ :⊆ Σω → X.

Definition 3 (Computable Functions). Let δ, δ′ be representations of X, Y ,
respectively. A function f :⊆ X → Y is called (δ, δ′)–computable, if there exists
some Turing machine M such that δ′FM (p) = fδ(p) for all p ∈ dom(fδ).

Here, FM :⊆ Σω → Σω denotes the partial function, computed by the Turing
machine M . It is straightforward how to generalize this definition to functions
with several inputs and it can even be generalized to multi-valued operations
f :⊆ X ⇒ Y , where f(x) is a subset of Y instead of a single value. In this case
we replace the condition in the definition above by δ′FM (p) ∈ fδ(p). We can also
define the notion of (δ, δ′)–continuity by replacing FM by a continuous function
F :⊆ Σω → Σω (w.r.t. the Cantor topology on Σω).

Already in case of the real numbers it appears that the defined notion of
computability sensitively relies on the chosen representation of the real numbers.
The theory of admissible representations completely answers the question how
to find “reasonable” representations of topological spaces (more precisely, of T0-
spaces with countable bases, see [17]). Let us just mention that for admissible
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representations δ, δ′ each (δ, δ′)-computable function is necessarily continuous
(w.r.t. the final topologies of δ, δ′).

An example of an admissible representation of the real numbers is the so-
called Cauchy representation ρ :⊆ Σω → R, where roughly speaking, ρ(p) = x
if p is an (appropriately encoded) sequence of rational numbers (qi)i∈N which
converges rapidly to x, i.e. |qk − x| ≤ 2−k for all k. By standard coding tech-
niques this representation can easily be generalized to a representation of the
n-dimensional Euclidean space ρn :⊆ Σω → Rn and to a representation of m×n
matrices ρm×n :⊆ Σω → Rm×n. From the computational point of view we can
identify the set of complex numbers C with R2 and in this way we obtain canon-
ically a representation ρn

C := ρ2n of Cn. Analogously, we consider ρm×n
C as a

representation of the set of m× n–matrices Cm×n. A vector x ∈ Cn or a matrix
A ∈ Cm×n will be called computable, if it has a computable ρn

C–, ρm×n
C

–name,
i.e. if there exists a computable p ∈ Σω such that x = ρn

C(p) or A = ρm×n
C (p),

respectively. A function f :⊆ Cn → R is called just computable, if it is (ρn
C, ρ)-

computable. Analogous notions are used over the real numbers.
If δ, δ′ are admissible representations of T0-spaces with countable bases X, Y ,

respectively, then there exists a canonical representation [δ, δ′] :⊆ Σω → X × Y
of the product X×Y and a canonical representation [δ → δ′] :⊆ Σω → C(X, Y )
of the space C(X, Y ) of the total continuous functions f : X → Y . We just
mention that these representations allow evaluation and type conversion (which
correspond to an utm- and smn-Theorem). Evaluation means that the evalua-
tion function C(X, Y ) × X → Y, (f, x) 7→ f(x) is ([[δ → δ′], δ], δ′)-computable
and type conversion means that a function f : Z × X → Y is ([δ′′, δ], δ′)-
computable, if and only if the canonically associated function f ′ : Z → C(X, Y )
with f ′(z)(x) := f(z, x) is (δ′′, [δ → δ′])-computable. As a direct consequence
we obtain that matrices A ∈ Cm×n can effectively be identified with linear map-
pings f ∈ Lin(Cn,Cm), see Proposition 4.1 and 4.2 below. Especially, a matrix
A is computable, if and only if the corresponding linear mapping is a computable
function.

To express weaker computability properties, we will use two further represen-
tations ρ<, ρ> :⊆ Σω → R. Roughly speaking, ρ<(p) = x if p is an (appropriately
encoded) list of all rational numbers q < x. (Analogously, ρ> is defined with
q > x.) It is known that a mapping f :⊆ X → R is (δ, ρ)-computable, if and only
if it is (δ, ρ<)– and (δ, ρ>)-computable [17]. The (ρn

C, ρ<)–, (ρn
C, ρ>)-computable

functions f : Cn → R are called lower, upper semi-computable, respectively.
(Analogous notions are used for functions f : Rn → R).

Occasionally, we will also use some standard representation νN, νQ of the
natural numbers N = {0, 1, 2, ...} and the rational numbers Q, respectively.

Moreover, we will also need a representation for the space Ln
C of linear sub-

spaces V ⊆ Cn. Since all linear subspaces are non-empty closed spaces, we can
use well-known representations of the hyperspace An

C of all closed non-empty
subsets A ⊆ Cn (cf. [1,17]). One way to represent such spaces is via the distance
function dA : Cn → R, defined by dA(x) := infa∈A d(x, a), where d : Cn×Cn → R

denotes the canonical metric of Cn, defined by d(x, y) := |x− y|. Altogether, we
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define three representations ψn
C, ψ

n
C<, ψ

n
C> :⊆ Σω → An

C. We let ψn
C(p) = A,

if and only if [ρn
C → ρ](p) = dA. In other words, p encodes a set A w.r.t.

ψn
C, if it encodes the distance function dA w.r.t. [ρn

C → ρ]. Analogously, let
ψn

C<(p) = A, if and only if [ρn
C → ρ>](p) = dA and let ψn

C>(p) = A, if and only
if [ρn

C → ρ<](p) = dA. One can prove that ψn
C< encodes “positive” information

about the set A (all open rational balls B(q, r) := {x ∈ Cn : d(x, q) < r} which
intersect A can be enumerated), and ψn

C> encodes “negative” information about
A (all closed rational balls B(q, r) which do not intersect A can be enumerated).
The final topology induced by ψn

C on An
C is the Fell topology. It is a known fact

that a mapping f :⊆ X → An
C is (δ, ψn

C)-computable, if and only if it is (δ, ψn
C<)–

and (δ, ψn
C>)-computable [17]. We mention that

1. the operation (f, A) 7→ f−1(A) ⊆ Cn is
(
[[ρn

C → ρm
C ], ψm

C>], ψn
C>

)
-computable,

2. the operation (f, B) 7→ f(B) ⊆ Cm is
(
[[ρn

C → ρm
C ], ψn

C<], ψm
C<

)
-computable.

From these properties one can deduce some computability properties of kernel
and image, see Proposition 4.3 and 4.4 below.

A closed set A ⊆ Cn is called recursive, if it is empty or if there is a com-
putable p ∈ Σω such that A = ψn

C(p). Thus, the non-empty recursive subsets
A ⊆ Cn are exactly those with computable distance function dA : Cn → R. We
will apply all defined notions analogously to closed subsets of Rn and we will
denote the corresponding representations simply without index “C” (cf. [18,2]).

3 Computable Linear Algebra

In our previous papers [18,2] we have investigated some basic computability
properties of linear algebra on the canonical Euclidean vector space Rn. The
purpose of this section is to transfer these results to the complex vector space
Cn. We will argue that all proofs can be transfered in a one-to-one manner
without any essentially new aspects.

In the following we assume that the unitary vector space Cn is endowed
with the canonical inner product, defined by x · y :=

∑n
i=1 xiyi for vectors

x = (x1, ..., xn), y = (y1, ..., yn) ∈ Cn. Here z := a − ib denotes the conjugate
of the complex number z = a + ib ∈ C. Correspondingly, we will use the norm
|x| := √x · x =

√∑n
i=1 xixi. The following proposition reformulates results from

[18] for the complex case.

Proposition 4. Consider the following canonical mappings from linear algebra:

1. Lin(Cn,Cm)→ Cm×n is
(
[ρn

C → ρm
C ], ρm×n

C

)
-computable,

2. Cm×n → Lin(Cn,Cm) is
(
ρm×n

C , [ρn
C → ρm

C ]
)
-computable,

3. ker : Cm×n → An
C is

(
ρm×n

C , ψn
C>

)
-computable, but neither (ρm×n

C , ψn
C<)-

computable, nor –continuous,

4. span : Cm×n → Am
C is (ρm×n

C
, ψm

C<)-computable, but neither (ρm×n
C

, ψm
C>)-

computable, nor –continuous,
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5. det : Cn×n → R is
(
ρn×n

C
, ρ
)
-computable,

6. rank : Cm×n → R is
(
ρm×n

C
, ρ<

)
-computable, but neither

(
ρm×n

C
, ρ>

)
-com-

putable, nor –continuous,

7. dim :⊆ An
C → R is

(
ψn

C<, ρ<

)
– and

(
ψn

C>, ρ>

)
-computable.

All the proofs given in [18] can be transfered to the complex case one-to-
one. This is mainly due to the fact that topologically and computationally we
can identify C with R2. Wherever the rational numbers Q have been used, we
substitute Q[i] for Q (and we replace Sn−1 by the border of the unit ball of Cn

in the proof of Lemma 8 in [18]).
While Proposition 4.3 shows that the solution space of a (homogeneous)

linear equation Ax = 0 does not depend continuously on the matrix A (w.r.t.
ψn

C), we have proved in [2] that we can compute the solution space if its dimension
is known in advance. We reformulate this result for the complex case.

Theorem 5 (Computable Solvability of Linear Equations). The function

S :⊆ Cm×n ×R→ An
C, (A, d) 7→ ker(A)

with dom(S) := {(A, d) : d = dimker(A)} is
(
[ρm×n

C , ρ], ψn
C

)
-computable.

Again the proof can be transfered directly. Whenever the Euclidean norm
and the canonical inner product of Rn has been used in [2], we replace them
by the corresponding operations of Cn (the Cauchy-Schwarz inequality holds
analogously in this case). Also the Gram-Schmidt orthogonalization process can
be used in the complex case analogously. Finally, we mention a corollary, which
shows that we can also effectively find a basis, in case that the dimension of the
space is known.

Corollary 6. The multi-valued mapping

B :⊆ An
C × R ⇒ An

C, (V, d) 7→
{{b1, ..., bd} ⊆ Cn : (b1, ..., bd) is a basis of V

}

with dom(B) := {(V, d) : d = dim(V )} is ([ψn
C, ρ], ψ

n
C)-computable.

4 Eigenvalues, Eigenvectors, and Eigenspaces

Recall that the adjoint of a complex n×n-matrix A =
(
aij

) ∈ Cn×n is defined by
A∗ =

(
aji

)
. A number λ ∈ C with Az = λz for some non-zero vector z ∈ Cn is

called eigenvalue of A and z a corresponding eigenvector. The set of eigenvalues,
called spectrum σ(A), is precisely the set of zeros of the characteristic polynomial
det(zI − A) ∈ C[z], where I ∈ Cn×n denotes the n × n-unit matrix. The set of
eigenvectors to λ ∈ σ(A) — extended by 0 ∈ Cn — forms a vector space, the
eigenspace ker(λI − A). Our first observation states that given a matrix A, we
can compute its characteristic polynomial.
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Proposition 7. Given a complex n × n-matrix A ∈ Cn×n, we can compute its
characteristic polynomial

zn +
n−1∑
i=0

aiz
i := det(zI −A).

More precisely, the mapping χ : Cn×n → Cn, A 7→ (a0, ..., an−1) is (ρn×n
C , ρn

C)-
computable.

The proof is a straightforward calculation using Leibniz’ formula

det(B) =
∑

σ∈Sn
sign(σ)

n∏
i=1

bσ(i)i,

for matrices B = (bij) ∈ Cn×n, where Sn denotes the set of all permutations
σ : {1, ..., n}→ {1, ..., n}.

In the next step a computable version of the Fundamental Theorem of Al-
gebra, due to Specker [15], can help us to compute the eigenvalues of a given
matrix. It says that, on input of a polynomial p ∈ C[z] of degree n ∈ N, its n
complex zeroes can be computed.

Theorem 8 (Computable Fundamental Theorem of Algebra). Consider
the unique normed polynomial having exactly the zeros λ1, ..., λn ∈ C (including
multiplicities):

zn +
n−1∑
i=0

aiz
i :=

n∏
i=1

(
z − λi

)

The mapping Cn 3 (λ1, ..., λn) 7→ (a0, ..., an−1) ∈ Cn is surjective and has a
multi-valued (ρn

C, ρ
n
C)-computable right inverse Z : Cn ⇒ Cn.

See Exercise 11 in Section 6.3 of [17] for a sketch of the proof. A com-
bination of this theorem with the previous Proposition 7 and the fact that
Cn → A1

C, (z0, ..., zn−1) 7→ {z0, ..., zn−1} is (ρn
C, ψ

1
C)-computable, directly yields

the computability of the spectrum mapping.

Corollary 9. The map σ : Cn×n → A1
C, A 7→ σ(A) is (ρn×n

C , ψ1
C)-computable.

Computing eigenspaces is slightly more difficult. As we have seen in Theorem
5 we can compute the kernel of a matrix, provided that we know its dimension in
advance. Thus, we directly obtain the following corollary of Theorem 5 (applied
to λI − A) on computing eigenspaces.

Corollary 10. Given a matrix A ∈ Cn×n together with some eigenvalue λ ∈ C

and d = dimker(λI − A), we can compute the eigenspace ker(λI − A). More
precisely,

E :⊆ Cn×n × C× R→ An
C, (A, λ, d) 7→ ker(λI − A),

with dom(E) := {(A, λ, d) : λ is eigenvalue of A and d = dimker(λI − A)}, is
([ρn×n

C
, ρC, ρ], ψn

C)-computable
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Considering a single computable matrix A ∈ Cn×n together with some eigen-
value λ ∈ C (which necessarily is computable too by Corollary 9), the discrete
dimension is always available as a further (computable) input; thus, we obtain
the following corollary.

Corollary 11. Each computable real or complex n×n-matrix A has a recursive
spectrum σ(A), especially, all eigenvalues are computable. Moreover, the corre-
sponding eigenspaces are all recursive and each eigenvalue admits a computable
eigenvector.

5 The Spectral Theorem

Recall that a complex n × n-matrix A ∈ Cn×n is called self-adjoint, if A = A∗

and normal, if AA∗ = A∗A. For normal matrices A, the dimension d ∈ N of the
eigenspace ker(λI−A) of some eigenvalue λ ∈ C equals the algebraic multiplicity
of the zero λ of the characteristic polynomial det(zI−A), i.e., the i-th derivative
di/dzi det(zI −A) ∈ C[z] vanishes at z = λ for i = 0, ..., d− 1 but not for i = d.

Now our goal is to prove a computational version of the classical Spectral
Theorem 1. Unfortunately, it turns out that the spectral resolution cannot be
computed directly from a given self-adjoint matrix A ∈ Cn×n. The chief snag
is that, although the spectrum σ(A) can be computed from A, its cardinality
|σ(A)| does not continuously depend on A. Even worser, the following proposition
shows that the eigenvectors of real symmetric 2 × 2-matrices A do not depend
continuously on A. For the proof, we borrow an example of Rellich [14] which
can also be found in [6].

Proposition 12. There exists no (ρ2×2, ρ2×2)–continuous multi-valued function

F :⊆ R2×2 ⇒ R2×2

such that each (x, y) ∈ F (A) is an orthogonal basis of R2 consisting of eigenvec-
tors of A, and A ∈ dom(F ) whenever A ∈ R2×2 is symmetric.

Proof. First of all, it suffices to prove the statement for orthonormal bases in-
stead of orthogonal bases, since each orthogonal basis (x, y) can continuously
be normalized to (x/|x|, y/|y|). Let us assume, that there exists a (ρ2×2, ρ2×2)–
continuous multi-valued function F :⊆ R2×2 ⇒ R2×2 which solves the problem
for orthonormal bases. Now consider the continuous function A : R → R2×2,
defined by

A(ε) := exp(−1/ε2)

(
cos(2/ε) sin(2/ε)

sin(2/ε) − cos(2/ε)

)
, A(0) :=

(
0 0
0 0

)
.

In case ε > 0 the eigenvalues of A(ε) are exp(−1/ε2) and − exp(−1/ε2); the
corresponding orthonormal basis of eigenvectors of A is uniquely determined up
to order and orientation and consists of the vectors

x(ε) :=
(

cos(1/ε)
sin(1/ε)

)
, y(ε) :=

(
sin(1/ε)

− cos(1/ε)

)
.
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Thus, the eigenspaces and eigenvectors of A(ε) rotate faster and faster if ε tends
to 0. By assumption F ◦A : R ⇒ R2×2 is (ρ, ρ2×2)–continuous. Let us fix some
z := (x, y) ∈ FA(0), which could be any orthonormal basis of R2. Then there
are arbitrarily small ε > 0 such that z(ε) := (x(ε), y(ε)) is far away from z, no
matter how x(ε) and y(ε) are oriented or ordered, e.g. |z−z(ε)| > 1

2
. Thus, F ◦A

cannot be (ρ, ρ2×2)–continuous. Contradiction! ut
Any substantial information about the degree of degeneracy however does

enable computability of the spectral representation. Especially the additional
knowledge of the cardinality of the spectrum suffices, as our following result
shows.

Theorem 13 (Computable Spectral Theorem). There exists a multi-valued
([ρn×n

C
, ρ], [ρn×n

C
, ρn

C])-computable function

R :⊆ Cn×n × R ⇒ Cn×n ×Cn

with dom(R) := {(A, s) : A normal and s = |σ(A)|} such that for any normal
A ∈ Cn×n with s = |σ(A)| and ((x1, ..., xn), (λ1, ..., λn)) ∈ R(A, s) we obtain

Axi = λixi

and (x1, ..., xn) is an orthogonal basis of Cn.

That means that our algorithm has to know in advance the number of pair-
wise different eigenvalues. Indeed from this, the multiplicities of all eigenvalues
can be deduced. This follows from the following technical lemma (where, for
technical simplicity, multiplicities occur as complex numbers).

Lemma 14. The function T :⊆ Cn+1 → A2
C, with

T (λ1, ..., λn, s) := {(λ, d) : λ = λi for precisely d values of i = 1, ..., n}
with dom(T ) :=

{
(λ1, ..., λn, s) : s = |{λ1, ..., λn}|

}
is (ρn+1

C , ψ2
C)-computable.

Proof. We sketch the proof which is a straightforward exercise. Let us assume
that (λ1, ..., λn) ∈ Cn and s = |{λ1, ..., λn}| are given w.r.t. ρC. Since the set
{(x, y) : x 6= y} is an r.e. open subsets of C2, we can compare all pairs (λi, λj)
with i 6= j until we can distinguish exactly s pairwise different “clusters” of
values λj . At this stage we know that all d values λ in a cluster have to coincide
and we can produce a name of the set of all pairs (λ, d) w.r.t. ψ2

C. ut
This idea actually enables us to complete the proof of the computable Spec-

tral Theorem.

Proof (of Theorem 13). Let us assume that a normal matrix A ∈ Cn×n is given
w.r.t. ρn×n

C and s = |σ(A)| is given w.r.t. ρ. By applying Proposition 7 and the
computable version of the Fundamental Theorem of Algebra 8, we can compute
a tuple (λ1, ..., λn) ∈ Cn of eigenvalues. By the proof of the previous lemma
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we can compute the set T (λ1, ..., λn, s) of all pairs (λ, d) of eigenvalues λ of
A together with their multiplicities d, i.e. d = dimker(λI − A). For each of
these pairs (λ, d) we apply Corollary 10 in order to compute the corresponding
eigenspace E(A, λ, d) = ker(λI − A) w.r.t. ψn

C. By applying Corollary 6 we can
compute a basis (y1, ..., yd) ∈ Cn of the eigenspace E(A, λ, d). Now we employ
the Gram-Schmidt orthogonalization process to compute an orthogonal basis
(z1, ..., zd) ∈ Cn by

z1 := y1, zj+1 := yj+1 −
j∑

i=1

yj+1 · zi

|zi|2 zi

for all j = 1, ..., d−1. Since eigenspaces for different eigenvalues are orthogonal to
each other we can simply put the s bases of all s eigenspaces E(A, λ, d) together
and we obtain an orthogonal basis (x1, ..., xn) of Cn. Finally, we mention that
we can arrange the tuple of eigenvalues (λ′1, ..., λ

′
n) in a corresponding order such

that Aλ′i = λ′ixi for all i = 1, ..., n. ut
We immediately obtain the following weaker computable version of the Spec-

tral Theorem.

Corollary 15. If A ∈ Cn×n is a computable and normal matrix, then there are
computable vectors x1, ..., xn ∈ Cn and computable numbers λ1, ..., λn ∈ C such
that (x1, ..., xn) is an orthogonal basis of Cn and Axi = λixi for each i = 1, ..., n.

6 Conclusion

In this paper we have continued our project to investigate computability prop-
erties in linear algebra with rigorous methods from computable analysis. Using
previous results from [18,2] we have proved an effective version of the finite-
dimensional Spectral Theorem. One could continue this project in several dif-
ferent directions: on the one hand, there are other normal forms in linear alge-
bra which have not yet been studied from the point of view of computability.
On the other hand, one could ask for more general cases, such as unitary vec-
tor spaces endowed with an inner product different from the canonical one, or
infinite-dimensional Hilbert spaces. Moreover, it would be a fascinating project
to establish connections with applications of the Spectral Theorem.
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Exact Real Arithmetic Systems:

Results of Competition

Jens Blanck

University of Wales Swansea, Singleton Park, Swansea, SA2 8PP, UK

Abstract. A competition between systems for doing exact real num-
ber computations was held in September 2000. We present the results
obtained and give a short evaluation of the different approaches used.

Introduction

Computable Analysis is flourishing theoretically, and during the last decade there
have also been some practical advances. Systems for doing exact real number
computations have appeared. Although still in their infancy, some of these sys-
tems are capable of non-trivial practical computations. The systems use very
different approaches and it was therefore decided to have a competition between
existing systems for exact real number computations as part of the 4th work-
shop of Computability and Complexity in Analysis at Swansea (CCA 2000). The
competition was organised by David Lester.

The aims of the competitions were: To establish the state of art in exact real
number computations; and to be a forum where competitors may debate ideas
and implementation techniques from different systems. This was a first attempt
at staging such a competition. The problems set were simple calculations that
would check basic capabilities of the systems.

The contestants are listed in Table 1.

Table 1. The contestants.

Competitor System Acronym
David Lester (Manchester) Manchester Arithmetic Package MAP
Norbert Müller (Trier) iterative Real RAM iRRAM
Marko Krznaric (Imperial College) IC
Tom Kelsey (St Andrew) Kelsey
Paul Zimmermann (INRIA Lorraine) MPFR1 MPFR

The person running the system for the competition has been entered as the
competitor. The system name has also been listed in case a specific name was
known. The entries will henceforth be referred to by the acronyms listed in the
1 Multiple Precision Floating-point Reliable library.

J. Blanck, V. Brattka, P. Hertling (Eds.): CCA 2000, LNCS 2064, pp. 389–393, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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table. The competitor has been the main developer of their systems except for
IC and MPFR, which are joint projects. See [1,2,3,4,5]. MPFR was a remote
entry. All contestants except Kelsey were running their systems on AMD 800
MHz machines with 256 Mbyte RAM. Since Maple was not available on these
computers, Kelsey was forced to run his system on a 233 MHz Pentium Laptop.

There were two sets of problems. One set containing the precirculated prob-
lems testing the minimum capability of the systems. The other set was announced
to the contestants shortly before the competition.

The competition was supervised by a committee consisting of Günter Hotz,
Daniel Richardson, Dieter Spreen, and the author.

Results

The results of the first set of problems is in Table 2. The tabulated timings
are in seconds. Note that the table is given for different accuracy depending on
implementation. The MAP, iRRAM, and MPFR systems computed the results
to 10000 decimal places. The IC system is for 1000 decimal places, and Kelsey’s
system is for 100 decimal places. Also note that MPFR did not restart the
system after each example as the rest of the contestants did; this explains why
MPFR gets much shorter times for cosine than for sine. IC withdrew from the
competition after two problems.

Table 2. Level 0 problems.

To Calculate MAP iRRAM MPFR IC IC2 Kelsey√
π .05 .13 .75 .78 .13

log π 16.73 1.10 1.70 30.00 .39 89.22
sin e 2.03 1.30 4.00 .30 111.26
cos e 2.10 1.30 .09 .28 126.90

sin(sin(sin 1)) 5.79 .99 4.63 2.39 106.72
cos(cos(cos 1)) 5.88 .99 4.65 1.94 111.83

eee

2.12 1.60 1.05 1.90
log(1 + log(1 + log(1 + π))) 32.42 1.37 .73 6.25 102.49
log(1 + log(1 + log(1 + e))) 78.60 1.53 .95 8.96 123.29

log(1 + log(1 + log(1 + log(1 + π)))) 112.73 1.90 1.29 10.19 141.36
log(1 + log(1 + log(1 + log(1 + e)))) 179.87 2.03 1.51 11.67 136.19

sin 1050 2.02 1.48 49.28 90.33 139.52
cos 1050 2.03 1.47 .08 90.81
e1000 1.15 2.26 .39 1.11

arctan 1050 .17 .20 10.79

The results of the second set of problems is in Table 3. The contestants were
given one hour to run these problems. The second set was not attempted by all
2 These results for IC were supplied at a later date and are for 100 decimal places and

run on a 233 MHz Pentium laptop.
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contestants. MPFR did not get this set of problems. Kelsey did not compute
any of them. Again, the accuracy was 10000 decimal places except for IC giving
1000 decimal places.

The logistic map problem was to compute 1000 iterations of the logistic map

xn+1 =
15
4

(xn − x2
n) ,

with starting value x0 = 1
π
, to ten decimal places.

Table 3. CCA 2000 problems.

To Calculate MAP iRRAM IC IC3

eπ
√

163 1.07 2.43 26.72 1.40

3

s
5

r
32

5
− 5

r
27

5
− 1 + 5

√
3 − 5

√
9

5
√

25
199.53 3.74 11.47

sin

�
3 log 640320√

163

�
15.87 1.31 3.28

Logistic map >500.00 0.07 4h

Correctness

A comprehensive checking of correctness has not been performed, although cor-
rectness of the computed results is obviously very important. Ideally, each system
should be accompanied by a proof of the correctness of the system. Such proofs
exists for IC and an earlier version of MAP.

As a quick check of correctness, MAP and iRRAM results have been checked
for some of the problems and agree up to 10000 decimal places. As these two
systems are implemented in different ways this is a good indication that they
actually compute the correct result. This consensus approach to validate results
is of course only an indication of correctness, not a proof.

Evaluation

The three systems, iRRAM, MAP, and MPFR, have in common that they com-
pute on fast converging dyadic Cauchy sequences. The iRRAM uses an iterative
bottom-up approach. It starts with a predefined precision of the inputs. The
subexpressions are then evaluated bottom-up and only the guaranteed precision
after the operation is forwarded to the next subexpression. If the precision of the
3 These results for IC were supplied at a later date and are for 100 decimal places and

run on a 233 MHz Pentium laptop.
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result is not sufficient, it recomputes the whole expression with increased pre-
cision. The method used in MPFR is also bottom-up but it uses floating point
calculations with directed rounding. MPFR rounds the expression both up and
down and if the resulting interval is too wide, it increases the input precision. In
contrast, MAP uses a top-down approach. The precision needed for each subex-
pression is derived from the expression tree. The MAP does not need to do any
recomputations.

The IC uses linear fractional transformations (LFT). In this approach, trees
of LFTs are constructed, which are then normalised to a normal form. Some
operations are derived from algorithms used on continued fractions, since these
can be encoded into LFTs. This approach has the advantage that the operations
have the best possible convergence speed. However, it also means that IC suffers
from the rapidly growing coefficients that come with long continued fractions.

Kelsey uses symbolic computations in Maple. It is clearly slower than the
other approaches. This can only partly be explained by the inferior hardware
that it was run on.

That IC did not perform very well must be taken as indication that the LFT
approach is not as efficient as the Cauchy sequence approach. This probably also
applies to approaches using pure continued fractions.

There is not much to separate the Cauchy sequence based approaches for
many of the expressions tested. However, the consistency of the iRRAM made
it the clear choice as winner in this competition.

Winner. The winner of the competition was Norbert Müller’s iRRAM.

Criticism

The value of the results presented herein should not be overestimated. It is of
course always hard to make such a competition fair and conclusive. However,
there are some issues that really should be addressed. There was no attempt to
deduce the performance of the systems as a function of the size of the problem.
By problem size one can consider both the precision required and the size of the
expression. (The logistic map example can be seen as a really big expression if the
iterations are unfolded.) One should also be careful with the choice of problems.
It may be that one approach is particularly well-suited to certain problems.

Another shortcoming of the Swansea 2000 competition was that only calcu-
lator style problems were included. For the next competition it would be nice to
see some other types of problem, e.g., integration, differential equations, linear
algebra (the iRRAM already does matrix operations). This would require the
competitors to implement other data types apart from the reals, e.g., the space
of continuous functions.
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